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Abstract

In the context of sparse recovery, it is known that most of existing regularizers such as ¢; suffer from
some bias incurred by some leading entries (in magnitude) of the associated vector. To neutralize this bias,
we propose a class of models with partial regularizers for recovering a sparse solution of a linear system. We
show that every local minimizer of these models is substantially sparse or the magnitude of all its nonzero
entries is above a uniform constant depending only on the data of the linear system. Moreover, for a class
of partial regularizers, any global minimizer of these models is a sparsest solution to the linear system. We
also establish some sufficient conditions for local or global recovery of the sparsest solution to the linear
system, among which one of the conditions is weaker than the best known restricted isometry property
(RIP) condition for sparse recovery by ¢;. In addition, a first-order augmented Lagrangian (FAL) method is
proposed for solving these models, in which each subproblem is solved by a nonmonotone proximal gradient
(NPG) method. Despite the complication of the partial regularizers, we show that each proximal subproblem
in NPG can be solved as a certain number of one-dimensional optimization problems, which usually have a
closed-form solution. We also show that any accumulation point of the sequence generated by FAL is a first-
order stationary point of the models. Numerical results on compressed sensing and sparse logistic regression
demonstrate that the proposed models substantially outperform the widely used ones in the literature in
terms of solution quality.
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1 Introduction

Over the last decade, seeking a sparse solution to a linear system has attracted a great deal of attention in science
and engineering (e.g., see [38, 3, 39, 30, 44, 19]). It has found numerous applications in imaging processing,
signal processing, machine learning and statistics. Mathematically, it can be formulated as the £y minimization
problem:

min {|lz]o : | Az — b] < o}, (1)
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where A € R™*™ is a data matrix, b € R™ is an observation vector, ¢ > 0 is the noisy level (i.e., ¢ = 0 for
noiseless data and observation and ¢ > 0 for noisy data and/or observation), and ||z||o denotes the cardinality
of the vector z.

Given that || -||o is an integer-valued, discontinuous and nonconvex function, it is generally hard to solve (1).
One common approach in the literature (e.g., see [43, 14, 10]) is to solve the following ¢; relaxation problem:

i : —b|| <o}.
min {[lzf|y : |Az —b]| < o} (2)

Under some condition on A such as restricted isometry property (RIP) and null space property (NSP), it has been
shown in the literature that the solution of (1) can be stably recovered by that of (2) (e.g., see [10, 20, 21, 8, 9]
and the references therein). A more general relaxation of (1) considered in the literature is in the form of

min {Z o(lwil) - | Az —b]| < a} : (3)

where ¢ is some regularizer satisfying the following assumption (e.g., see [24, 27, 22, 45, 12, 11, 13, 48, 47]).
Assumption 1 ¢ is lower semi-continuous and increasing in [0,00). Moreover, $(0) = 0.
Some popular ¢’s are listed as follows:
(i) (£, [43, 14, 10]): ¢(t) =t V¢ > O;
(ii) (£, [24, 27)): 6(t) =17 Vt > 0;
(iii) (Log [45, 11)): &(t) = log(t +€) —log(e) Vt > 0;

(iv) (Capped-£ [48)): ¢(t) = { t ifo<t<u,

v ift>v;

M- L0 <t <A,
(v) (MCP [47]): ¢(t) = § .
Aa if t> Aoy
At if0<t<A,
(vi) (SCAD [22)): ¢(t) = { —HZA=E i A<t < AB,
(BN if > A8,

where 0 < ¢g<1,e>0,v>0,A>0,a>1and g > 1 are some parameters.

It is well-known that ||-||; is generally a biased approximation to ||-||o. To neutralize the bias in ||z||; incurred
by some leading entries (in magnitude) of z, a partial regularizer » " +117](s) has recently been advocated in
the literature (e.g., see [32, 29, 1, 40]), where r € {0,1,...,n — 1} and |z|j is the ith largest element in

{lz1], |22, .- -, |zn|}. It results in a less biased relaxation for (1):
g;g{ S Jalg < 4z — b < a}. (1)
v i=r+1

Extensive numerical study of (4) in [32, 29] shows that it is impressively effective in recovering the sparse
solution of (1). To illustrate this, we provide a simple example as follows.



Example 1.1 The general solution to Ax =b is v = (t,t,1 —t,2 —,3 —t)T for all t € R, where

N

Il
— = =
o O O
S O = O
o~ O O
_ O O O
W N = O

Thus x* = (0,0,1,2,3) is the sparsest solution to Ax =b. One can verify that x* = (1,1,0,1,2)T is the unique
solution of (2) with o = 0, while z° = (0,0, 1,2,3)T is the unique solution of (4) with o =0 and r =2 or 3.
Clearly, the partial {1 model (4) recovers successfully the sparest solution but the full £1 model (2) fails.

Analogous to || - ||1, Y1 ; ¢(|z;|) is generally also a biased approximation to | - [|o in some extent. Similarly
as above, we can neutralize the bias in > ., ¢(|z;|) incurred by some leading entries (in magnitude) of x to
obtain a less biased relaxation for (1):

3}2&{ > dllal) : Az —bl| < 0} ()

i=r+1

for some r € {0,1,...,n—1}.

Despite its effectiveness in recovering sparse solution of (1), model (4) still lacks theoretical study by far
in the literature. Motivated by this, we study under Assumption 1 some theoretical properties of problem (5)
that includes (4) as a special case, and also develop an efficient algorithm for solving it. In particular, we show
that problem (5) has at least one optimal solution. We also establish some sparsity inducing properties of (5)
with ¢ = 0. Tt is shown that any local minimizer of (5) has at most r nonzero entries or the magnitude of
all its nonzero entries is not too small, which is indeed above a uniform constant depending only on A and
b. Moreover, we prove that for a class of ¢, any global minimizer of (5) is a sparsest solution to Ax = b. In
addition, we study some sufficient conditions for local or global recovery of a sparest solution z* of Ax = b by
model (5). It is shown that if a local null space property holds at z* for A and ¢, z* is a strictly local minimizer
of (5) with o = 0. Specifically, for ¢(¢) = |t|2 with ¢ € (0, 1], we develop some weaker RIP conditions for local
recovery than the well-known optimal ones for (2). It is also shown that if a global null space property holds
at x* for A and ¢, x* is a unique global minimizer of (5) with ¢ = 0. Some RIP conditions are particularly
derived for global recovery by (5) with o = 0 and ¢(t) = [¢|? with ¢ € (0,1]. Furthermore, we study stable
recoverability of (5) with ¢(¢) = |¢| and ¢ > 0 under some RIP conditions. Additionally, we develop a first-
order first-order augmented Lagrangian (FAL) method for solving problem (5) in which each subproblem is
solved by a nonmonotone proximal gradient (NPG) method. Though the subproblems of NPG appear to be
sophisticated due to Y- ., ¢(|z|;)), we are fortunate to show that they can be solved as n — r number of
one-dimensional optimization problems that have a closed-form solution for the widely used ¢. We also show
that any accumulation point of the sequence generated by FAL is a first-order stationary point of problem (5).
Finally we conduct some numerical experiments to compare the performance of (5) with (3). Numerical results
demonstrate that (5) substantially outperforms (3) in terms of solution quality.

The rest of this paper is organized as follows. In Section 2 we establish the existence of optimal solutions
for problem (5). Some sparsity inducing properties for (5) are studied in Section 3. We establish some sufficient
conditions for local or global recovery of a sparse solution of problem (5) and study its stable recoverability for
in Section 4. We propose an efficient algorithm for solving (5) in Section 5. Numerical results are presented in
Section 6. We provide a proof of some main results in Section 7. Finally we make some concluding remarks in
Section 8.



1.1 Notation and terminology

In this paper the set of all nonnegative real numbers is denoted by R,. For a real number ¢, let ¢, = max{0,t}.
Let R7 denote the nonnegative orthant of ®". For any x,y € R", v > y means x —y € N. {0,1}" denotes
the set of all n-dimensional vectors with binary entries. For any x € R", ||z]|o and ||z|| denote the cardinality

n
(i.e., the number of nonzero entries) and the Euclidean norm of z, respectively, and ||z||, = 7 >_ |z;:]¢ for any
i=1

q € (0,1]. In addition, x[; denotes the ith largest entry of x for i = 1,...,n and |z| stands for the n-dimensional
vector whose ith entry is |x;]. Given an integer 1 < k < n, we denote by o_ ax(x) the vector resulted from x by
replacing the entries of z with k largest absolute value by zero, and set Tiax(k) = T — T_ max(k)- A vector x is
said to be k-sparse if ||z]o < k. Given any A € R™*™, rank(A) stands for the rank of A, and the kernel (or null
space) and range space of A are denoted by ker(A) and R(A), respectively. Given an index set J C {1,...,n},
|J| and J°¢ denote the size of J and the complement of J in {1,...,n}, respectively. For any x € R" and
M e ®™*™ x; denotes the subvector formed by the entries of z indexed by J, and M; denotes the submatrix
formed by the columns of M indexed by J. For any closed set S, let dist(x, S) denote the distance from z to S,
and conv(S) denote the convex hull of S. In addition, Ng(x) denotes the normal cone of S at x € S.
Given any € ®™ and j € {1,...,n}, we define

To(x) = {i: z; = 0}, I§(x) = {i:x; # 0},
Ii(x) = {i:|oi| = 2|y}, Z7(2) = {i s ol > |2y}
Ii(a) = {ic ol <z}, I () = {i: 0 < Ja] <z},

T3 (2) = {i il < |zl Z57(2) = {i: 0 < || < [algy)-

(6)

One can see that 77 () is the index set of the entries of z with the jth largest magnitude of x, and Ij> (x) (resp.,
Ij< (z)) is the index set of the entries of x with magnitude greater (resp., less) than the jth largest magnitude of
x. Also, IjS (z) is the index set of the entries of  whose magnitude is no greater than the jth largest magnitude
of x. Ij<+(:c) is the index set of the entries of x whose magnitude is nonzero but less than the jth largest
magnitude of x. IJ§+($) is the index set of the entries of  whose magnitude is nonzero but no greater than the
jth largest magnitude of z. It is not hard to observe that

() U7 (x) UZS (x) = {1,...,n}, I§(z) = Ij§+(x) UI7 (z),

I3 (z) = I; (v) UZS (2), I3 (x) = Zo(z) UL (@)

We recall from [42, Definition 8.3] that for a proper lower semi-continuous function ¢ (not necessarily locally
Lipschitz), the limiting and horizon subdifferentials are defined respectively as

YO SN N
o9(z) == v | ¥ ix, ¥ — v with liminf V() — 9(@") = (v, 2 — 27) >0 Vkg,,
(kN ok ok
8™0(x) = {v B % 2, Apo® = v, A L0 with Timinf 2 ﬁ(ﬁf ) ,<:|’| 220 5 Vk},
z—xk Z—x

where A, J 0 means A, > 0 and A\, — 0, and z* 2 & means both z¥ — & and 9(x¥) — 9(x). The following
concept was introduced in [10] by Candes and Tao.

Definition 1 (restricted isometry constant) Given A € R™*"™ and an integer 1 < k < n, the restricted
isometry constant (RIC) of order k, denoted by i}, is the smallest number § such that for all k-sparse vectors
x € R,

(1= 0)lzl* < [|Az[* < (1 +8)]z]*.

We define (5,;4 as 5’&] when k£ > 0 is not an integer.



2 Existence of optimal solutions

In this section we establish the existence of optimal solutions of problem (5). To this end, we first consider a
more general class of problems in the form of

= inf {F(z):=g(Az —b) + ¥(2)}, (7)

where A € R™*" b e R™, and F™*, g and VU satisfy the following assumption.

Assumption 2 (a) g: R™ — RU {oo} is lower semi-continuous in R and any level set of g is bounded.

(b) U:R" = R is bounded below, lower semi-continuous, and moreover,
U(y) =2 U(z) of |yl = |zl
(c) F* is finite.
We next show that under Assumption 2, the infimum of problem (7) is attainable at some point.

Theorem 2.1 Under Assumption 2, the infimum F* of problem (7) is achievable at some point, that is, (7)
has at least one optimal solution.

Proof. By the definition of F*, there exists a sequence {z*} such that

lim F(z*) = lim g(Az® —b) + (%) = F*. (8)
k—o0 k—o0
By Assumption 2(b) and 2(c), we know that {¥(z*)} is bounded below and F* is finite. These together with
(8) imply that {g(Ax* — b)} is bounded above. Using this and Assumption 2(a), we conclude that {Az* — b}
is bounded and so is {Az*}. Let J = {j : {«¥} is bounded}. It then follows that {A 2%} is bounded. This
together with the boundedness of {Az*} implies that {A4jcz%.} is bounded. Consider the linear system

AJCZ = AJCZE?c .

Clearly it has at least a solution z = 1:§ By Hoffman Lemma [31], there exist z* and some constant ¢ > 0
depending only on A jc such that

Agezt = Ageate, |27 < ¢||Ageate]|. (9)

Let % = (2%, 2%). Using (9), the boundedness of { A jez%.}, and the definitions of J and #*, one can observe that
Az*¥ = Az* and {#*} is bounded. Considering a convergent subsequence if necessary, assume for convenience
that &% — x* for some z*. By the definition of F and the lower semi-continuity of g and ¥, we can see that F
is lower semi-continuous and hence

liminf F(2%) > F(z*). (10)

k—oo
In addition, by the definition of .J, we know that {z%.} is unbounded. This along with the boundedness of {Z%.}
implies |z%.| > |Z%.| for sufficiently large k. It follows from this and #% = 2% that |2*| > |7*| for sufficiently large
k. This and Assumption 2(b) implies that W(z*¥) > ¥(z*) for sufficiently large k. By this relation, AZ* = Az*
and (7), we have that for sufficiently large k,

F(zF) = g(Az® — b) + U (2*) > g(AZ* — b) + 0(2*) = F(3F).



In view of this, (8) and (10), one has

F* = lim F(z*) > likmian(jk) > F(z*).
—00

k—o0

This along with the definition of F* implies F'(z*) = F* and hence z* is an optimal solution of problem (7). m

As a consequence of the above theorem, we next establish the existence of optimal solutions of problem (5).

Corollary 2.2 Suppose that Assumption 1 holds for ¢ and the feasible region of (5) is nonempty. Then problem
(5) has at least one optimal solution.

Proof. Let Q = {w € ™ : ||w|| < o} and vq be the indicator function of ©, that is, to(w) = 0 if w € Q and
oo otherwise. One can observe that (5) is a special case of (7) with g = 1 and W(-) = 3" &(|- ;). Since ¢
satisfies Assumption 1, it is not hard to verify that Assumption 2 holds for such g and ¥. The conclusion then
follows from Theorem 2.1. n

The following model has been widely used in the literature for sparse recovery:
m%?n M| Az — b||* + ¥ (), (11)
zeR™

where A > 0 and ¥ is a sparsity-inducing regularizer such as ¢y [6, 7, 37, 35], ¢1 [43, 14, 10]), £, [24, 27],
Capped-£; [48], Log [45, 11], MCP [47] and SCAD [22] that are presented in Section 1. It is not hard to observe
that (11) is a special case of (7) with g(-) = A|| - ||3 for (11). The following result thus immediately follows from
Theorem 2.1.

Corollary 2.3 Problem (11) has at least one optimal solution if ¥ is one of the regularizers ly, {1, {,, Capped-
{1, Log, MCP and SCAD.

3 Sparsity inducing property

In this section we study some sparsity inducing properties of model (5) with o = 0, that is,

min {i;1¢(|x|[i]):Ax—b:0}. (12)

In particular, we show that any local minimizer of (12) is r-sparse or the magnitude of all its nonzero entries
cannot be too small, which is indeed above a uniform constant depending only on A and b. We also show that
under some assumption on ¢, any global minimizer of (12) is a sparsest solution to the linear system Az = b.

The following lemma characterizes some nonzero components of a local minimizer of problem (12), whose
proof is deferred to Section 7.

Lemma 3.1 Assume ¢ (t) < 0 for all t > 0. Suppose x* is a local minimizer of problem (12). Let I, , =

I (), T§++1 = I?_:rl (z*), J a subset of L7, | such that rank(Ayz) = rank(AIT>+1) and Az has full column rank,
and B = [AI§++1 Ay, where I7 (x*) and I;_,:E(J]*) are defined in (6). Then x* is r-sparse or the following
statements hold:

(i) B has full column rank;

(i) x;at =ler- T (BTB)"*BTb, where | = |I§++1| and e; is the ith coordinate vector for all i.



As a consequence of the above lemma, we next show that any local minimizer of (12) is r-sparse or the
magnitude of all its nonzero entries cannot be too small, which is indeed above a uniform constant depending
only on A and b.

Theorem 3.2 Assume ¢"(t) < 0 for allt > 0. Let

B = {IC{1,...,n}: Az has full column rank and (Az)"b# 0},
5~ min {‘[(AI>TAI]1 (agyry| ; (ADT AT 4D, >0, } TeB
i 1<i<|Z|
d := min{éz:7 € B}. (13)
Let x* be an arbitrary local minimizer of problem (12) and
K = min {||z||o : Az = b}. (14)

There hold:
(i) If 0 <r < K, |x}| > for all i € I§(z*);
(i) If K <r <mn-—1, z* is r-sparse or |x}| > § for all i € I§(z*).

Proof. Notice Z¢(z*) = Z=1 (2*) U Z7. 1 (z*). In view of this, Lemma 3.1 and the definition of §, one can

r+1
observe that if x* is non-r-sparse, then I,.Sfl (z*) # 0 and

27| > min{|z}|: j € I (z")} =6 Vie I5(a).
In addition, by the definition of K, one can see that if 0 < r < K, * must be non-r-sparse. The conclusion of

this theorem then immediately follows from these observations and Lemma 3.1. ]

Remark: The quantity § given in (13) is independent to r, but only depends on A and b. In addition, the
above theorem implies that the components of a non-r-sparse local minimizer of (12) with magnitude below ¢
must be zero. Therefore, any local minimizer of (12) is either r-sparse or the magnitude of its nonzero entries
is above 0.

In the context of sparse recovery, the regularizers often associate with some parameter that controls the
proximity to the £y regularizer. For example, the well-known ¢, regularizer is one of them. We next consider a
special class of model (12) with ¢(-) = ¥(+, q) for some parameter ¢, namely,

min i:;l@b(lwl[i]»@ 15)
s.t. Az =0,
where ¢ : Ry x (0,) — R4 for some a € (0, 00| satisfies the following assumption.
Assumption 3 (a) ¥(-,q) is lower semi-continuous and increasing in Ry for any q € (0, a);
(b) 5%

(c) ¥(0,q) =0 and lim ¥(t,q) =1 for allt > 0.
q—0t

(t,q) <0 for allt > 0 and q € (0,a);



One can observe from Theorem 2.1 that under Assumption 3(a), problem (15) has at least one optimal
solution. In addition, under Assumption 3(b), Theorem 3.2 also holds for problem(15). The following theorem
shows that when ¢ is sufficiently small, any global minimizer of (15) is a sparsest solution to the system Ax = b,
which indicates that problem (15) is capable of inducing a sparse solution. Its proof is deferred to Section 7.

Theorem 3.3 Suppose that Assumption 8 holds for ¢¥. Let K be defined in (14). Then for any 0 < r <
min{K,n — 1} and sufficiently small ¢ > 0, any global minimizer x* of problem (15) is also that of problem
(14), that is, x* is a sparsest solution to the system Ax =b.

4 Sparse recovery

In this section we first establish some sufficient conditions for local or global recovery of a sparsest solution to
Az = b by model (5) with ¢ = 0, namely, (12). Then we study the stable recoverability of model (5) with

o) =11

4.1 Local sparse recovery by model (12)

In this subsection we study some sufficient conditions for local recovery of a sparsest solution x* to the system
Az = b by model (12). In particular, we show that if a local null space property holds, z* is a strictly
local minimizer of (12). We also establish a local recovery result for (12) under some RIP conditions and the
assumption ¢(-) = | - |7 for ¢ € (0,1]. To this end, we first introduce the definition of local null space property.

Definition 2 (local null space property) The local null space property LNSP(r,¢) holds for the system
Az =b at a solution x* with ||z*||o > r if there exists some € > 0 such that

o o(lhil)—max Y (k) >0 (16)
JeJg

1€To(x*) i€JULSH (%)

for all h € ker(A) with 0 < ||h|| < €, where

J={J ST @) I = lz"llo — r — IZ55 (2")]} - (17)

The following result shows that for a class of ¢, a solution z* of Az = b is a strictly local minimizer of (12)
if the local null space property holds at z*. Its proof is deferred to Section 7.

Theorem 4.1 Suppose that Assumption 1 holds for ¢ and additionally

¢(s) = o(t) —o(|s —t)  Vs,t2>0. (18)

Let x* € R™ be such that Az* =b. Assume that LNSP (r,$) holds at x* for some 0 < r < ||z*||o. Then z* is a
strictly local minimizer of problem (12) with such ¢ and r.

Remark: It is not hard to see that ¢(t) = |t|? for some ¢ € (0, 1] satisfies the assumption stated in Theorem
4.1.

As an immediate consequence, we obtain that under some suitable assumption, a sparsest solution z* to
the system Az = b is a strictly local minimizer of (12). One implication of this result is that an optimization
method applied to (12) likely converges to z* if its initial point is near z*.



Corollary 4.2 (local sparse recovery) Suppose that Assumption 1 and (18) hold for ¢, and x* is a sparsest
solution to the system Ax = b. Assume that the local null space property LNSP (r,¢) holds at x* for some
0 <r <K, where K is defined in (14). Then x* is a strictly local minimizer of problem (12) with such ¢ and
r.

The above local sparse recovery is established based on the local null space property LNSP(r,¢). The
following result shows that the local sparse recovery holds under some RIP conditions when ¢(t) = |¢|? for some
q € (0,1]. Tts proof is deferred to Section 7.

Theorem 4.3 Le ¢ € (0,1] be given and K be defined in (14). Assume that 527“/“ < % or 6;4(1{7&/2“ <

\/ﬁ for some v > 1. Suppose that x* is a sparsest solution to the system Ax = b. Then x* is a
y— —2/q

strictly local minimizer of problem (12) with 0 <r < K and ¢(t) = |¢|?.

Remark: Cai and Zhang [8, 9] recently established sparse recovery by model (12) with » =0 and ¢(-) = |- |

under the condition 6! < 1/3 or 5,‘;‘k < ﬁ In addition, Song and Xia [41] established sparse recovery
-

by model (12) with 7 = 0 and ¢(-) = | - |7 for ¢ € (0,1] under the condition 62} < \/ﬁ for some
Y— q

v > 1. As seen from Theorem 4.3, our RIC bounds for local sparse recovery are weaker than their bounds when
0 <7 < K. Clearly, there exist some problems satisfying our RIP bounds but violating their bounds.

4.2 Global sparse recovery by (12)

In this subsection we study some sufficient conditions for global recovery of a sparsest solution x* to the system
Az = b by model (12). In particular, we show that if a global null space property holds, z* is a global minimizer
of (12). We also establish a global recovery result for (12) under some RIP conditions and the assumption
¢(-) =4 for q € (0,1]. To proceed, we first introduce the definition of global null space property.

Definition 3 (global null space property) The global null space property GNSP (r,¢) holds for the system
Az =b at a solution x* with ||x*||o > r if

Y o(lhil) = > ¢(lhil) >0 Vh € ker(A)\{0} (19)

i€Jo i€Jy
holds for every (Jo,J1) € J, where

T ={(Jo, J1) : Jo C To(z*), Jy CIS(x"), |Jo| + |J1| =n —r}. (20)

The following result shows that for a class of ¢, a solution z* of Az = b is a unique global minimizer of (12)
if the global null space property holds at x*. Its proof is deferred to Section 7.

Theorem 4.4 Suppose that Assumption 1 and (18) hold for ¢. Let x* € R™ be such that Az* = b. Assume
that GNSP (r,¢) holds at x* for some 0 < r < ||x*||o. Then x* is a unique global minimizer of problem (12)
with such ¢ and r.

As an immediate consequence, we obtain that under some suitable assumption, a sparsest solution z* to the
system Az = b is a unique global minimizer of (12).

Corollary 4.5 (global sparse recovery) Suppose that Assumption 1 and (18) hold for ¢, and x* is a sparsest
solution to the system Ax = b. Assume that the global null space property GNSP (r,¢) holds at x* for some
0 <r <K, where K is defined in (14). Then z* is a unique global minimizer of problem (12) with such ¢ and
r.



The above global sparse recovery is established based on the global null space property GNSP(r,¢$). The
following result shows that the global sparse recovery holds under some RIP conditions when ¢(t) = [¢|? for
some ¢ € (0,1]. Tts proof is deferred to Section 7.

Theorem 4.6 Le g € (0,1] be given and K be defined in (14). Assume that 5é+Lr/2J <1/3 or 6$(K+|_r/2j) <
\/ﬁ for some v > 1. Suppose that x* is a sparsest solution to the system Ax = b. Then x* is a
y— - q

unique global minimizer of problem (12) with 0 <r < K and ¢(t) = [t]9.

4.3 Stable recovery by (5)

In this subsection we study the stable recoverability of model (5) for a sparsest solution Z* to the noisy system
Az = b+ € with ||£]| < o. In particular, we derive an error bound between Z* and a global minimizer of (5)
with ¢(-) = |- |. To proceed, we state a technical lemma below, whose proof is deferred to Section 7.

Lemma 4.7 Suppose that Assumption 1 and (18) hold for ¢. Assume that x* is an optimal solution of (5).
Let x € R™ be a feasible solution of problem (5) and h = x — x*. Then there holds:

n k+[r/2] n

> () < Z s(1hl) +2 > o(lxly) (21)

i=k+[r/2]+1 i=k+1
forallk>1,r>0andk+r<n-—1.
We are now ready to establish error bounds on the sparse recovery by (5) with ¢(-) = | - | under some

RIP conditions. It shall be mentioned that these results can be generalized to the case where ¢(t) = [t|9 with
q € (0,1) by using (21) and the similar techniques used in the proof of [8, Theorem 3.3] and [41, Theorem 2].

Theorem 4.8 Let k > 2 and r > 0 be given such that k+r < n — 1. Suppose that x* is an optimal solution
of problem (5) with such r, ¢(t) = [t| and some o > 0, and T* € R" satisfies |AT* — b|| < o. The following
statements hold:

(i) Ifé:é/?ﬂr/ﬂ < &, then

2y2(1+0)o 2v2(20 + /(1 = 38)8) 17 iy 11
1-36 1-36 VE+ /2]

(is) If 6 = 6:/4(,€+[T/21) <\/(y=1)/v for some v > 1, then

e < 22D ﬁawv(m—é)aﬂ 207 il
T 1=/ =18 (VO =1)/y - 9) VE+Tr/2]

Proof. Let h = &* — x*. In view of (21) with ¢(¢) = |t| and x = Z*, we obtain that

27 — 2™ <

||h— max(k+[r/2])||1 < ||hmax(k+[r/2])||1 + 2”@'*7 max(k)”l'

The conclusion of this theorem then follows from this relation and [8, Theorem 3.3] and [9, Theorem 2.1]. =

Remark: If #* is a k-sparse vector satisfying ||Az* — b|| < o, the second term in the above error bounds
vanishes due to % max(k) = 0.
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5 Numerical algorithms

In this section we study numerical algorithms for solving models (5) and (12). In particular, we propose a first-
order augmented Lagrangian (FAL) method for solving them, which solves a sequence of partially regularized
unconstrained optimization problems in the form of

min {F(w) = fl@)+ 1 ) ¢(|$|m)}~ (22)

zeR” .
1=r+1

5.1 Partially regularized unconstrained optimization

In this subsection we propose a nonmonotone proximal gradient (NPG) method for solving problem (22), which
arises as a subproblem in our subsequent FAL method, and establish its convergence. We also show that its
associated proximal subproblems generally can be solved efficiently. Before proceeding, we make the following
assumption on problem (22) throughout this subsection.

Assumption 4 (i) f is continuously differentiable in U(x; A) for some 2° € R™ and A > 0, and moreover,
there exists some Ly > 0 such that

IVf(@) =Vl < Lyllz —yll,  Vo,y U D),
where
U, A) = {a:|lz— 2| <A for some z € S(a°)},
S@%) = {reR": F(z) < F()}).

(ii) F is bounded below and uniformly continuous in S(z°).

(iii) The quantities A and B defined below are finite:

A:= sup |Vf(x)|]|, B:= sup Z o(|z]f))-
zES(20) zeS(%) ;5
Following a general framework proposed by Wright et al. [46], we now present an NPG method for (22) as
follows. The detailed explanation of this method can be found in [46].

Algorithm 1: A nonmonotone proximal gradient (NPG) method for (22)
Choose 0 < Lyin < Lmax, 7 > 1, ¢ > 0 and integer N > 0 arbitrarily. Set k = 0.
1) Choose L% € [Lmin, Lmax] arbitrarily. Set L = Lg.

la) Solve the proximal subproblem

L n
2 eArgmin{mk)+Vf<x’f>T<x—x’f>+;|x—x’“||2+A > ¢<|x|m>}. (23)
zeR" .
1=r+1
1b) If
k+1 iy _ Skl kg2
P < max P = Slatt - ot (24)

is satisfied, then go to Step 2).
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1c) Set Ly < 7Ly and go to Step la).
2) Set Ly = L, k + k41 and go to Step 1).
end
Remark:

(i) When N = 0, {F(2*)} is decreasing. Otherwise, this sequence may increase at some iterations. Thus the
above method is generally a nonmonotone method when N > 0.

(ii) A practical choice of L? is by the following formula proposed by Barzilai and Borwein [4] (see also [5]):

. (s*,y*)
LO = max {Lnlil’h min {Lmaxa W , (25)

where s* = zF — 2F~1 % = Vf(2F) — Vf(2F1).

(iii) The main computational burden of Algorithm 1 lies in solving the proximal subproblem (23). As shown
at the end of this subsection, (23) can be solved as n — r number of one-dimensional problems in the form
of

v(t) :min{;(u—t)2 +¢(u|)} (26)

ueR

for some t € R. Clearly the latter problem can be efficiently solved for some commonly used ¢ such as £y,
l1, ¢y, Capped-£;, Log, MCP and SCAD.

The following theorem states the number of inner iterations is uniformly bounded at each outer iteration of
Algorithm 1 and thus this algorithm is well defined. Its proof follows from that of [16, Proposition A.1] with

C= sup >, o(z|p) = 0.

z€8(z20) i=r+1
Theorem 5.1 Let {z*} and L;, be generated in Algorithm 1, and let

_ 2(AA+ B
L :=max{Lmax, 7L, 7(Ly +¢)}, L= %7
where A, B, Ly and A are given in Assumption 4. Under Assumption 4, the following statements hold:

(i) For each k > 0, the inner termination criterion (24) is satisfied after at most

log L — log Ly
log T

inner iterations;
(i5) F(x*) < F(2°) and Ly, < L for all k > 0.

Before studying the global convergence of the NPG method for solving problem (22), we introduce two
definitions as follows, which can be found in [42]. In addition, for convenience of presentation, let ®(x) :=

Z?:TJrl ¢(|x|[z])
Definition 4 (first-order stationary point) z* € R" is a first-order stationary point of (22) if

0€ Vi(z*) + A 0d(z").

12



Definition 5 (first-order e-stationary point) Given any € > 0, x* € R" is a first-order e-stationary point
of (22) if
dist(0, Vf(z*) + A 0®(z")) < e.

We are now ready to establish the global convergence of the NPG method. In particular, we show that any
accumulation point of {z*} is a first-order stationary point of problem (22).

Theorem 5.2 Let the sequence {x*} be generated by Algorithm 1. There holds:
(i) ||z*+! — 2k|| = 0 as k — oo;
(i) Any accumulation point of {x*} is a first-order stationary point of (22);
(iii) For any e > 0, x* is a first-order e-stationary point of problem (22) when k is sufficiently large.

Proof. (i) The proof of statement (i) is similar to that of [46, Lemma 4].
(ii) It follows from Theorem 5.1 that {L;} is bounded. By the first-order optimality condition of (23), we
have
0 € Vf(a¥) + Le(@"! — 2%) + X 02 (a* 1), (27)

where ®(x) = >, ¢(|#]j;)). Let 2* be an accumulation point of {z*}. Then there exists a subsequence K
such that {z*}x — x*, which together with ||z**! — 2*| — 0 implies that {2**!}x — 2*. Using this, the
boundedness of {L;}, the continuity of Vf and the outer semi-continuity of ®(-), and taking limits on both
sides of (27) as k € K — oo, we obtain

0 Vf(@")+ X oP(z).

Hence, x* is a first-order stationary point of (22).
(iii) It follows from (27) with k replaced by k — 1 that
Viah) = Vi) + Ly (a1 — 2F) e Vf(2F) + X 08 (2"),

which yields

dist(0, Vf(a*) + X 9®(2")) < [V f(a*71) = V() + Li(z" — "] (28)
In addition, one can observe from Theorem 5.1 that {z*} C S(z°) = {z : F(z) < F(2°)}. By Assumption 4,
we know that Vf is uniformly continuous in S(z°). It follows from these and Theorem 5.2 (i) that

IVF(a"1) = Vf(a) + Li(@® — 2" ) < e (29)

holds when £ is sufficiently large. By (28) and (29), we see that for sufficiently large k, there holds

dist(0, V£ (z*) + X 0®(2F)) < e, (30)

k

and hence z” is a first-order e-stationary point of problem (22). [

Remark: Recall that ®(z) = > | ¢(|z[j;). Due to the complication of this function, it is generally hard
to evaluate 9® and hence verify (30) directly. Nevertheless, one can see from the above proof that (29) implies
(30). Therefore, (29) can be used as a verifiable termination criterion for Algorithm 1 to generate a first-order
e-stationary point of (22).

In the remainder of this subsection, we discuss how to efficiently solve the proximal subproblem (23) of
Algorithm 1. In particular, we show that (23) can be solved as n — r number of one-dimensional problems in
the form of (26). To proceed, we first state a key property regarding the function v that is defined in (26). Its
proof is deferred to Section 7.
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Lemma 5.3 Let v be defined in (26). Suppose that ¢ satisfies Assumption 1. Then v(t1) > v(ts) for any t1,
to such that |t1] > [ta|.

We are now ready to discuss how to solve efficiently the subproblem (23) of Algorithm 1. Clearly, (23) is

equivalent to
)1 kL ")
;2;&{2 x<x fL—ka(x ) Jrf g o(|) }

1=r+1
which is a special case of a more general problem

min {nx—anzﬂ S 6(lal) } (31)

i=r+1

for some a € R and A > 0. In what follows, we show that problem (31) can be solved as n — r number of
one-dimensional problems in the form of (26).

Theorem 5.4 Suppose that ¢ satisfies Assumption 1. Let T* be the index set corresponding to the n—r smallest
entries of |a| and z* € R™ be defined as follows:

. Argmln{l(u—al) +:\¢(|u|)} ifiel”,
x; € ueR

{a;} otherwise

1=1,...,n.

Then x* is an optimal solution of problem (31).

Proof. Let v be defined in (26). In view of the monotonicity of ¢ and the definition of v, one can observe
that

1 PR

o - A i) — i 5 - 2 A Si i
rgan |z — all® + Z o(|xl) o Jnin IIx all® + Z i d(|i])

= Isllo=n—r =
n
e — _ 2 3 . . e 3 . _ .
= Sg{%{l}n {xnel;en |z —all +A281¢(|xz|)} = Icgy{y’n};waz) = _EZI*V(GZL
lIsllo=n—r = 11|= ‘ i

where the last equality follows from Lemma 5.3 and the definition of Z*. In addition, by the definition of z*,

one can verify that
1 * Y - *
Sllz" —all+ A > o) = Y via),
i=r+1 iez*

and hence the conclusion holds. n

5.2 Sparse recovery for a noiseless linear system

In this subsection we propose a first-order augmented Lagrangian (FAL) method for solving the partially regular-
ized sparse recovery model for a noiseless linear system, namely, problem (12). For convenience of presentation,
let ®(x) =" &(|z|};)) throughout this subsection.

For any given ¢ > 0 and p € R™, the augmented Lagrangian (AL) function for problem (12) is defined as

L(x; p, 0) = w(w; p, 0) + P(x), (32)
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where 0
w(w i, 0) = T (A — ) + 2| Az — b|]%. (33)

Similar to the classical AL method, our FAL method solves a sequence of AL subproblems in the form of
min L(x; 4, 0) (34)

while updating the Lagrangian multiplier ;4 and the penalty parameter p. It is easy to observe that problem
(34) is a special case of (22) and satisfies Assumption 4. Therefore, it can be suitably solved by Algorithm 1.

It is well known that the classical AL method may converge to an infeasible point. To remedy this pathological
behavior, we adopt the same strategies proposed by Lu and Zhang [36] so that the values of the AL function
along the solution sequence generated by the FAL method are bounded from above, and the magnitude of
penalty parameters outgrows that of Lagrangian multipliers.

Throughout this section, let 2% be an arbitrary feasible point of problem (12). We are now ready to present
the FAL method for solving (12).

Algorithm 2: A first-order augmented Lagrangian method for (12)

Choose 1® € R™, 2% € R*, g9 > 0, v € (1,00), 8 > 0, n € (0,1), a decreasing positive sequence {e} with
klim €x = 0, and a constant Y > max{®(x®), L(z° u°, 00)}. Set k = 0.
—00
1) Apply Algorithm 1 to find an approximate stationary point x**1 for problem (34) with u = p* and o = o4
such that
dist(0, Vw(a*+1; 1% o) + 08 (2**1)) < e, L(&*F P 0p) < T (35)

2) Set pF 1t = pk + g (Azk+ —b).
3) If ||Azk+L —b|| < n||Ax* — b||, then set g1+1 = or. Otherwise, set

Ok+1 = max{wk, ||Hk+1||1+9}-

4) Set k <+ k+ 1 and go to Step 1).
end

We now discuss how to find by Algorithm 1 an approximate stationary point z**1 of problem (34) with
pu = p¥ and o = g such that (35) holds . Given k > 0, let 2., denote the initial point of Algorithm 1 when

applied to solve problem (34) with = p* and ¢ = g, which is specified as follows:

Tinig = k

e f @t i L ko) > T,
x otherwise,

where z* is the approximate stationary point of problem (34) with u = p*~! and o = g,_; obtained at the

(k — 1)th outer iteration of Algorithm 2. Notice that Az = b. Tt follows from (32) and the definition of T
that
E(xfeas;uk’gk) _ (P(xfeaS) < 7.

This inequality and the above choice of z¥ . imply £(z£ ., u*, 0x) < Y. In addition, by Theorem 5.1, we know

that all subsequent objective values of Algorithm 1 are bounded above the initial objective value. It follows
that
LMk o) < Loy n® o) < T,

init>»
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and hence the second relation of (35) is satisfied at 2**!. Finally, as seen from Theorem 5.2 (iii), Algorithm 1

is capable of finding an approximate solution z**! satisfying the first relation of (35).

We next establish a global convergence result for the above FAL method.

Theorem 5.5 Let {x*} be the sequence generated by Algorithm 2. Suppose that x* is an accumulation point of
{2¥}. Then the following statements hold:

(i) x* is a feasible point of problem (12);

(i) Suppose additionally that 0°®(x*) N R(AT) = {0}. Then x* is a first-order stationary point of problem
(12), that is, Ax* =b and 0 € AT p* + 0®(z*) for some p* € R™.

Proof. Suppose that z* is an accumulation point of {z*}. It can be observed that problem (12) is a
special case of the class of problems considered in [15]. Also, when applied to (12), [15, Algorithm 3.1] is
reduced to the above Algorithm 2. It then immediately follows from [15, Theorem 3.1 (ii)] that x* is a feasible
point of problem (12) and hence statement (i) of this theorem holds. Let F denote the feasible region of
(12), namely, F = {z : Az —b = 0}. One can see that Nz(z*) = R(AT). This along with the assumption
00 (x*) N R(AT) = {0} yields —0°®(z*) N Nx(z*) = {0}. In addition, since problem (12) consists of linear
constraints only, the relaxed constant positive linear dependence condition [2] holds at *. It then follows from
[15, Theorem 3.1 (iii)] that z* is a first-order stationary point of problem (12) and hence statement (ii) of this
theorem also holds. [

5.3 Sparse recovery for a noisy linear system

In this subsection we propose a FAL method for solving the partially regularized sparse recovery model for
a noisy linear system, namely, problem (5). For convenience of presentation, let ®(x) = Y.7" . o(|z;)
throughout this subsection.

For any given ¢ > 0 and p > 0, the AL function for problem (5) is defined as

L(x; p, 0) = w(w; p, 0) + (), (36)
where )
w(z; p, 0) = % (I + o(| Az = b]* — 0*))3 — %) . (37)

Similar to the classical AL method, our FAL method solves a sequence of AL subproblems in the form of
min L(; 11, 0)- (38)

By a similar argument as in [16], one can verify that for any given p > 0 and p > 0, problem (38) is a special
case of (22) and satisfies Assumption 4. Therefore, the NPG method presented in Algorithm 1 can be suitably
applied to solve (38).

For a similar reason as mentioned in Subsection 5.2, we adopt the same strategies proposed in [36] so that
the feasibility of any accumulation point of the solution sequence generated by our method is guaranteed.
Throughout this section, let 2% be an arbitrary feasible point of problem (5). We are now ready to present
the FAL method for solving (5).

Algorithm 3: A first-order augmented Lagrangian method for (5)
Choose g > 0, 2° € R*, o9 > 0, v € (1,00), & > 0, n € (0,1), a decreasing positive sequence {e;} with
lim e; = 0, and a constant ¥ > max{® (), £(2°, g, 00)}. Set k = 0.

k—o0
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1) Apply Algorithm 1 to find an approximate stationary point z**! for problem (38) with y = uz and o = gy,
such that
dist(0, Vi ("5 pu, o) + 02 (2FTY)) < e, L& i, o) < T (39)

2) Set pgt1 = [k + ok ([[AZ* T = b]* — )]y, Coar = min{ppi1/pr, 0% — [[Az* = b]?}.

3) If |Cht+1] < mCk|, then set pr11 = gr. Otherwise, set
Ok+1 = Max{yok, M;lcﬁ}-

4) Set k <+ k+ 1 and go to Step 1).
end

By a similar argument as in Subsection 5.2, one can observe that z**! satisfying (39) can be found by
Algorithm 1. We next establish a global convergence result for the above FAL method.

Theorem 5.6 Let {z*} be a sequence generated by Algorithm 3. Suppose that x* is an accumulation point of
{x*}. Then the following statements hold:

(i) «* is a feasible point of problem (5);
(ii) Suppose additionally that 0°®(x*) N C = {0} and AT (Az* —b) # 0 if | Az* — b|| = o, where
C:= {tAT(b— Ax*) : t > 0}.
Then x* is a first-order stationary point of problem (5), that is, there exists p* > 0 such that
0 € 2u*AT(Axz* —b) + 0®(z"),

(40)
[Az* —b| <o, p*(|Az* —b] — o) = 0.

Proof. Suppose that z* is an accumulation point of {z*}. It can be observed that problem (5) is a special case
of the class of problems considered in [15]. Also, when applied to (12), [15, Algorithm 3.1] is reduced to the above
Algorithm 3. It then follows from [15, Theorem 3.1 (ii)] that z* is a feasible point of problem (12) and hence
statement (i) of this theorem holds. Let F denote the feasible region of (12), namely, F = {z : ||Azx —b||? < 0?}.
We next show that —0>°®(z*) N Nx(z*) = {0} by considering two separate cases.

Case (a): ||Az* — b|| < 0. This clearly implies that Nz(z*) = {0} and hence —9>°®(z*) N Nx(z*) = {0 }
Case (b): ||[Az* — b|| = 0. By this and the assumption AT (Az* —b) # 0, one can see that Nz(z*) =
where C is defined above. This along with the assumption 9°®(z*)NC = {0} yields —0°®(z*)NNx(z*) = {O}

In addition, if ||Az* — b|| = o, by the assumption AT (Ax* —b) # 0 one can see that the relaxed constant
positive linear dependence condition [2] holds at z*. In view of this, —9®°®(z*) N Nz (z*) = {0} and [15,
Theorem 3.1 (iii)], we can conclude that z* is a first-order stationary point of problem (5) and hence statement
(ii) of this theorem also holds. L]

6 Numerical results

In this section we conduct numerical experiments to test the performance of the partially regularized models
studied in this paper. Due to the paper length limitation, we only present the computational results for the
partial ¢; regularized model, that is, ¢(-) = |- |. We also compare the performance of this model with some
existing models. The codes for them are written in Matlab. All computations are performed by Matlab R2015b
running on a Dell desktop with a 3.40-GHz Intel Core i7-3770 processor and 16 GB of RAM.
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6.1 Sparse logistic regression

Sparse logistic regression has numerous applications in machine learning, computer vision, data mining, bioin-
formatics and signal processing (e.g., see [33, 37]). Given m samples {a!,...,a™} with n features, and m binary
outcomes b, ...,b,,, the goal of sparse logistic regression is to seek a sparse vector to minimize the average
logistic loss function that is defined as

1 & _
lavg (W) == . Zlog(l + exp(—b;wTa?)) w e R
i=1

This problem can be formulated as
min{lavg(w) : [[wllo < 73, (41)

where 7 € [1,n] is some integer for controlling the sparsity of the solution. Given that problem (41) is generally
hard to solve, one popular approach for finding an approximate solution of (41) is by solving the full ¢ regularized
problem:

min Loyg (w) + A fwl; (42)
=1

for some A > 0 (e.g., see [33]). Since the full ¢; regularization is typically biased, we are interested in finding an
approximate solution of (41) by solving the partial ¢; regularized model:

min lavg (w) + A Y Jwlg (43)
i=r+1

for some A > 0. Our aim below is to compare the performance of models (42) and (43). In particular, we
solve them with suitable A and \ to find a solution with the same cardinality and then compare their respective
average logistic loss.

We apply Algorithm 1 (the NPG method) presented in Subsection 5.1 to solve problems (42) and (43). In
our implementation of Algorithm 1, we set Ly = 1078, Liax = 108, 7 =2, ¢ = 107% and N = 5. In addition,
we choose the initial point to be zero and set LY according to (25). We use (29) as the termination criterion for
Algorithm 1 and set the associated accuracy parameter € to be 107°.

In the first experiment, we compare the solution quality of models (42) and (43) on the random data of six

different sizes. For each size, we generate 10 instances in which the samples {a',...,a™} and their outcomes
b1,...,by are generated in the same manner as described in [33]. In detail, for each instance we choose an
equal number of positive and negative samples, that is, my = m_ = m/2, where m (resp., m_) is the number

of samples with outcome 1 (resp., —1). The features of positive (resp., negative) samples are independent and
identically distributed, drawn from a normal distribution N (g, 1), where u is in turn drawn from a uniform
distribution on [0,1] (resp., [-1,0]). For each instance, we first apply Algorithm 1 to solve (42) with four
different values of A, which are 0.5Amax; 0.25Amax; 0.1Amax and 0.01\max, where Apax = || Yoie, bia'||oo/(2m).
It is not hard to verify that w = 0 is an optimal solution of (42) for all A > A\pax and thus Apax is the upper
bound on the useful range of A\. For each A, let K be the cardinality of the approximate solution of (42) found by
Algorithm 1. Then we apply Algorithm 1 to solve (43) respectively with » = [0.1K], [0.2K], ..., [0.9K], K
and some A (depending on r) so that the resulting approximate solution has cardinality no greater than K. The
average layvg over 10 instances of each size for different A and r is presented in Figure 1. The result of model
(42) corresponds to the part of this figure with » = 0. We can observe that model (43) with the aforementioned
positive r substantially outperforms model (42) in terms of the solution quality since it generally achieves lower
average logistic loss while the sparsity of their solutions is similar. In addition, the average logistic loss of for
model (43) becomes smaller as r gets closer to K, which indicates more alleviation on the bias of the solution.
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Figure 1: Computational results on six random problems

19

K



Colon

—a— A =050

—©—NA,, =025

—F+— VA, =0.10(3
NA oy =001

Average logistic loss

— e —

0 [0.1K] [0.2K] [0.3K] [0.4K] [0.5K] [0.6K] [0.7K] [0.8K] [0.9K] K
Parameter r

lonosphere Musk1

—8— VA, =050 3
—6— N, =025
—F— VA, =010+
MA__ =001

max

Average logistic loss
Average logistic loss

i

0 [0.1K] [0.2K] [0.3K] [0.4K] [0.5K] [0.6K] [0.7K] [0.8K] [0.9K] K 0 [0.1K] [0.2K] [0.3K] [0.4K] [0.5K] [0.6K] [0.7K] [0.8K] [0.9K] K
Parameter r Parameter r

Figure 2: Computational results on three real data sets

In the second experiment, we compare the solution quality of models (42) and (43) on three small- or
medium-sized benchmark data sets which are from the UCI machine learning bench market repository [34] and
other sources [28]. The first data set is the colon tumor gene expression data [28] with more features than
samples; the second one is the ionosphere data [34] with fewer features than samples; and the third one is the
musk data [34] where we take as many samples as features. We discard the samples with missing data, and
standardize each data set so that the sample mean is zero and the sample variance is one. We repeat the above
experiment for these data sets and present the computational results in Figure 2. One can see that the solution
of model (43) achieves lower average logistic loss than that of model (42) while they have same cardinality. In
addition, the average logistic loss of model (43) decreases as r increases.

6.2 Sparse recovery for a linear system

In this subsection we consider finding a sparse solution to a linear system, which can be formulated as
min { || : Az - b]]* < 0}, (44)

where A € R™*" b € R™ and o > 0 is the noise level (that is, ¢ = 0 for the noiseless case and o > 0 for

the noisy case). Given that problem (44) is typically hard to solve, one common approach in the literature for
finding an approximate solution of (44) is by solving the model:

mgn{_z o)) : | Az — |12 < 02} (45)
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for some regularizer ¢ : ®, — R4. Our aim below is to compare the performance of model (45) with the partial

¢y regularized model
min{ > Jal ¢ Az = b|f* < 02} (46)

i=r+1
for some integer r > 0. In our comparison, the particular ¢ for (45) is chosen to be the regularizers ¢, ¢,, Log,
Capped-¢;, MCP and SCAD, which are presented in Section 1. The associated parameters for them are chosen
as¢q=0.5e=10"3 =102, A=1, a = 2.7 and 8 = 3.7 that are commonly used in the literature.

We apply FAL methods (Algorithms 2 and 3) proposed in Subsections 5.2 and 5.3 to solve both (45) and (46)
with 0 = 0 and o > 0, respectively. We now address the initialization and termination criterion for Algorithms
2 and 3. In particular, we set 2 = A\b, 20 =0, u® =0, po =0, po =1,y =5,171=0250=10"2 ¢ = 1
and €, = max{0.1e;_1,107°} for k > 1. In addition, we choose the termination criterion ||Az* — b||,, < 1075
and e < 10™* for Algorithm 2, and [||Az* —b||oc — o]y < 1077 and €, < 10~* for Algorithm 3. The augmented
Lagrangian subproblems arising in FAL are solved by Algorithm 1, whose parameter setting and termination
criterion are the same as those specified in Subsection 6.1.

We next conduct numerical experiments to compare the performance of models (45) and (46) for the afore-
mentioned ¢. In the first experiment, we compare them on some noiseless random data that is generated in the
same manner as described in [23]. We set m = 128 and n = 512. For each K € {1,2,...,64}, we first randomly
generate 100 pairs of K-sparse vector * € R™ and m x n data matrix A. In particular, we randomly choose K
numbers from {1,2,...,512} as the support for z* and then generate the nonzero entries of z* and matrix A
according to the standard Gaussian distribution. Finally we orthonormalize the rows of A and set b = Az*. We
apply Algorithm 2 to solve models (45) and (46) with » = [0.1K ], [0.2K], ..., [0.9K], K, 0 = 0 and the afore-
mentioned ¢. It was observed in our experiment that all models can exactly recover z* for K € {1,2,...,19}.
Therefore, we will not report the results for these K. To evaluate the solution quality for the rest of K, we
adopt a criterion as described in [11]. We say that a sparse vector x is successfully recovered by an estimate & if
|z — 2| < 1073. The computational results for the instances generated above are plotted in Figure 3. In detail,
the average frequency of success over all instances for model (46) with » = [0.1K], [0.2K, ..., [0.9K], K
against K € {20,21,...,64} is presented in the first subfigure. The average frequency of success of model
(46) with r = K and model (45) with the aforementioned ¢ against K € {20,21,...,64} is plotted in the
second subfigure, where the partial ¢; represents model (46) with » = K and the others represent model (45)
with various ¢, respectively. Analogously, the accumulated CPU time over all instances for each model against
K € {20,21,...,64} is displayed in the last subfigure. One can observe from the first subfigure that for each
K, the average frequency of success of model (46) becomes higher as r increases. In addition, from the last two
subfigures, we can see that for each K € {20,21,...,64}, model (46) with r = K generally has higher average
frequency of success than and comparable average CPU time to model (45) with various ¢.

In the second experiment, we compare the performance of models (45) and (46) with the aforementioned ¢
on some noisy random data. For each K € {1,2,...,64}, we generate 100 pairs of K-sparse vector z* € R" and
m X n data matrix A in the same manner as above. For each pair of * and A, we set b = Az* + ¢ and o = ||{]|,
where ¢ is drawn from a normal distribution with mean 0 and variance 10~%. For each such instance, we apply
Algorithm 3 to solve the models (45) and (46) and compute their corresponding relative error according to
rel_err = ||Z — z||/||x||, which evaluates how well a sparse vector z is recovered by an estimate & as described in
[11]. The computational results of this experiment are presented in Figure 4. We plot the average relative error
over all instances for model (46) with » = [0.1K], [0.2K], ..., [0.9K], K against K in the first subfigure. The
average relative error of model (46) with »r = K and (45) with the aforementioned ¢ against K is displayed in
the second subfigure, where the partial ¢; represents model (46) with » = K and the others represent model (45)
with various ¢, respectively. Similarly, the accumulated CPU time over all instances for each model against K
is presented in the last subfigure. One can see from the first subfigure that for each K, the average relative error
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Figure 3: Computational results on random noiseless data

of model (46) becomes lower as r increases. From the second subfigure, we can observe that when 0 < K < 38,
the average relative error of model (46) with » = K is comparable to that of model (45) with ¢ chosen as ¢,
Log, and Capped-¢1, while it is lower than the one with ¢ chosen as ¢;, SCAD and MCP. Nevertheless, when
38 < K < 64, model (46) with » = K has lower average relative error than the other models. In addition, as
seen from the last subfigure, model (46) with r = K generally has comparable average CPU time to model (45)
with various ¢.

7 Proof of some main results

In this section we provide a proof for Lemmas 3.1, 4.7, 5.3 and Theorems 3.3, 4.1, 4.3, 4.4, 4.6.
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Figure 4: Computational results on random noisy data

Proof of Lemma 3.1. If 2* is a r-sparse solution to Az = b, the conclusion clearly holds. We now suppose
that «* is not a r-sparse solution to Az = b. It implies that I§++1 # 0 and |z > 0 foralli € T, (z*). We next
show that statements (i) and (ii) hold.

(i) One can observe from (6) that when «z is sufficiently close to z*,

T5a (") ST (2), T2 (") C I (). (47)
Let t1 = |Z7, (z%)], ta = n—r — |25, (z*)] and

S={K:KCZ7,(z*), [K|=t2}.

Observe that t1, t2 > 0 and S # (). Using (47) and the definitions of 1, t3 and S, we can observe that when x
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is sufficiently close to z*,

n

3 el = S ¢<|wz|+mm2¢\xz SIS () - S (121 RO

i=r+1 ZEIT+1( ) i€ T+1(:v*) i€ 7‘+1("E*)

Notice that

S ool = X e+ 3 el (49)

. ) R—
i=r+1 ZGIT+1( ) i€L,  (z*)

Since z* is a local minimizer of problem (12), we have Z é(zlp) > Z #(|z*|};) when 2 is sufficiently close
1=r+1 i=r+1
*. By this relation, (48) and (49), one can see that when « is sufficiently close to z*

ORI RS R D DI R DR ()

i€ r+1(r*) P€L,  (z*) i€ r+1(z*) €L, (z*)

Hence, z* is a local minimizer of the problem

. t
min Z O|ai]) + 2 Z O(|zi]) + Ax =
€15, (2%) b ier = (2%

It then follows that (z* <+ ,xI_ ,x§> ) is a local minimizer of the problem
+ r4+1

min S o(|z]) + > o(|xil)
zeIfJ:'l ZGIF+1 (50)
AIT<++1:EI<+ + AI 50 + AI?+1$IW->+1 =b,
where If_ﬂi = I7n<+1( "), I =
condition of (50), one has

71 (z*) and Z7,, = Z7,,(z*). By the second-order necessary optimality

Y ¢"(liDh Z ¢ (|l;))hi > 0 (51)

zEIfJ:rl 161:4-1

for all h = (hI<+ ,hz= hI?H) satisfying

r+1’

AIT<++1 hI<+ + AI hI7‘:+1 + AI¢~>+1hIr>+1 =0. (52)
Recall that |z7| > 0 for all i € 77 ;. Hence, Ir+1 7,5 UZ=,. This together with the assumption ¢'(t) <0
for all ¢ > 0 implies that ¢”(|xf|) < 0 for all i € IT . Using this relation, 1,1, > 0, Z5 S =TI Uz, (51)
and (52), we have

AI<+h <+ +AI> hI> =0 = h <+ =0. (53)

i1 Loga >
Notice that J is a subset in € Z7; such that rank(Ay) = rank(Az> 1)7 and Ag has full column rank. This
along with (53) yields

AI<+h <+ +Ajhj—0 = h

r+1 T+ jUI§++1 - O‘
It implies that B = [A_ <+ Agz] has full column rank.
r+1

(ii) Notice that Az* = b. It then follows that

AIf_:-l xz <t + + AI> SCI> =b. (54)
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Since J C Z7,, and rank(Ay) = rank(AI> 1), there exists some Z*R!/| such that A;3* = Az>+1$}> . This
r 41
together Wlth (54) yields
A <+l‘ <+ +Aj.%‘ =b.
r+1 I,+1
In view of this and the fact that B = [A <+ Agz] has full column rank, one has
1
Tt
| = (BB) B,
j*
which immediately implies that statement (ii) holds. L]

Proof of Theorem 3.3. Let r € [0, min{K,n — 1}] be arbitrarily chosen, * and z* a global minimizer of
(14) and (15), respectively, and let § be given in (13). In view of Assumption 3(c), ||Z*|lo = K and r < K, one
can observe that

Z+ (127137, 9)
lim =~ =K-r.
q—0+F 1/’(57 q)

Hence, there exists some 0 < € < « such that ¢(J, ¢) > 0 and

S (|74, 9)

i=r+1

Tt gK—r—&—% Vg € (0,6). (55)

By Theorem 3.2, we know that z* is a r-sparse solution to Az = b or |x}| > ¢ for all i € Z§(x*). We next show
that z* is an optimal solution of (14) if ¢ € (0,¢€) by considering two cases.

Case 1): z* is a r-sparse solution to Az = b. This together with the assumption r < K implies that z* is a
K-sparse solution to Az = b. It then follows from (14) that the conclusion holds.

Case 2): |zF| > 0 for all ¢ € Z§(x*). This together with the monotonicity of (-, q) implies that ¥ (|z}|,q) >
¥(0,q). Since AZ* = b and z* is a global minimizer of problem (15), one has

n

Z (e g) < Y (1 |, 9)-

i=r+1 i=r+1

Using these two relations and ¥(0, ¢) = 0, we obtain that

n

(TL -r-= |IO($*)|)1/)(57 Q) < Z |x ‘[z] q Z ( |l‘ [¢]» q Vg € (0’6)7
i=r+1 1=r+1
which together with (55) and ¢(d, ¢) > 0 implies n—r—|Zy(2*)| < K —r+1/2 and hence |Zy(z*)| > n— K —1/2.
Since |Zy(x*)| is integer, it then follows that |Zp(2*)| > n — K and hence |Z§(z*)| < K. This along with (14)
implies that z* is an optimal solution of (14) if ¢ € (0, ¢€). n

Proof of Theorem 4.1. One can observe that Z%, | (z*) € Z% , (z* + h) and Z,, (2*) € Z7, | (z* + h) for
sufficiently small h. Hence, for every sufficiently small h, there exists some J C 77, (z*) (dependent on h) with
|| = ||z*|lo — r — |Z,5; (#*)| such that

n

Yool +hlg) = D elai +hl+ Y Sl (56)

i=r+1 i€JULS (%) i€To (x*)
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By |2} + hi| > ||z}| — |hi|, the monotonicity of ¢ and (18), one has
o(|zf +hil) > ¢ (|l7] = hal|) > ¢(|z]) — b(hal) Vi (57)

Using this relation and (56), we obtain that

Yool +hl) = Y elei) - D e+ Y ol (58)

i=r+l i€JULST (%) i€JULSH (%) i€Zo(z*)

Since ¢(0) = 0, one has ¢(zF) = 0 for all i € Zp(«*). By this and the definition of J, we have

Yoo ellEih= + Y olleih =D olalm)-

i€JULSH (%) i€JUL (o ) i€Zo(z*) i=r41

This relation and (58) yield

ST oe(a+hlg) = D bl lg) - D, e+ D é(lhil).

i=r+1 i=r+1 lEJUIffl (x*) 1€Zo(z*)

By this and (16), we see that for all sufficiently small h € ker(A)\{0}, there holds

> oz +hlg) > Y bllat|y).
i=r4+1 i=r+1
Hence, z* is a strictly local minimizer of problem (12). L]

We next provide a proof for Theorem 4.3. Before proceeding, we state two useful lemma as follows. The
proof of the first lemma is similar to that of [8, Theorem 3.1]. The second lemma can be proven similarly as [9,
Theorem 1] and [41, Theorems 1 and 2]. Due to the paper length limitation, we omit the proof of them.

Lemma 7.1 Let k € {1,2,...,n— 1} and g € (0,1] be given. Suppose §;* < 1/3. Then there holds
Hh, max(k)Hg > ”hmax(k:)”Z Vh € ker(A)\{O}

Lemma 7.2 Let k € {1,2,...,n— 1} and q € (0,1] be given. Suppose 5;4,@ <
Then there holds

-1
=T for some v > 1.
Hh— max(k)Hg > ”hmax(k)”g Vh € ker(‘l)\{o}

We are now ready to prove Theorem 4.3.

Proof of Theorem 4.3. Since 6K o) < 1/3or 6
from Lemmas 7.1 and 7.2 with k = K — |r/2] that

Hh— max(K — Lr/QJ)”g > ”hmax(K—Lr/2J)”g Vh € ker(A)\{O} (59)

In addition, we observe that

for some v > 1, it follows

1
(K—r/2]) < Vy—1)1-2/a41

K
Ih—maxco 1§+ 32 [AlG,

(- =K /2)+1

4 B . K—|r/2]
Hhmax(K—[r/2J)Hq - ||hmax(K ?”)H + Z |h‘[z]
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K—|r/2]

K
By these relations, (59) and the fact > \hm] > > |h|‘[1i], we have that for all h € ker(A)\{0},

i=K—r+1 i=K—[r/2]+1
||h7 max(K)Hg - ||hmax(K7T)||g = ||h7 max(KfLr/Qj)Hg - ||hmax(K7 LT/ZJ)Hg
K—|r/2] K
+ > mE = >0 nlf > 0. (60)
i=K —r+1 i=K—|r/2]+1

Let J be defined in (17). Then for any J € J, one has J C Z—,(z*) and |J| = [|z*|jo — r — |Z5 (z*)|. Using
these and ||z*||p = K, we obtain that for all h € R,

Z |hb|q < Hhmax(Ha:*Hofr)”Z = ”hmax(Kfr)Hg;
i€JULSH (%)

Yo il 2 e max(e i) 1] = 1A max 13-
iGI()(I*)

It then follows from these inequalities and (60) that for all h € ker(A)\{0},

Z |hi|q_1}’1€a}( Z |h2|q 2 Hh—max(K)Hg_||hmax(K—r)||g > 0.

i€Zo(z*) i€JUZSH (2%)

This implies that LNSP(r,¢) holds at z* for ¢(t) = |¢|?. In addition, it is not hard to observe that such ¢
satisfies the assumptions stated in Theorem 4.1. The conclusion of this theorem then follows from Corollary
4.2. ]

Proof of Theorem 4.4. One can observe that for every h € R", there exist some Jy C Zp(z*) and
J1 C Z§(x*) (dependent on h) with |Jo| + |J1| = n — 7 such that

> o(lz* + hlw) =D ey + hil) + Y o(lhal).

1=r+1 i€y i€Jy

We also notice that (57) holds here due to (18) and the monotonicity of ¢. It then follows from the above
equality and (57) that

Y ol +hl) = D dll2i) = Y o)+ Y ekl (61)

i=r+1 i€Jy i€Jy i€Jo

Observe that ¢(|z*|;;) = 0 for all i > [lz*||o due to ¢(0) = 0. Since Jy C Zo(x*), one has |Jo| < n — ||z*||o,
which together with |Jo| + [J1| = n — r implies |J1| > ||2*||o — 7. Using this, J; C Z§(z*) and ¢(|z*[};) = 0 for
all 4 > ||z*||o, one can observe that

2" llo

n
doolzih = > eatl) = D o1z [m)- (62)
1€J1 i=r+1 1=r+1
In addition, we see that (Jo,J1) € J , where J is given in (20). It thus follows from the global null space
property that (19) holds for the above (Jy, J1). In view of (19), (61) and (62), we obtain that

S 6" +hl) > S ollely)  Vh € ker(A)\{0),

1=r+1 1=r+1
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and hence z* is a unique global minimizer of problem (12). ]

Proof of Theorem 4.6. Since 5£+Lr/2j <1/3or 5:74(K+LT/2J) < m for some v > 1, it follows
y— q
from Lemmas 7.1 and 7.2 with k = K + |r/2] that

1P = max(r+1r/20) 1§ > Nemax(x+1r/2pll§  Vh € ker(A)\{0}. (63)

Observe that

K+r

e smax(ca rr/a 1 = Ihemaxren 1E+ D2 Al
i=K4[r/2]+1

K+[r/2]
HhmaX(K+[T/2])|| = HhmaX(K)Hq Z |h|l[1i]-
i=K-+1
K+[r/2] K+r
Using these relations, (63) and the fact Y |h|‘[11.] > > |h|ﬁ.], we see that for all h € ker(A4)\{0},
i=K+1 i=K+[r/2]+1
||h7max(K+r)Hg - ||hmax(K)||g = thmax(K+['r/2])||g - Hhmax(KJr(’r/ﬂ)Hg
K+[r/2] K+r
+ 2 = > Il > (64)
i=K+1 i=K+[r/2]+1

Let J be defined in (20). For any (Jo,J;) € J, one has Jo C Zo(z*) and J; C Z§(z*) with |Jo| + |J1] =n —r.
Since J; C Z§(x*), one has |J;| < ||2*||o, which together with |Jo| + |J1| = n — r implies |Jo| > n — ||z*|lo — 7.
Using these and ||z*||p = K, we obtain that for all h € ",

Z|hi|q > |- max(lzo+m) I8 = 1A= max(x+r) |2,
1€Jo

> Ihil?

i€y

IN

[ hmax(le o) 1§ = 1 Pmax() |12

It then follows from these relations and (64) that for all i € ker(A)\{0} and (Jo, J1) € J,

Z |hl|q - Z ‘hi|q > ”h— maX(K-i-r)Hg - HhmaX(K)”g > 0.
i€Jo i€Jy

This implies that GNSP(r,¢) holds at z* for ¢(t) = |t|9. In addition, such ¢ satisfies the assumptions stated in
Theorem 4.4. The conclusion of this theorem then follows from Corollary 4.5. [

Proof of Lemma 4.7. Since z and x* are a feasible solution and an optimal solution of (5), respectively,

> elalg) = Y sllat|u)- (65)

i=r+1 i=r+1

one has

Let J be the set of indices corresponding to the k largest entries of |z|. Clearly |J| = k. By the definitions of J
and h, one can see that

ST bl = D dlz—nly) = > bz — hal) + > d|ai — hil), (66)
1=r+1 i=r+1 icJy i€Js
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for some J; C J, Jo C J¢ with |J1| + |Jo| = n — r. Due to (18), ¢(0) = 0 and the monotonicity of ¢, one has

Slwi = hil) > ¢ ([lasl = hal]) > max{g(lwil) = d(lhal), d(Ihil) — o(jzs))} Vi

Using this and (66), we have

ooz l) = D elmil) = D b)) + > d(|hil) = Y b(lwil)

i=r+1 i€Jy ey i€Jy i€Jo
= Y bl + D] e(hil) = > o(lhil) =2 ¢l (67)
i€J1UJ2 i€ Ja i€Jq i€Ja

Since J; C J, |J1| + |J2] = n —r and |J| =k, one has |J;| < k and |J2] > n — k — r. These together with the
monotonicity of ¢ imply that

> o(lhal) Z o(lhl), > o(|hal) > Z o(|hlj)- (68)

i€Jy i=1 i€ Ja i=k+r+1

B

In addition, by |Ji| + | 2| =n —r, Jo C J¢, the definition of J, and the monotonicity of ¢, one has

> bzl = Z Slzlu), D olw) < D b)) = D ().
i€J1UJy i=r+1 i€Js ieJe i=k+1
These relations, (67) and (68) yield
> oll2* ) Z o(llp) Z o([hl) Z (IAly) — 2 Z o),
i=r+1 1=r+1 i=k+r+1 i=1 i=k+1

which together with (65) implies

Y okl < Z ¢(|hln) +2 Z ¢(l[)

i=k+r+1 i=1 i=k+1
k+r k+[r/2]
Using this relation and the fact > (b)) < > ¢(|hlpE)), we obtain that
i=k+[r/2]+1 i=k+1
n k+4[r/2]

> o) Z ¢(Ihlg)

i=k+[r/2]+1
ktr k k+[r/2]

Soelhl+ Y. slhl) =D (hlw) — > é(|hly)
i=k+r+1 i*k+]—r/2-\+1 i=1 i=k+1
< > o(hlw) Z¢ hl) < 2 Z o(|]pi)-
i=ktr+1 i=k+1
This implies that (21) holds as desired. L]

We next provide a proof for Lemma 5.3. Before proceeding, we first study some properties of the function
v(t) that is defined in (26). The following lemma shows that v is locally Lipschitz everywhere, and it also
characterizes the Clarke subdifferential of v.
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Lemma 7.3 Let v be defined in (26). Suppose that ¢ satisfies Assumption 1. Then the following properties
hold:

(i) v is well-defined in R;
(ii) v is locally Lipschitz in R;

(iii) O°v(t) = conv({t —u:u € M(t)}), where O°v(t) denotes the Clarke subdifferential of v at t, and M(t) is
the set of the optimal solutions of (26) at t, that is,

M(t) = {ue%: ;(u—t)2+¢(|u)zy(t)}. (69)

Proof. (i) The well-definedness of v follows from Theorem 2.1.
(ii) Let t; < to be arbitrarily chosen. For any t € [t1,t2] and u* € M(t), it follows from (26) and ¢(0) = 0
that 1 1 1
S 1 o) = (1) < (0~ 0+ 6(0) = 112
with together with ¢(|u*|) > 0 implies |u* — ¢| < |¢|. By this and ¢ € [ty, t2], one has
—2max{|t1], [to]} <t — [t]| < u* <t + |t] < 2max{|t1], |t2]}- (70)
Hence, we obtain that for any ¢ € [t1,ts],
[u*| < 2max{|t1], [t2|} Yu* € M(t). (71)
For any #1,%2 € [t1,t2], let uj € M(f1) and uj € M(%2). In view of (26) and (71), we can see that

v(ty) < 5(us —#)* + o(Jus]) =

(u3 —12)* + ¢(|a5]) + (2 — 1) (“2 = ;t2>

N -
N

. . - 1.~ 1. ~ - .
< (i) + I = ol )+ 10|+ 50l ) < () + B e} o
Analogously, one can show that
V(l?g) < I/(t~1) + 3max{|t1|, |t2‘}|£1 — £2|

It then follows that
[v(t1) — v(t2)| < 3max{|t1], [ta|}[t1 —ta] Vi1, 2 € [t1,t2],

and hence statement (ii) holds.
(iii) Since v is locally Lipschitz everywhere, it is differentiable almost everywhere, and moreover, 0°v(t) =
conv(S(t)) for all t € R, where

S(t) = {&€ : Jty — t such that v/'(tx) — £} Vt e R,

and v/(ty) denotes the standard derivative of v at t.
Given any t € R, u* € M(t) and h € R, we have

* I 1 1 *||12 1 * (12
<t—u>h—gg5[2||t+ah w? - L u}

—tim | (gl on =i+ 60u)) = (Gl -l + o))

510
v(t+o0h) —v(t)

> liminf ,
510 1)
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where the last inequality follows from u* € M(t) and the definition of v. Using this inequality and [17, Corollary
1.10], we obtain that ¢ — u* € 9°v(¢t). Due to the arbitrarity of u* € M(t) and the convexity of 9°v(t), one
further has
conv({t —u:ue M(t)}) C OU(t). (72)
It remains to show 9°v(t) C conv({t —u : u € M(t)}). Indeed, let £ € S(t) be arbitrarily chosen. Then
there exists some sequence {t;} such that tx — t and v/(tx) — £. Choose uy, € M(t) arbitrarily and let ¢, ¢ be
such that {tx} C [t,?]. From (70), we know that |u| < 2max{|t|, [¢{|} and hence {uy} is bounded. Considering a
convergent subsequence if necessary, assume without loss of generality that uy, — u* for some u* € R. It follows
from uy € M(t)) and the definition of M(-) that

Sl )+ 6(lul) > (o — 00+ plurl) V€ R

Taking lim inf on both sides of this relation as k — oo and using the lower semi-continuity of ¢, we have
1 2 o 1 2 L. 2 *
—(u—1t)*+ ¢(Ju|) > liminf | —(ur — tg)” + d(|ugl) | = = (w* —t)* + d(Ju*)) Yu € R.
2 k—o0 2 2

This yields u* € M(¢). In addition, since v is differentiable at t;, one has 0°v(t) = {v'(tx)}, which together
with up € M(tx) and (72) implies v/ (t;) = tx, — ug for all k. In view of this, tx — ¢, up — u* and v/ () — &,
one has
&= lim v/ (t) = lim (tp —up) =t —u™.
k—o0 k—o0
It follows from this, u* € M(t) and the arbitrarity of £ € S(¢) that S(t) C {t —u : u € M(¢)}, which along with

the fact 9°v(t) = conv(S(t)) implies that 9°v(t) C conv({t —u : u € M(¢)}). The conclusion of statement (iii)
immediately follows from this relation and (72). L]

We are now ready to prove Lemma 5.3.

Proof of Lemma 5.3. Observe that v(—t) = v(t) for all ¢t € R. To prove this lemma, it thus suffices
to show that v(t) is increasing on [0,00). We first claim that M(t) C (—oo,t] for all ¢ > 0, where M(t) is
defined in (69). Suppose for contradiction that there exists some ¢t > 0 and u* € M(t) such that u* > ¢t. Let
u= (u*+1t)/2. Clearly 0 <t < u < u*. By this and the monotonicity of ¢ on [0,00), on can see that

1 2 1 * 2 *
5= 17+ 6(Jul) < 5w — 1) + 6(Ju]),

which contradicts u* € M(t). Hence, M(t) C (—o0,t] for all ¢ > 0. This together with Lemma 7.3 (iii) implies
that 9°v(t) € [0,00) for all ¢ > 0. Further, by the mean value theorem [18, Theorem 2.3.7], one has

l/(tl) — l/(tg) S 801/(t)(t1 — tQ) th,tQ >0,
where £ is some point between t; and t,. Hence, v(t) is increasing in [0,00) and the conclusion of this lemma
holds. (]
8 Concluding remarks

In this paper we proposed a class of models with partial regularization for recovering a sparse solution of a linear
system. We studied some theoretical properties for these models including sparsity inducing, local or global
recovery and also stable recovery. We also developed an efficient first-order first-order augmented Lagrangian

31



method for solving them whose subproblems are solved by a nonmonotone proximal gradient method. The
global convergence of these methods were also established. Numerical results on compressed sensing and sparse
logistic regression demonstrate that our proposed models substantially outperform the widely used ones in the
literature in terms of solution quality.

As seen in Section 6, model (5) can effectively find a sparse solution to the system || Az — b|| < o when its
parameter r is properly chosen. However, a proper r is typically unknown in advance for a given data (4,b, o).
We now briefly discuss a practical strategy for finding a sparse solution to ||Axz — b|| < o by solving a sequence
of (5) with different 7. Initially, one can set r; = 0 and solve (5) with r = r; to obtain a solution z!. Next set

ry = ||2]jo — 1 and re-solve (5) with 7 = r5 to obtain a solution 2. Repeat this process until ||z*|o > [|zF~Yo

occurs for some k > 1, and return z*~!

as a sparse solution to the system ||Az —b|| < o.

It shall be mentioned that the partially regularized model has recently been proposed in [25, 26] for finding
a low-rank matrix lying in a certain convex subset of positive semidefinite cone. In particular, the function
> i1 Ai(X) was used as a partial regularizer there, where 0 < r < n and A\;(X) is the ith largest eigenvalue
of an n X n positive semidefinite matrix X. Clearly, this regularizer can be generalized to a class of partial
regularizers in the form of Zé:TH ¢(0i(X)), where 0;(X) is the ith largest singular value of a m x n matrix
X, I =min{m,n} and ¢ satisfies Assumption 1. Most results of this paper can be generalized to the following

model for finding a low-rank matrix:

l
min {Z ¢(oi(X)) + JA(X) = b < 0}7

XecRpmxn
€ 1=r+1

where A : R™*" — RP is a linear operator, b € NP and o > 0. This is beyond this paper and left as a future
research.
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