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Abstract

In this paper we consider a class of structured nonsmooth difference-of-convex (DC) minimiza-
tion in which the first convex component is the sum of a smooth and nonsmooth functions while
the second convex component is the supremum of possibly infinitely many convex smooth func-
tions. We first propose an inexact enhanced DC algorithm for solving this problem in which the
second convex component is the supremum of finitely many convex smooth functions, and show
that every accumulation point of the generated sequence is an («,n)-D-stationary point of the
problem, which is generally stronger than an ordinary D-stationary point. In addition, inspired by
the recent work [13, 19], we propose two proximal DC algorithms with extrapolation for solving
this problem. We show that every accumulation point of the solution sequence generated by them
is an («, n)-D-stationary point of the problem, and establish the convergence of the entire sequence
under some suitable assumption. We also introduce a concept of approximate («, n)-D-stationary
point and derive iteration complexity of the proposed algorithms for finding an approximate («, n)-
D-stationary point. In contrast with the DC algorithm [13], our proximal DC algorithms have much
simpler subproblems and also incorporate the extrapolation for possible acceleration. Moreover,
one of our proximal DC algorithms is potentially applicable to the DC problem in which the second
convex component is the supremum of infinitely many convex smooth functions. In addition, our

algorithms have stronger convergence results than the proximal DC algorithm in [19].
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1 Introduction

Difference-of-convex (DC) minimization, which refers to the problem of minimizing the difference of
two convex functions, forms a large class of nonconvex optimization problems and has been studied
extensively for decades in the literature of mathematical programming. In this paper we consider a

class of DC minimization in the form of

win F(z) = f(2) - g(z), (11)
where
P@) = 1@)+ fae), ge) = maxi(a,y). (12)

Throughout this paper we make the following assumptions for problem (1.1).
Assumption 1.
(a) fn is a proper closed convex function with a nonempty domain denoted by dom(f,).

(b) fs is convex and continuously differentiable on R™, and its gradient ¥V fs is Lipschitz continuous
with Lipschitz constant L > 0.

(c) Y is a compact set in R™. For anyy € Y, ¥(-,y) is convex and continuously differentiable on

an open convex set Q containing dom(f,). Moreover, as a function of (x,y), 1 is continuous

on Q2 x Y.
(d) The optimal value of (1.1), denoted as F*, is finite.

It is not hard to observe that both f and g are convex but possibly nonsmooth. In addition,
g is finite and continuous on Q, and F' : R" — (—o00, 0] is lower-semicontinuous with dom(F') =
dom(f) = dom(f,). Applications of DC problem (1.1) can be found in sparse recovery [9, 11], digital
communication system [1, 13], assignment allocation [17] and low-rank matrix optimization [11].

The classical difference-of-convex algorithm (DCA) is broadly used in DC programming (e.g., see
[8, 14, 10, 9]) and can be applied to problem (1.1). Given an iterate 2*, DCA generates the next one
by solving the convex optimization problem

2 € Argmin f(z) — (WF, z)
zeR"

for some v* € dg(z*). By exploiting the structure of f, the proximal DCA (PDCA) has recently been
proposed for solving a class of DC programming (e.g., see [9]). It can be suitably applied to (1.1) for

which the new iterate is obtained by solving the proximal subproblem

L
okt = argmin f,,(z) + <st(xk) - vk,x> + §||a: - :EkH2 (1.3)
reR"™

for some v¥ € dg(x*), where L > 0 is the Lipschitz constant of V f. For possibly accelerating PDCA,
Wen et al. [19] recently proposed a proximal DCA with extrapolation (PDCAe) that is also applicable



k—l)

to solve (1.1). In particular, an extrapolation point z* = 2* + B(z% — is first constructed for

some [ € [0,1), and the next iterate is then computed by

P = argmin fo(2) + (Vf(2) — 0%, 2) + = [z — 2| (1.4)
T€eR™ 2

for some v* € 9g(x¥). Tt has been shown that every accumulation point > of the sequence {z*}
generated by DCA, PDCA and PDCAe is a critical point of problem (1.1), that is, f (z*°)Ndg(x>) #
0.

By exploring the structure of g, Pang et al. [13] recently proposed a novel enhanced DCA (EDCA)
for solving problem (1.1) with ) being a finite set. For the sake of convenience, assume Y = {1,..., I}
and ¥(z,i) = v;(x) for every i € J. Given the iterate z¥, EDCA first solves the following convex
optimization problems

o = argmin f(x) — (Vii(ah), ) + ol — a¥|? (15)
rER?

for each i € A(z*,7), where A(z*,7) = {i € Y : ¢;(a) > g(a*) — 7} for some 77 > 0. It then generates
the next iterate by letting zF+! = 2h with i given by

i € Argmin F(zF%) + 1||x’“ — zF|?. (1.6)
i€ A(zk 7) 2
It is shown in [13] that any accumulation point x> of the sequence {z*} generated by EDCA is
a directional-stationary (D-stationary) point of problem (1.1), that is, dg(z>°) C 0f(«*°), which is
stronger than the aforementioned critical point.

Although EDCA generally enjoys stronger convergence than DCA, PDCA and PDCAe, its conver-
gence proof requires an exact solution of its subproblems (1.5). Since these subproblems are generally
not simple and their exact solution typically requires an iterative scheme, it would be desirable to have
a version of EDCA that would alleviate this requirement. Motivated by this, we propose an inexact
EDCA, referred to as iEDCA, for solving problem (1.1) with ) being a finite set, whose subproblems
are solved only inexactly. In particular, given an iterate =¥, iEDCA first finds an approximate solution
x¥% of subproblem (1.5) such that

dist (0, D f (z%%) — Vaps (zF) + 2P — 2%) < 6, (1.7)

for each i € A(z*,7) and some 6, > 0. It then generates the next iterate by letting 2%+ = 2R with
i given by (1.6). Given that 2% satisfying (1.7) can be found, iEDCA is practically implementable.
We show that if Y 72 5,% < 00, any accumulation point of the sequence generated by iEDCA is an
(v, m)-D-stationary point® of problem (1.1) (see Section 2 for the definition) for some o > 0 and n > 0,
which is generally stronger than an ordinary D-stationary point. Also, notice that iEDCA reduces to
EDCA if 0 = 0. As a byproduct, we thus improve the convergence results in [13] on EDCA.
Though iEDCA generally enjoys stronger convergence than PDCA and PDCAe, its subproblems
(1.5) are, however, generally complicated, which require some iterative method for finding an approx-

imate solution and render the entire algorithm a doubly iterative method. On the other hand, the

*The concept of («,n)-D-stationary point does not exist in the literature yet. We introduce in this paper such a

concept and study some properties of it.



subproblems (1.3) and (1.4) of PDCA and PDCAe are much simpler, which only require evaluating
the proximal operator associated with f,.T Motivated by this, we propose an enhanced PDCA algo-
rithm, referred to as EPDCA1, for solving problem (1.1) with ) being a finite set, which inherits the
advantages of EDCA and PDCAe. In particular, its subproblems are analogous to those of PDCAe
with extrapolation incorporated for possible acceleration. Moreover, any accumulation point of the
sequence generated by the proposed algorithm is an («,n)-D-stationary point of problem (1.1). We
also show that its entire sequence is convergent under some suitable assumption. We shall mention
that the framework of EPDCA; includes EDCA as a special case. Therefore, as a byproduct we also
provide some sufficient conditions on the convergence of the entire sequence generated by EDCA.

It shall be mentioned that EDCA, iEDCA and EPDCA; are only applicable to problem (1.1) with
Y being a finite set. As remarked in [13], it has remained open to design an algorithm converging
(subsequentially) to a D-stationary point of problem (1.1) for which ) is an infinite compact set. In
this paper we make an attempt to answer this question. In particular, we propose another enhanced
PDCA, referred to as EPDCA,, for solving problem (1.1) with ) being a (possibly infinite) compact
set. Similar to EPDCA;, the extrapolation scheme is incorporated in this algorithm for possible
acceleration. It is also shown that any accumulation point of the sequence generated by EPDCA, is
an (a, n)-D-stationary point of problem (1.1). The key difference between this algorithm and EPDCA;
and EDCA is that it contains a single minimization subproblem at each iteration. Even for the case
where ) is a finite set, EPDCA5 also distinguishes from EPDCA; and EDCA. Albeit nonconvex in
general, we show that this subproblem can be efficiently solved for some instances of (1.1).

Though EDCA,iEDCA, EPDCA; and EPDCAj converge subsequentially to an («, n)-D-stationary
point of problem (1.1) in long run, in practical computation one has to terminate the methods at
some approximate («, n)-D-stationary point. We introduce the concept of an approximate («,n)-D-
stationary point and study some properties of it. We also derive the iteration complexity of EPDCA;
and EPDCA; for computing an approximate (o, n)-D-stationary point of problem (1.1).

The rest of this paper is organized as follows. In Section 2, we introduce the concepts of (a,7)-D-
stationary point and approximate («,n)-D-stationary point, and study some of their properties. In
Sections 3 and 4, we respectively propose an inexact enhanced DCA and an enhanced PDCA with
extrapolation for solving problem (1.1) with g given by a finite supremum and study the convergence of
the methods. In Section 5, we propose another enhanced PDCA with extrapolation that is potentially
applicable to problem (1.1) with g given by an infinite supremum and establish its convergence.

Finally, in Section 6 we present some concluding remarks.

1.1 Notation

Let R™ denote the n-dimensional Euclidean space, (-,-) denote the standard inner product, and || - ||
denote the Euclidean norm. Given a function h : R" — (—o00, o], we use dom(h) to denote the
domain of h, that is, dom(h) = {r € R" : h(z) < oo}. The directional derivative of h at a point

"The proximal operator associated with f,, is defined as prox; (z) = argmin{ 3 ||y — z[|* + fn(y)}, which can be easily
Y

computed for many functions in applications (e.g., see Tables 10.2 and 10.3 in [6] for a list of such functions).



x € dom(h) along a direction d € R™ is defined as

W (z:d) = lim h(z + 7d) — h(z)
’ 710 T '

Suppose h is additionally convex. We use 0h to denote the subdifferential of h (e.g., see [15]). The

proximal operator of h, denoted as prox;, is a mapping from R" to R" defined as

1
prox,(z) = argmin = ||z — z|> + h(z). (1.8)
zeRn 2
Given any = € R", we define the level set L£(z) := {z € R": F(z) < F(z)}. For the function g given
in (1.2) and any scalar n > 0, we define

Alz) ={y € Y ¢(z,y) =g(x)},  Alz,n) :={y €V :¢(z,y) > g(x) —n}. (1.9)

Clearly, A(x) is the associated active indices in defining g(x). Moreover, A(z,0) = A(z) and A(z) C
A(z,n) C Y for any n > 0.

Before ending this section, we briefly introduce some concepts of stationarity for problem (1.1).
We refer the interested readers to [13] for the detailed discussion. Given z € dom(F'), z is said to be
a critical point of problem (1.1) if 0 € df(z) — dg(x), or equivalently, df(z) Ndg(x) # 0. In addition,
x is called a directional-stationary (D-stationary) point of (1.1) if F'(xz;d) > 0 for all d € R™. Tt is
known that = is a D-stationary point of (1.1) if and only if dg(x) C 9f(x). It is also known that any
local minimizer of problem (1.1) must be a critical point and also a D-stationary point of (1.1). In
addition, a D-stationary point of (1.1) must be a critical point of (1.1), but the converse generally
does not hold.

2 Preliminaries

In this section we introduce the concepts of («,n)-D-stationary point and approximate (a,n)-D-
stationary point of (1.1), and study some of their properties. To proceed, we start with a characteri-

zation of D-stationary point of (1.1).

Proposition 1. Let a > 0 be given. Then T is a D-stationary point of (1.1) if and only if

1
7 = argmin f(2) = (Vato(7,9), 2 = 7) + |z = 2%, vy € A@), (2.1)
TER™ «Q

or equivalently,

T = prox,s (T +aVy(Z,y)), Yy AT). (2.2)

Proof. By Danskin’s theorem (e.g., see [3, Theorem B.25]), one has

g'(z;d) = max (Vyip(z,y),d). (2.3)
y€A(z)
Since the objective of problem (2.1) is convex, it follows that (2.1) holds if and only if f'(Z;d)

>
(V2(Z,y),d) for any d € R" and y € A(Z). Due to (2.3), the latter holds if and only if f'(Z;d) >



¢'(z;d) for any d € R™, which is equivalent to F'(Z;d) > 0 for any d € R", that is, T is a D-stationary
point of (1.1). It follows from these and (1.8) that the conclusion holds. 0

From Proposition 1, we see that & is a D-stationary point of (1.1) if and only if
1
F(z) < f(z) = ¥(2,y) = (Va¥(@,9), 2 = 2) + o[l — z|?, VzeR", Vye Ax).
We next introduce the concept of (a, n)-D-stationary point of (1.1) by strengthening this inequality.

Definition 1 ((«,n)-D-stationary point of (1.1)). Given any n > 0 and o > 0, we say that T is
an (o, n)-D-stationary point of problem (1.1) if it satisfies that

F(z) < £(z) — (3, y) — (Vatb(3, y), 7 — T) + in _E?, Ve eRM, VyeA@mn).  (2.4)

One can observe from (2.4) that an («, n)-D-stationary point of (1.1) is also an (@&, 77)-D-stationary
point of (1.1) for any 77 € [0,7] and & € (0,a]. We next study some further properties of (a,n)-D-

stationary points.

Proposition 2. Let x* be a global minimizer of problem (1.1). Then, x* is an (a,n)-D-stationary of
problem (1.1) for any a >0 and n >0,

Proof. Since z* is a global minimizer of (1.1), we have that for any o > 0, z € R” and y € J,

F(2¥) < F(x) = f(z) — g(x) < f(z) = ¢(z,y) (2.5)
< flo) = (@™ y) = (Varp(z®, y), 2 — 2¥) (2.6)
< fle) =" y) = (Varp(z®,y), 2 — 2™) + %Hw - "%, (2.7)

where (2.5) is due to (1.2) and (2.6) follows from the convexity of (-, y). By (1.9), one has A(z,n) C Y
for any n > 0. Using this and (2.7), we obtain that for any o > 0 and n > 0,

F(a*) < f(2) = $(a*,) = (Vat(a,9),z — 2 + 5o =[P, Vo € BT, Vy € Aa®,u).

This together with Definition 1 implies that z* is an («, n)-D-stationary point of (1.1) for any n > 0
and a > 0. ad

Proposition 3. Suppose that T is an (a,n)-D-stationary point of problem (1.1) for some n > 0 and
a > 0. Then, it holds that

|17 — proxay (7 + aVa(Z,)) | < 2a(9(2) — ¢(Z,y)), Yy € AZ,n). (2.8)
Consequently, we have

=0, if y € A(z);
<\2an, ifye A(z,n)\ A2).

Furthermore, & is a D-stationary point of problem (1.1).

17 = proxas (7 + aVap(z,y)) | {



Proof. Let y € A(Z,n) be arbitrarily chosen, and let % = prox, (T + aV,(Z,y)). It then follows
from (1.8) that

1
a™ = argmin f(z) — (Vob(Z,y), x — &) + —||z — z||%. (2.10)
zER™ 2a

Its first-order optimality condition yields
_ ]. + —
Vab(@y) = (et —3) +v (2.11)

for some v € 9f(z"). Hence, we have

< @)~ ool — 2P (212)

where the equality is due to (2.11) and the inequality uses the convexity of f. Since Z is an («,n)-D-
stationary point of (1.1), it follows from (2.4) with z = x* that

£(2) — @) < F(&*) = 6(.9) ~ (Ve (@), 2™ — )+ ol — 7]

Summing up the above two inequalities yields ||z+ — Z|| < \/2a(g(Z) — ¥ (Z,y)). This together with
the definition of z* leads to (2.8). In addition, by (1.9), one can see that ¥(Z,y) = g(z) for every
y € A(z) and ¥(z,y) > g(z) —n for all y € A(z,n) \ A(Z). These and (2.8) yield (2.9). Finally, in
view of (2.9) and Proposition 1, we have that Z is a D-stationary point of (1.1). 0

From Propositions 2 and 3, one can see that an («,n)-D-stationary point is generally stronger
than an ordinary D-stationary point. Therefore, it is of interest to develop algorithms converging
(subsequentially) to an («,n)-D-stationary point of (1.1) rather than just an ordinary D-stationary
point. In the subsequent sections, we will propose such algorithms for (1.1). Though our proposed
algorithms converge (subsequentially) to an («, n)-D-stationary point of (1.1), in practical computa-
tion one has to terminate them at some approximate («,n)-D-stationary point. We next introduce

the concept of approximate (a,n)-D-stationary point and study some properties of it.

Definition 2 (e-approximate («,n)-D-stationary point of (1.1)). Given any e,n >0, a > 0, we
say that T is an e-approximate (o, n)-D-stationary point of problem (1.1) if it satisfies that

Proposition 4. Suppose that T is an e-approzimate («, n)-D-stationary point of (1.1) for some e > 0,
a >0 andn > 0. Then, it holds that

17 — proxey (2 + aVao(Z,9)) || < V2a(9(Z) — ©(Z,y) +€), Vy € Az,n). (2.14)
Consequently, we have

2ae, if y € A(2);

17 = proxa s (T + aVaih(2, y)) HS{ Baln 7T, ity e Ar.n)\ A) (2.15)



Proof. Let y € A(Z,n) be arbitrarily chosen, and let % = prox, (T + aV,(Z,y)). It then follows
from the same arguments as those in the proof of Proposition 3 that (2.12) holds. Since Z is an

e-approximate (o, n)-D-stationary point of (1.1), it follows from (2.13) with z = =™ that

£(@) = 9(2) < J(@) = (@) — (Vat (@), 0t = 3) + 5t — 7] +e

Summing up the above inequality and (2.12) yields ||z — Z| < v/2a(g(Z) — ¥(Z,y) + ¢€). Using this
and the same arguments as those in the proof of Proposition 3, we can conclude that (2.14) and (2.15)
hold. 0

Before ending this section, we establish a lemma that will be used subsequently.

Lemma 1. Suppose that Assumption 1 is satisfied, and let & € 0 andn > 0 be arbitrarily given. Then,
for any 7 € [0,n), there exists a scalar v > 0 such that A(Z,7) C A(x,n) whenever ||z — Z|| < 7.

Proof. Suppose for contradiction that the statement is not true. Then there must exist an 77 € [0,7)
and a sequence {(z%,y')};>0 such that lim; 2! = z, y* € A(z,7) but y* ¢ A(zt,n) for all ¢.
By Assumption 1 (¢) and (1.9), one can observe that A(z,7) is compact. Hence, by passing to a
subsequence if necessary, we assume for convenience that lim; .. y* = 7 for some 7 € A(Z, ), which
implies ¥(Z,y) > g(Z)—7. On the other hand, by y* ¢ A(z!,n) and (1.9), one has ¥ (2!, y*) < g(z*)—n.
Passing to the limit and using the continuity of ¢ and g, it follows that ¥ (z,y) < g(z) — 1, which
contradicts ¥ (&, y) > g(z) — 77 due to n > 7. The proof is then completed. O

3 An inexact enhanced DCA for DC problem with finite supremum

In this section we consider problem (1.1) in which g is defined as the supremum of a finite number of
smooth convex functions, namely, the associated ) in (1.2) is a finite set. For the sake of convenience,

throughout this section we assume that
Y={1. Iy (i) = ile), Vie V. (3.1)
It follows from (1.2) that for such ) and (-, -), g can be rewritten as

g(x) = max vi(z), VreR"™ (3.2)
Recently, Pang et al. [13] proposed a novel enhanced DCA (EDCA) for solving problem (1.1) with
g given in (3.2). They showed that any accumulation point of the sequence generated by EDCA is
a D-stationary point of problem (1.1). As mentioned in Section 1, EDCA is, however, generally not
implementable because it requires the exact solution of its subproblems. In this section, we propose
an inexact EDCA (i(EDCA), which only requires a suitable approximate solution of its subproblems.
Moreover, we show that any accumulation point of the sequence generated by the proposed algorithm
is an (o, n)-D-stationary point of problem (1.1) for some a > 0 and n > 0.
The details of iEDCA are presented as follows.

Algorithm 1 (The inexact enhanced DCA (iIEDCA)).



0. Input 2° € dom(F), 77 > 0 and a sequence {J;} C Ry such that B := Y 72 2 < co. Set k + 0.

1. For each index i € A(z¥,7), find an approximate solution 2*% of the problem

min { Quie) = flo) ~ 0ia") ~ (Vi) ) + Gllo — a1} (33)

TER™
such that
dist (o, an,i(:z’fvi)) < 5. (3.4)

2. Let i € Argmin {F(&"%) + 1]|#k — 2|} and set 2! = gk,
i€ A(ak,i)

3. Set k< k+ 1 and go to Step 1.

End.

Remark 1. The above approzimate solution i** of (3.3) can be found by some iterative methods

such as proximal gradient method. In addition, Algorithm 1 reduces to EDCA if §;, = 0.
In what follows, we conduct convergence analysis for Algorithm 1.

Theorem 1. Suppose that the function g is in the form of (3.2) and x° is a point such that the level
set {x € R" : F(z) < F(2°) + B/2} is bounded. Let {z*} be the sequence generated by Algorithm 1.
Then the following statements hold.

(i) The sequence {x*} is bounded.
(ii) limg_ o0 ||2F — 2K~ = 0.
(i43) limy_yoo F(2F) exists and limg_,oo F(2F) = F(2*) for any accumulation point 2> of {x*}.

(iv) Any accumulation point of {x*} is an (o, n)-D-stationary point of (1.1) for any o € (0,1] and
n € [0,7).

Proof. (i) For any k > 0 and i € A(z*,7), it follows from (3.4) that there exists some s € dQy ; (&%)
such that [|s|| < 5. Moreover, one can observe that Qy ;(x) is strongly convex with modulus 1. Hence,
we have

1 .
Sl — 22, Vo eR",

Qri(T) > Q&™) + T (x — &™) + >

which leads to

Qp.i(z) > min {Qk,i(fc’”) +sT(z — @80 + 2|z — 2P
z

2 _ (akiy [Is[|” n
—Qk,z(x ) 9 Vr € R"™

This together with ||s|| < 0 implies that

" 52 .
Qri(#") < Qpi(z) + Ek, Vr e R™. (3.5)



By (3.2), (3.3), the convexity of 1;(x), and Step 2 of Algorithm 1, we obtain that

Qual#) = F(H) — ga(a¥) — (Tyu(ah), 24— a) 4 L |k — 2P (36)
> (M)~ Gi(88) + Sl — o2 (37)
> (M) - g(@h) + 314 — k| (33)
— PN+ %ij‘,i C2F2 > PG+ %ka—&-l _ M2, (3.9)

where (3.7) follows from the convexity of ¥;(x), (3.8) is due to (3.2), and (3.9) is by Step 2 of
Algorithm 1. Tt then follows from (3.5) and (3.9) that for any k > 0 and i € A(z*, 7),

1 o7
F(a*) + o[l = ab|? < Qua(2) + 5, Vo eR™ (3.10)
By letting i € A(2*) and 2 = ¥ in (3.10), we obtain that
1 52 52 52
F(ah) < F@) + Slla" = o8| < Quae®) + 2 = f(@") —wi(e®) + 2 = F") + 1, (3.11)

where the last equality follows from i € A(x*) and (1.9). Hence, for any k > 0, we have

S
—

B

Flah) < Fa®) + 5 302 < Fa®) + 5

N
I
=}

which together with the boundedness of the level set {x € R": F(z) < F(2°) + B/2} implies that
statement (i) holds.
(ii) It follows from (3.11) that for any k > 0,

2Rt — 2F)? < 2F(2%) — 2F (a%Y) + 62

Hence, we obtain that for any j > 0,

j j
Dl =¥ < 2F(20) — 2F (27T + > 6f < 2F(2°) - 2F* + B < oo,
k=0 k=0
which implies that statement (ii) holds.

(iii) We first show that limy_,o F(z*) exists. For all i > 0, let A; = F(2™1) — F(2%), Af =
max(A;,0), A7 = max(—A;,0). It is clear that A; = A} — A7 for all i > 0. In addition, by (3.11),
one can see that A < 62/2 for every i > 0, which along with the fact that Y52 d2 < oo implies that
>0 AF < oo. By this and AF > 0 for all i > 0, we have that {Zf:o A} converges as k — 0.
Also, by A; = F(z'1) — F(2%) and A; = A — A7 for all i > 0, we obtain that

k k k k
YAT=D AT A=) AT+ F@E) - FM) <
1=0 1=0 1=0 =0

which along with Y52, AT < oo implies that Y 55 A7 < co. By this and A; > 0 for all i > 0, we
have that {Efzo A} converges as k — oco. Notice that

Af + F(2") — F*,

-

I
o

(2

k

k k
F") =F@®) + > Aj=F@a%)+> AF =Y A7,
=0 =0 =0
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which together with the convergence of {Zfzo A} and {Zf’;:o A7} implies that limg_,o F(z") exists.
Let ¢ := limy_,00 F(2%), and let 2°° be any accumulation point of {z*}, whose existence is ensured
by statement (i). We next show that F(z*>°) = {. By (3.3) and (3.10), we have that for any k£ > 0
and i € A(z*,7),
k+1 L k k By, 1 k2 L Ok n
F(z") < Qpi(z) + 5 = f(x) — (") — (Vb (a¥), & — %) + §||a: —z|* + Ex Yz € R". (3.12)
Since 2 is an accumulation point of {z*}, there exists a subsequence K such that limgsg_ye0 2% = 2°°.

Let n € [0,7) be arbitrarily chosen. It then follows from Lemma 1 that A(z>,n) C A(z*,7) for
sufficiently large k € KC. This together with (3.12) yields that for all k£ € K sufficiently large,

52
|z — 28>+ £, Vo eR", Vie A@2™,n). (3.13)

P < () = bila) = (Tus(eh) 0 — ) + 5 %

2
Notice that limy_,o 6 = 0 due to Y2, 6,% < 00. Also, recall that ¢ = limy_,, F/(z*) and that 1; and
V1); are continuous on the open set £ containing dom(f). Using these and taking limit of both sides
of (3.13) as K 3 k — oo, we have

1
§||a; —x™®|?, VreR", Viec Al2™,n). (3.14)

By letting z = 2* and i € A(z*) in (3.14) and using (1.9), we have ¢ < F(2*°). On the other hand,
by limisise ¥ = 2, ¢ = limy_,oo F(2¥) and the lower-semicontinuity of F', one has F(z>) < (.
Hence, limy_,o, F(2¥) = ¢ = F(2®).

(iv) By ¢ = F(z®°), one can rewrite (3.14) as

¢ < f@) —i(a™) = (Vihi(2™), 2 — 2%) +

1
F(a%) < f(@) = (@) = (i(@™), 2 = 2%) + Sllz = 2%, ¥z €R", Vi € A2, 7).
It then follows from the arbitrarity of n € [0,7) and Definition 1 that z*° is an («,n)-D-stationary

point of (1.1) for any « € (0,1] and n € [0,7). ]

Remark 2. Since Algorithm 1 includes EDCA as a special case, Theorem 1 also holds for EDCA.

Consequently, it provides some new results for EDCA, particularly, the ones in statements (iii) and

(iv).

4 An enhanced proximal DCA with extrapolation for DC problem

with finite supremum

Though iEDCA generally enjoys stronger convergence than PDCA and PDCAe, its subproblems (1.5)
are, however, generally complicated, which require some iterative method for finding an approximate
solution and render the entire algorithm a doubly iterative method. On the other hand, the sub-
problems (1.3) and (1.4) of PDCA and PDCAe are much simpler, which only require evaluating the
proximal operator associated with f,,. Motivated by this, in this section we propose an enhanced
PDCA algorithm, referred to as EPDCA;, for solving problem (1.1) with g given in (3.2), which in-
herits the advantages of iEDCA and PDCAe. In particular, its subproblems are analogous to those of

11



PDCAe with extrapolation incorporated for possible acceleration. Moreover, any accumulation point

of the sequence generated by the proposed algorithm is an («, n)-D-stationary point of problem (1.1).
The details of EPDCA; are presented as follows.

Algorithm 2 (The first enhanced PDCA with extrapolation (EPDCA;)).

0.

4

End.

Input 2° € dom(F), 7j,c¢ > 0 and {Bi}s>0 C [0,+/¢/L) with sup, B < \/c¢/L. Set x=1 = 29,
k < 0.

. Set 2 = a2k + By (aF — 2P ).

. For each index i € A(z*,7), compute % as

Y . & L
&' = argmin < Oy i(2) + < |lo — ¥ + Zlo — 2F|7 (4.1)
2eR™ 2 2

where

Uri(x) = fu(@) + () + (Vfs(2F), 2 = 2F) = 9hi(a®) — (Vai(a?), 2 — ).

. Let 7 € Argmin {F(&"%) + £||aht — 2F|2}. Set P! = ki,

i€ A(zk,7)

Set k + k+ 1 and go to Step 1.

Before studying its convergence, we make some remarks on Algorithm 2.

Remark 3. (a) Algorithm 2 is motivated by PDCAe [19]. However, it differs substantially from

(b)

(c)

(d)

PDCAe in two aspects. Firstly, Algorithm 2 solves possibly multiple convexr subproblems every
iteration while PDCAe only solves one convex subproblem. Secondly, compared to the subproblem
(1.4) of PDCAe, the subproblem (4.1) of Algorithm 2 has an additional prozimal term c|lx —
zF||2/2. These two new features are crucial for establishing (subsequential) convergence to an

(a, m)-D-stationary point of Algorithm 2.

EDCA can be viewed as a special case of Algorithm 2. Indeed, Algorithm 2 reduces to EDCA
by choosing By = 0, fs =0, frn = f, L =0 and ¢ = 1, assuming 1/0 = oco. An immediate

consequence of this remark is that any convergence result of Algorithm 2 also holds for EDCA.

The subproblem (4.1) is equivalent to

ki (cxk + L2 — V(%) + Vzpi(xk)>
"' =prox_1 . }

L+c

L+c
Consequently, it has a closed-form solution when the prorimal operator of f, admits a simple
calculation (e.g., see Tables 10.2 and 10.3 in [6] for a list of such functions).

The parameters ¢ and {ft}t>0 can be chosen by the restarting scheme [12]. In particular, one

can set ¢ = 2L for some T € [0,1], and B = 7(04—1 — 1) /0y, where

1+ /14 467
0_1=00=1, 041 = R S—

and reset 0;_1 = 0, = 1 when t = T,2T,3T,... for some positive integer T. It is not hard to
verify that such ¢ and {B;}i>0 satisfy {Bt}i>0 C [0,1/c/L) and sup, By < \/c¢/L as desired.

12



In the rest of this section we will study the convergence properties of Algorithm 2. In particular, we
first show that any accumulation point of the sequence {z*} generated by Algorithm 2 is an («,n)-D-
stationary point of problem (1.1) for some o > 0 and 1 > 0. Secondly, we establish convergence of the
entire sequence {z*} under the so-called Kurdyka-Lojasiewicz (KL) condition. Finally, we derive the
iteration complexity of Algorithm 2 for computing an approximate («,n)-D-stationary point. Since
EDCA can be viewed as a special case of Algorithm 2, all these theoretical results also hold for EDCA.

4.1 Subsequential convergence to an («a,7n)-D-stationary point

In this subsection we show that any accumulation point of the sequence {z*} generated by Algorithm 2

is an («, n)-D-stationary point of problem (1.1) for some a > 0 and n > 0.

Theorem 2. Suppose that Assumption 1 holds, the function g is in the form of (3.2), and xz° is
a point such that L(z°) is bounded. Let {x*} be the sequence generated by Algorithm 2. Then the

following statements hold.
(i) The sequence {x*} is bounded.
(ii) limp_o || — 2F~1|| = 0.
(i45) 1limp_oo F(2¥) exists and limy_,o0 F(2F) = F(2™) for any accumulation point x> of {x*}.

(iv)  Any accumulation point of {x*} is an (o, n)-D-stationary point of (1.1) for any a € (0, (L+4-c)™!]
and n € [0,7).

Proof. (i) By (4.1), the convexity of fs and 1, the Lipschitz continuity of V f,, and Step 3 of Algo-
rithm 2, we have that for all k > 0 and i € A(z",7),

Foah) 4 Fale®) = 91(a®) > Fo(H) + (V)0 = )+ fule®) i) (42)
> Fo(K) a0 (9 F(H), 24 = oK) — (W), 851 — ) 4 b = )2

A i P L e (43)
> (@) 4 ) — () — (Tua(a®), 85 — o) - Tk K24 St P ()
> @) 4 @) — (@) — - 2P+ Sk - a2 (45)
> fs(j}k,i) + fn(i,k,i) _ I}?ﬁ“/’i(@k’i) _ ngk _ ZkHQ + ngk _ kg2

= P — Dl - P+ St - 852

> P — 2k — K2 4 St — P, (16)

where (4.2) and (4.5) are respectively due to the convexity of fs and v, (4.3) follows from (4.1),
(4.4) is by the Lipschitz continuity of V fs and (4.6) is due to Step 3 of Algorithm 2. Notice that
A(z*) € A(z*, 7). Tt follows from (4.6) that for any i € A(z*), we have

F(a¥) = £o(e¥) 4 faleh) — ilah) > F) — 2k — 42 4 Sk — A2

2
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This, together with § := sup, f; < \/c¢/L and 2F = 2F + pi.(2F — 2F~1), gives us

Lj3?
2

C

L
2”1,1@—}—1 —l’k||2 < F(l‘k) + =

2
&
< F(a*) + glla* — 252,

F(a) + l* = 2F|? < F(a®) + == lla® — "2 (4.7)
Hence, { F(z*) + £|lz* — 2*71||?} is non-increasing. It then follows that for any k > 0,
c c
F(z%) < Fa®) + g llo" = 2" < F@0) + [l — 2717 = F2°),
which along with the boundedness of £(x°) implies that {z*} is bounded.
(ii) It follows from (4.7) that for all & > 0,

c— LB? Lj3? Lj3?
TBka—H —.Z'k||2 < <F(xk) + TBka —$k_1||2> o (F(x‘k—H) + T/BHZCIC—H _xk”2> ,
which together with 271 = 20 yields that for any integer j > 0,

c—

L3 .
5 Yzt =2 P < Fa¥) - F(ad) < F(a®) - F (4.8)
k=0

By this and 8 < \/c/L, one can see that limy_,, ||z* — 2F~1|| = 0.

(iii) Recall that {F'(2*)+£||z¥—2*~1||} is non-increasing and bounded below. Hence, limg_oo { F (z¥)+
£||a* — 2*~1||?} exists. This, together with statement (ii), implies that limy_,, F(2"*) exists.

Let 2 be any accumulation point of {z¥}, whose existence is guaranteed by statement (i). We
next show that F(2>°) = limg_,oo F(z¥). By (4.1), (4.3) and (4.6), we have that for all i € A(z¥,7),
c
2
< fs(2) + fa(@™) +(V f(27), 85 = 2F) — (Vi) 85 — o) + g!lik’i Al i

F(xk+1) < F(xkﬂ) + k _xk+1H2

[

+ g lla = & - () (4.9)
< Fo() o fale) (T FoleH), 2 = 24) — (Vb 2 — ) + 5 o — 2
C

2

¥ — 2|2 — ¢i(z*), Vz e R, (4.10)

where (4.9) follows from (4.3) and (4.6), and (4.10) is due to (4.1). Since z°° is an accumulation point of
{2}, there exists a subsequence K such that limxsg_oeo ¥ = 2°°. By this, 2# = 2* + B (2F — 2*71),
Br € [0, M) and statement (i), one has limisr_eo 2" = 2°° and limgsp_yeo 2° = 2. Let
n € [0,7) be arbitrarily chosen. It then follows from Lemma 1 that A(z>,n) C A(z*, i) for sufficiently
large k € KC. This together with (4.10) yields that for all £ € I sufficiently large,

@) < (o) fale) + (VA2 = 25) = (Tilah), 0 — a%) 4+ © = )

|2k — z||? = bs(2F), Vo e R™, Vie A(x™,n). (4.11)

[z
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Notice from Assumption 1 that fs, Vfs, ¥; and Vi; are continuous on the open set {2 containing
dom(f,,). Using this and taking limit of both sides of (4.11) as K 2 k — oo, we obtain

L+c
e — Y~ (™)

|z —z®|?, VzeR", Vie Az>,n), (4.12)

¢ < fo(2™) + fu(z) + (Vs (™) = Vb (™), 2 — 2°°) +
L+c
2

< fla) = i(@™) = (Vi(a™), 2 — 2%) +

where ¢ := limy_,o, F(2¥) and (4.12) follows from the convexity of f, and the relation f = fs + fn.
Letting « = z* in (4.12), we have ¢ < f(2*) — ¢;(z*), Vi € A(z>), which along with (1.9)
yields ¢ < F(z™). On the other hand, by limgsg_eo 2F = 2%, ¢ = limy_,o F(2*) and the lower-
semicontinuity of F, one has F(2°°) < ¢. Hence, limy_,o F(2¥) = ¢ = F(2™).

(iv) By ¢ = F(x*°), one can rewrite (4.12) as

L+c

F(z>) < f(x) — i(@™) — (Vi (2™), 2 — 2™) + 5

|z —2%||?, VzeR™ Vic A(x™,n).

It then follows from the arbitrarity of n € [0,7) and Definition 1 that z*° is an («,n)-D-stationary
point of (1.1) for any a € (0, (L + ¢)~] and 5 € [0, 7). 0
4.2 Convergence of the entire sequence

In this subsection we study the convergence of the entire sequence {x*} generated by Algorithm 2

based on the following concept of Kurdyka-Lojasiewicz (KL) property.

Definition 3. (KL property) A lower-semicontinuous function h is said to be a KL function if for
any @ € dom(0h)}, there exists a scalar x € (0,00], a neighborhood U of & and a continuous concave

function ¢ : [0,k) — Ry such that:
(i) ¢ is continuously differentiable on (0, k) with ¢’ > 0;
(i) For any x € U with h(Z) < h(x) < h(Z) + &, it holds that
o' (h(x) — h(Z)) - dist(0, Oh(z)) > 1.

It is known that the KL property holds for a wide range of functions in applications. For example,
any proper closed semialgebraic function is a KL function. Moreover, with the aid of the KL property,
the convergence of the entire sequence can be established for various iterative algorithms (see, for
example, [2] for more discussion).

To establish the convergence of {z*}, inspired by [19] we introduce the following auxiliary function
H:R"xR" — (—o0, +o0]:

H(z,y) = F(2) + 5z =yl = fu(@) + fule) = 9(@) + Sl =y (4.13)

We first prove the following lemma that will be used subsequently.

t*dom(0h) = {x € dom(h) : dh(x) # 0}.
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Lemma 2. Let {z*} be the sequence generated by Algorithm 2. Suppose that H is a KL function and
the premise of Theorem 2 holds. If there exist a scalar vg > 0 and K such that

dist ((0, 0), 8H(mk,xk*1)> < 1 (ka — P 4 bt - xHH) VEk > K, (4.14)
then the entire sequence {x*} converges.

Proof. Let I" denote the set of accumulation points of {z*}, and let w* = (2*, 2*~1) for all k > 0. By
Theorem 2 (i) and the definition of T, one can easily see that I is a compact set. In view of (4.7) and

(4.13), B = sup, B < \/c/L and w* = (2*,z¥~1), one has
H(w) 4+ vp||af — 25412 < H@w®), VE>0, (4.15)

where 11 = (¢ — L3?)/2 > 0. Hence, {H(w*)} is non-increasing. In addition, one can observe from
(4.13) and Theorem 2 (ii) and (iii) that limy_,o H(w*) = ¢, where ¢ = limy_ o0 F(2¥). Also, recall
from Theorem 2 (ii) that limy_, [|2* — 2¥1|| = 0. In view of this, it is not hard to show that the set
of accumulation points of {w*}, denoted as T, is given by I' = {(x,2) : # € I'} and is compact. This
together with Theorem 2 (iii) implies that H(w) = ¢ for any w € T.

Recall from above that {H (w*)} is non-increasing and limy,_,o, H(w*) = ¢. Therefore, one of the
following two cases must occur:

Case (a): there exists some K7 > 0 such that H(w*) = ¢ for all k > K.

Case (b): H(w*) > ¢ for all k > 0.

To prove that the entire sequence {z*} converges, it suffices to show that 372 [|2* — zF71|| < .
We next prove this by considering the above two cases separately.

Suppose that Case (a) holds. By (4.15), we have ||z¥ — 2*~1|| = 0 for all £ > K. Then it is clear
that >3, [|lz* — 2871 < oc.

Suppose that Case (b) holds. Recall that I' is a compact set, H is constant on I' and H is a
KL function. It follows from these and [4, Lemma 6] that H satisfies the so-called uniformized KL
property. That is, there exist some scalars § > 0, £ > 0 and a function ¢ that is continuous concave

nonnegative in [0, k) and continuously differentiable on (0, x) with ¢’ > 0 such that

o' (H(w) — ¢) - dist(0,0H (w)) > 1 (4.16)
for all w satisfying

dist(w,T) < 4§, ¢ < H(w) < + k. (4.17)

Since T' is the set of accumulation points of {w*} and T is compact, it is not hard to see that
limy, o dist(w”, I') = 0. Also, notice that limy_,o, H(w"*) = ¢ and H(w*) > ¢ for all £ > 0. Hence,
there exists Ko such that w” satisfies (4.17) for all k > K5, which implies that (4.16) holds at w* for
all k£ > K». In addition, by the concavity of ¢ and (4.15), we have that for any k£ > 0,

p(H (") =¢) = p(H (W) —¢) = ¢ (H(w*) = O[H (w*) = H(w"™)] > 11/ (H(w") = Q) ® = 11%,

where the first inequality follows from the concavity of ¢ and the second one is due to (4.15). This,
together with the KL inequality (4.16), leads to

pH (@) ~ Q) — () -
nllaf = 2P

1< cp'(H(wk) —q) - dist((),@H(wk)) < - dist(O,@H(wk)),
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for any k > Ky such that ||z*¥ — 2F~1|| # 0. By this relation and (4.14), one has that for any
k> Ko := max{K, K>} such that ||z¥ — zF~1|| #£ 0,

ot = a2 < 2 (p(H W) =€) p(H @) = 0)) (= 27+ = 252
2
< [2 (b(H@") = ¢) = p(H @) = O) + gl = a7 + o - WH} ,

where the second inequality follows from the fact that ab < (a + b)?/4 for any a and b. Taking the
square root of both sides of this relation and rearranging the term ||z* — 2*~1||, we obtain that for
any k > K such that ||z* — zF~1|| # 0,

lo# — a5 < 222 (p(H(h) — €) — p(H @) — ) + g e — b2 — Jllak — A (@18)
1

Recall that ¢’ > 0 on (0, k). This together with {H(w*)} non-increasing and ¢ < H(w*) < ¢ + x for
all k > Ky yields that o(H(w*) — ) — o(H(w**') —¢) > 0 for all k > K, which further implies that
(4.18) also holds for any k > Kj such that ||z¥ —2*~1|| = 0. Hence, (4.18) holds for all £ > K. Notice
that ¢ is nonnegative in [0, k) and ¢ < H(w*) < (+& for all k > K. It follows that ¢(H(w*)—¢) >0
for all k > Ky. Summing up the inequality (4.18) from k = K to oo yields

o0
2 1
> llah =2t < ;f Cp(H (W) =€) + a0t — a2,
k=Ko

which implies that > 3%, [|#* — 2*71|| < 0o also holds for Case (b). The proof is then completed. O

Equipped with Lemma 2, we are now ready to establish the convergence of the entire sequence
{x*} generated by Algorithm 2.

Theorem 3. Let {a:k} be the sequence generated by Algorithm 2 and I the set of accumulation points
of {x*F}. Suppose that the premise of Theorem 2 holds. Then the entire sequence {x*} converges to
an (o, m)-D-stationary point of (1.1) for any a € (0, (L +¢)~Y] and n € [0,7) if one of the following

additional conditions holds:
(i) One of the elements of I' is isolated.

(ii) The function H defined in (4.13) is a KL function and Vi;(x) is locally Lipschitz continuous
for alli € Y. Moreover, for each x € ', A(x) is a singleton and satisfies

o) — max di(z) > 20, (4.19)
i€A°(x)

where A°(z) =Y\ A(z).

Proof. In view of Theorem 2, it suffices to show that the entire sequence {z*} converges.

We know from Theorem 2 that limy_ [|2¥ — 2¥~1|| = 0. Suppose that one of the elements of T is
isolated. By this, limg oo ||2¥ — 271 = 0, and a similar argument as in [7, Proposition 8.3.10], one
can show that {2} is convergent.

Suppose that the condition (ii) in the statement of Theorem 3 holds. In view of Lemma 2, it
suffices to show that (4.14) holds for some vy and K. Let Z € T" be arbitrarily chosen. Due to our
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assumption that A(Z) is a singleton, A(z) = {i} for some 7 € . Since 1); is continuous for each
i €)Y and Y is a finite set, there exists 6 > 0 such that |1;(z) — ¢;(Z)| < 7/2 for all i € Y whenever
|z — Z|| < 26. This, together with (4.19) and A(z) = {4}, implies that

Alz) = {i}, g(z) - z‘eI?él%fi) Yi(z) > 1, whenever |z —z| < 20. (4.20)

Recall from Theorem 2 that {z*} is bounded and limy, o ||2¥ — 2*~1|| = 0. It follows from this and
[7, Theorem 8.3.9] that I' is compact and connected. By this, (4.20) and a standard argument based

on the Heine-Borel theorem, one can conclude that there exists § > 0 such that

Az) = {i}, g(z) - i&@é) Yi(r) > 7, whenever dist(z,T) < 26. (4.21)

It then follows that g(z) = v;(x) for all x satisfying dist(x,I') < 26. By this, (4.21), the compactness
of I', and the assumption that - is continuously differentiable and V- is locally Lipschitz continuous,
we see that ¢ is continuously differentiable and Vg is Lipschitz continuous on N := {z : dist(z,T") < 5 }.
Recall from the proof of Lemma 2 that limy_,«, dist(z*, T) = 0, which implies that there exists some
K such that 2¥ € N for all k > K. Hence, A(z*) = {i}, g is continuously differentiable at z* and
g9(a*) — max;c go(pry Yi(2¥) > 7 for all k > K. It follows that A(z¥,7) = A(z*) for all k > K. By this
and the updating scheme (4.1), one has that for all £k > K, 2**! = 2% and moreover,

0 € Of(a"*h) + Vfu(2") — Vis(aF) + (a1 — 2¥) + L1 - 27). (4.22)

Since A(z*) = {i} for all k > K, one has that Vi (z*) = Vg(a*) for all k > K. In view of this and
(4.22), we have

—Vfs(2F) + Vg(a®) — (2™ — 2F) — Lz — 2F) € 0f, ("), VE> K. (4.23)

In addition, since g is continuously differentiable at z* for all k& > K, it follows from [16, Exercise
8.8(c)] that for all k£ > K,

OH (zF*1, zk) = {ka + V(2P — Vg(zF ) + e(aP! — 2F) - oF L e 8fn(xk+1)} x{c(zF—zF)}.
Combining this with (4.23), we obtain that for all £ > K.

dist((0,0), OH (e, 24)) < || = Vo(e¥) + Vglah) = L+ = %) + T () = Vg(ahH)|

+ c||z® — 2F L.
By this and the Lipschitz continuity of V fs and Vg on N, we obtain that
dist((0,0), OH (z"+1, 2%)) < v (kaﬂ — 2P| 4 [|lzP - zkH) . Vk>K

for some v > 0. This together with 2% = 2% + (2% — 2%1) and B, € [0,/c/L) implies that there
exists vy > 0 such that

dist((0,0), 0H ("1, %)) < vg (kaﬂ — k|| + |2k - xk_lﬂ) . VE>K
and hence (4.14) holds as desired. The proof is then completed. O

Recall that EDCA is a special case of Algorithm 2. As a consequence of Theorem 3, the sequence

generated by EDCA also converges under the same assumption.
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Corollary 1. Let {x*} be the sequence generated by EDCA. Suppose that the premise of Theorem 3
holds except that I instead of H is a KL function. Then the entire sequence {x*} converges to an

(v, m)-D-stationary point of (1.1) for any o € (0,1] and n € [0,7).
4.3 Iteration complexity for computing an approximate («,n)-D-stationary point

In this subsection we study the iteration complexity of Algorithm 2 for computing an e-approximate
((2L + ¢)~ 1, 7j)-D-stationary point of problem (1.1).

Theorem 4. Let € > 0 be arbitrarily given, B = sup, B¢, and {x*} generated by Algorithm 2. Suppose
that the premise of Theorem 2 holds and F is Lipschitz continuous on L(x°) with Lipschitz constant
Lg. Then the following statements hold.

(i) If (xF=1 xF o +1) satisfies

k1 _ ok kb1l < mind1 - & 4.94
o+ = o)+ o = 1) < min {1, 255 gen

for some k >0, then x* is an e-approzimate ((2L + ¢)~',7)-D-stationary point of (1.1).

(ii) The number of iterations of Algorithm 2 for computing an e-approzimate ((2L + ¢)~',7)-D-
stationary point of (1.1) is no more than

0y _ 1* 224 12

Proof. (i) Suppose that (z¥~1, 2%, 2*+1) satisfies (4.24) for some k > 0. It follows from (4.10) that for
any x € R" and i € A(z*,7),
L
F(ath) < fo(2") + ful@) + (V") 2 = %) = (Veii(a®), 2 = 2¥) + Sl — 24|
c
+ et — 2 — u(ab)
L c
< Jl@) —ila) — (V)2 — ) + e — K2 4 Sl —af?
2L +c

< f(@) = pi(@®) = (Vohi(a®), & — o) + lz — 2®(|* + LEg||2* —2"1)%, (4.26)

where the second inequality follows from the convexity of f, and the third one is due to z* = 2* +
Br(z¥ — 2F71) and |la + b2 < 2(||al|? + ||b||?) for any @ and b. Recall from the proof of Theorem 2
that z¥, 2%T! € £(2°). Since F is Lipschitz continuous on £(2°) with Lipschitz constant Lo, we have

F(ﬂ?k) o F(l‘k+1) < Lonk—l-l _ J:kH

By this and (4.26), one has that for any € R and i € A(z*,7),

F(a*) < () —i(a*) — (Dii(at), o — ob) + 225

+ LA2||2% — 2712 + Lozt — 2. (4.27)

le — 2*)?
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Since (xF~1, 2% zF*1) satisfies (4.24), it follows that [|z* — 2*~!|| < 1 and thus

k+1 k k k—112 €
X — X + |lz" — x <
H H H H - Ina‘X{L/B27 LO}

This together with 3 = sup, f; yields
LBFa* = ah 12 + Lollat T — aF| < max{LF?%, Lo} (Jla* — 2* 712 + [|a 1 — oF)]) <e.

In view of this and (4.27), one has that
2L +c

F(xk) < f(x) — wz(xk) - (V@bi(:ﬁk),w - xk> + |z — kaQ +e VreR" Vie A(xk,ﬁ).

Hence, it follows from Definition 2 that z* is an e-approximate ((2L + ¢)~!,7)-D-stationary point
of (1.1).

(ii) In view of statement (i), it suffices to show that a triplet (z*~1, 2%, 2¥*1) satisfying (4.24) can
be found by Algorithm 2 in at most K iterations, where K is given in (4.25). By (4.8), one has that
for all K > 0,

K K
) ) 2 ) ) 2
&t — 2| < —=—=(F(a") = F), " — 2" < ———=(F(a") — F7).
Summing up these two inequalities yields
Ko ‘ - 4
S a2t =P 4l — 2P < ——— (F(a°) — ).
i=1 c— Lp?
It thus follows that there exists some k < K such that
; ; ; 7 4
k41 k2 k k—1y2 0
2570 — 2|7 + |2 — 2| §m(fw($)—fﬂ*)-
By this and ||a + b||? < 2(||a||? + ||b]|?), one has
; ; 7 7 2v/2
b+ = ok o — bt s 22 R

Letting K = K — 1, we can see that there exists k < K — 1 such that (:c];_l, x’;, xi““) satisfies (4.24).
Hence, an z* satisfying (4.24) can be found by Algorithm 2 in no more than K iterations. ad

Remark 4. In general, it is not easy to check an e-approzimate (o, n)-D-stationary point according to
Definition 2. One can see from Theorem /j that (4.24) can be used as a practical termination criterion

for Algorithm 2 for generating an e-approzimate ((2L + ¢)~',7)-D-stationary point of (1.1).

By similar arguments as those in the proof of Proposition 4, one can establish the following iteration
complexity of EDCA for computing an approximate (a,n)-D-stationary point, whose derivation is

omitted.

Theorem 5. Let € > 0 be arbitrarily given and {z*} generated by EDCA. Suppose that the premise
of Theorem 2 holds and F is Lipschitz continuous on L(x°) with Lipschitz constant Ly. Then the

following statements hold.
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(i) If (z%, 2F*1) satisfies ||oF+1 — 2F|| < €/Lo for some k > 0, then x* is an e-approzimate (1,7)-

D-stationary point of (1.1).

(i) The number of iterations of EDCA for computing an e-approximate (1,7)-D-stationary point

of (1.1) is no more than

[ 2L3<F<a;~§> - F*)} ey

5 An enhanced proximal DCA with extrapolation for DC problem

with possibly infinite supremum

In Sections 3 and 4 we have considered computing an (o, n)-D-stationary point of problem (1.1) in
which ¢ is defined as the supremum of a finite number of smooth convex functions, namely, the
associated ) in defining ¢ is a finite set. In this section we are interested in finding an («,n)-D-
stationary point of (1.1) for which the associated ) in defining ¢ is possibly an infinite set. To this
aim, we assume throughout this section that ) in (1.2) is a (possibly infinite) compact set.

As discussed in Section 4, Algorithm 2 can be applied to find an («, n)-D-stationary point of (1.1)
with a finite set ). We now check whether it can be directly applied to (1.1) with an infinite set
Y. For the latter problem, it looks natural to simply replace Steps 2 and 3 of Algorithm 2 by the

following two steps, respectively:

1. For each y € A(z*,7), compute 2*(y) as

N . c L
#*(y) = argmin { G (2, y) + Sl — 2"|> + S e = 22
TER™ 2 2

where
Ce(@,y) = ful(@) + fs(2F) + (V£ (F), 2 = 2F) —p(aF y) = (Vou(a®,y), 2 — %), (5.1)

2. Let § € Argmin {F(2*(y)) + §[|*(y) — 2F|?}. Set zF+1 = &*(p).
yEA(z"7)

k+1 For example, computing § involves

When ) is an infinite set, it is generally hard to find ¢ and =
the DC function F', which appears to be impossible when ) is an infinite set. Therefore, such a direct
application of Algorithm 2 is generally not implementable.

Due to the above difficulty of Algorithm 2, we propose an alternative algorithm, which is a
modification of Algorithm 2 but potentially applicable to problem (1.1) with g being the supremum

of infinitely many convex functions.
Algorithm 3 (The second enhanced PDCA with extrapolation (EPDCAy)).

0. Input 2° € dom(F), ¢,7 > 0, and {B;}+>0 C [0, \/c/L) with sup, B < \/¢/L. Set x=! = 2% and
k<« 0.

1. Set 2% = 2k + By (aF — 2F71).
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2. Update z**1 as follows:

L
e Argmin{ min Ek(x,y)—l—EHx—aUkHQ—l— ||£L’—ZkH2} , (5.2)
TERM yeA(zk ) 2 2

where /i (x,y) is given in (5.1).
3. Set k< k+ 1 and go to Step 1.
End.

The parameters {3:}+>0, ¢, and 7 in Algorithm 3 can be set identically to those in Algorithm 2.
The key difference between Algorithms 2 and 3 is that at each iteration Algorithm 3 solves a single
optimization problem while Algorithm 2 solves two optimization problems with different objective.
In the rest of this section we first study the convergence of Algorithm 3 and then discuss how to solve
subproblem (5.2).

5.1 Convergence results

Theorem 6. Suppose that Assumption 1 holds, and x° is a point such that L(z") is bounded. Let
{xk} be the sequence generated by Algorithm 8. Then the following statements hold.

(i) The sequence {x*} is bounded.
(i3) limg_ye0 |l2% — 2571 = 0.
(i41) limp_oo F(2%) exists and limy_,o F(2F) = F(2™°) for any accumulation point x> of {x*}.

(iv) Any accumulation point of {x*} is an (o, n)-D-stationary point of (1.1) for any a € (0, (L+c¢)™!]
and n € [0,7).
Proof. By (5.2), the convexity of fs and v (-,y) and the Lipschitz continuity of V fs, we have that for
any § € A(z*,7),
fn(fck) + fS(xk) - w(:rk, 9)
> min fn(xk) + fs(xk) - ¢(9€k7 Y)

yeA(a®,7)
> min fs(zk) + <vfs(zk)7xk - Zk> + fn(xk) - lﬁ(l‘k,y)

yEA(zh,7)
> . fS(zk) + <st(zk)7$k+1 - zk> + fn(karl) + %kaJrl - kaZ 53
= (k) k k1 _ gk o Lokl _ k2 _ Lok _ k|2 (5:3)

yEA(* i) V(" y) = (Vab(z¥,y), z z®) + 3z 2°)|° = Fllz® — 2"

. L c

> min _ fo(@") 4 fu (@) — (@M y) — Sllat = 2P+ St -2

yeA(zk 1) 2 2

L

> F($k+1) . §ka . ZkHQ + ngk . l‘k+1||27 (54)

where the second inequality is by the convexity of fs, the third one is due to (5.2), the fourth one is
by Lipschitz continuity of V fs and convexity of 1(-,y), and the last one is by the definition of F. It

then follows from (5.4) that for every § € A(z¥),
c L L
et — a2 < fah) — (et 9) + et - ) = Pty +

F($k+1) 4+ 5 5 k _ ZkHQ.

|2
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This, together with the definition of z¥ and § = sup; B¢, gives us

L72
F($k+l) + ngk-i-l _ wkH2 < F(.I‘k) + Tﬁuxk _xk—lu2_

By this, 3 € [0,+/c/L) and the same arguments as those in the proof of Theorem 2, one can have

that (i) and (ii) hold, and moreover

Ci= lim F(z*) = lim F(a¥) + S[|a% — 2512 (5.5)

k—o0 k—o0 2

exists. It follows from (5.3), (5.4) and the convexity of f, that

F(xk+1) ( k+1)+ ” k+1 kHZ
- iy + (VL) =) + £ —(at,0)
ye Az i) <Va: ( ) k+1 _ xk> + %ka—H o kaQ + %ka—&-l o Zk||2
k _ Lk _ k
< mln S(Z ) <Vf5( )7xk z >+fn(12 ) ¢(£E ay) Lo , \V/SUERTL
yEA(zk7) —(Vab(a*,y), @ — a®) + S|z — 2F|? + §lle — 2|

< fs(x) + fn(x) - T/J(l’ 7y) - <vx¢(xk7y)7x - xk>

L
+ Sl = 2F)?, vz eR™, vy e AR, ), (5.6)

P+ 5

+ 5
2

r—x
where the second inequality follows from (5.3) and (5.4), and the third one is due to (5.2) and last
one is by the convexity of f,. Let 2> be any accumulation point and {z*}rcx be a subsequence
converging to x®. By |[zFt! — 2¥|| — 0, 28 = 2% + Bi(a* — 2%71) and By € [0,+/c/L), one has
limgsg oo 2" = 2°° and limsp oo 27 = 2. Let n € [0,7) be arbitrarily chosen. It then follows
from Lemma 1 that A(z>,n) C A(z*,7) for sufficiently large k € K. This together with (5.6) yields

that for all k € K sufficiently large, we have

L
F) < f@)= (e, )~ (Vo ), o—ab) 4 § o —aH P45 la—2F 2, Vo € B, vy € A, )
Taking the limit on both sides as K 2 k — oo, and using (5.5) as well as the continuity of ¢ and V¢

on the open set 2 containing dom(f,,), we obtain

L+c

C < f(.%') - w(xoo’y) - <V$¢(xoo’y)’$ - xoo> + ||J) - xOOH27 Vo € Rna Vy € A(xooan) (57)

By (5.5), limisr_seo ¥ = 2 and the lower-semicontinuity of F, one has F(z>) < (. Letting 2 = 2>
and y € A(z*) in (5.7) and using the definition of A(z*°), we have ¢ < F(z*°). It thus follows that
F(2*°) = ¢, which together with (5.7) yields

L+e
2

F(a™) < f(x) = (%, y) = (Vap (2%, y), 2 — 27) + lz — 2%, ¥z eR", Yy € A(@™,n).

By this, Definition 1, and the arbitrarity of n € [0,7), we conclude that > is an (a,n)-D-stationary
point of (1.1) for any a € (0, (L + ¢)~1] and n € [0, 7). 0

We next study the iteration complexity of Algorithm 3 for computing an approximate («,n)-D-
stationary point of (1.1).
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Theorem 7. Let ¢ > 0 be arbitrarily given, B = sup, B, and Lo the Lipschitz constant of F on
L(z%). Let {x*} be generated by Algorithm 3. Suppose that the premise of Theorem 6 holds. Then
the following statements hold.

(i) If (xF=1 2k 2k +1) satisfies
JF 1 — ||+ l2* — 2 < mind 1, =, =
B Lj3?" Lo

for some k >0, then ¥ is an e-approzimate ((2L + ¢)~',7)-D-stationary point of (1.1).

(ii) The number of iterations of Algorithm 8 for computing an e-approzimate ((2L + ¢)~',7)-D-
stationary point of (1.1) is no more than

Ko [ [ Y]

c— Lj3? €2 7 e2

Proof. Tt follows from (5.6), f = fs + fn and 2 = 2% + B (2 — 2*~1) that

2L + ¢
2

F(a"h) < fa) o (", y) — (Va(a", ), o —a®) + lz —2®|[*+ LBZl|2" —a* %, vy € A", 7).

The rest of the proof follows from this and the same arguments as those in the proof of Theorem 4.
g

Remark 5. In view of Theorems 6 and 7, we see that Algorithm 8 shares similar theoretical results
with Algorithm 2. Howewver, it is not clear whether the convergence of the entire sequence gemerated
by Algorithm 3 can be established. We shall leave this to our future study.

5.2 Solving the subproblem (5.2)

Though subproblem (5.2) is nonconvex in general, we show in this subsection that it can be efficiently
solved for some classes of ).

5.2.1 ) is a finite set

Suppose that ) is a finite set. For the sake of convenience, assume that Y = {1,2,...,1}. The

subproblem (5.2) for such Y can be solved as follows.

2a. For each index i € A(z¥,7), compute 2% as

N | c L

40 = arguin {4(0) + Sl = ¥+ o - H |
TzER™ 2 2

where

Ui(@) = fal@) + f5(2F) + (Vs (F), = 25) — i (a®) — (Vay(2®), & — o).

2b. Let i € Argmin {€4;(27) + S| &5 — 2|2 + L|aki — 2F|2}. Set ab+1 = a4,
i€ A(xk 7)
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It thus follows that Step 2 of Algorithm 3 can be replaced by the above Steps 2a and 2b. Upon such
a replacement, one can observe that similar to Algorithm 2, each iteration of Algorithm 3 also solves
possibly multiple convex subproblems and then executes a selection procedure. The selection of i for
Algorithm 3 is, however, different from the one in Algorithm 2. In particular, Algorithm 2 needs to
evaluate g(2%) for all i € A(x*,7), but Algorithm 3 does not. Given that evaluation of g(z) requires
computing v;(z) for each j € Y, the computational cost of Algorithm 3 per iteration is generally
cheaper than that of Algoithm 2 when ) is a finite set.

5.2.2 (x,y) is linear of y and f, =0

Suppose that f, = 0 and ¥(x,y) is a linear function of y. That is, f is continuously differentiable
in R” and ¢(x,y) = (¢(z),y) for some ¢(x) = (¢1(x), po(x), ..., dm(x))’. Moreover, we assume that
for all i = 1,...,m, ¢; is continuously differentiable in R™. It thus follows from (1.2) that g can be

written as

9(w) = max($(x), y). (5-8)

We denote by Vo(x) € R™™ the gradient of ¢ at x. Under these assumptions, we can show that

subproblem (5.2) is equivalent to a convex maximization problem.

Proposition 5. Consider the subproblem (5.2). Suppose that g is of the form (5.8) and f, = 0. Let

Q= VoMV, g = 6h) - T VohT (V1) - L - ab))

Then a solution **1 of (5.2) can be computed by first solving the convex mazimization problem

1
y* € Argmax inQy +(q,y)
yey (5.9)

st. (o(z%),y) > g(aF) — 7,

and then setting

= 2 i - (Vcb(xk)yk“ — V() + LF + cxk) : (5.10)

Proof. Since f,, = 0, the subproblem (5.2) can be simplified as

L+e¢

k+1 : : k
T € Argmin min (u— Vo(x®)y,x) +
anin{_win (- Vo(ay.)

) — <v,y>} , (5.11)

where
uw=Vf(* - L —cak, v=0pF) - Vor) Tk

k+1

Upon interchanging x and y in (5.11), one can calculate """ by the following two steps:

L+c

y**1 e Argmin {min <u - V(;S(xk)y,x> +
yeA(kq) L7

ol = (0. }

L
2F*1 = argmin {<u _ V(b(mk)ka, x> + ;_CHHCHQ} .
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Notice that in the above two steps, the minimization with respect to x can be solved explicitly. Thus,
the above two steps can be simplified as

1 1
k1 ¢ Aremin 4 — T NT k., [ k\T
Yy Gyeig(gif?){ AL Vo(z") Vo(a™)y <v L+CV¢($ ) uy>}

1
k+1 _ Vo (zk)rt —
v _L—l—c< o)y u)

This, together with A(z*,7) = {y € Y | (¢(z¥),y) > g(2*) — 7}, leads to (5.9) and (5.10). 0

In view of Proposition 5, subproblem (5.2) is reduced to (5.9). We next discuss two cases of ) for
which (5.9) can be solved efficiently.

Y is a polyhedral set. Since the objective function of (5.9) is convex, its global optimal value
must be attained at some extreme point of the feasible set. Note that the feasible set of (5.9) is the
intersection of Hy, := {y € R™ : (¢(x*),y) > g(x¥) — 77} with a polyhedral set Y. Suppose that ) has
polynomial number of one-dimensional faces. It is not hard to observe that for such Y, Hy N )Y has
polynomial number of vertices and thus (5.9) is solvable in polynomial time. For example, if ) is a
simplex, i.e., ¥ = {y € R™: Y7 y; = 1,y > 0}, then Hy N Y has at most O(m?) number of extreme

points.
Y is an ellipsoid. Suppose that Y = {y € R™ : (y — 9)" W (y — ) < 1} for some positive definite

matrix W and g € R™. To solve (5.9) with such ), we first transform it to a maximization problem

with ball constraints. Specifically, letting § = W/2(y — ), problem (5.9) is equivalent to

mgx{;fézw (@.9): (a,9) 2 b, [Igll < 1}, (5.12)
where
Q=W3QW™3, G=W2(Qy+q), a=W 34", b=ga") —i—(s(c")p).

Notice that (5.12) is an extended trust region subproblem with only one affine inequality constraint,
whose solution can be found by solving the following semidefinite programming relaxation problem

(see, for example, [18, 5]):

1
max *tI‘(QY) + <ij g>
vy 2

st ||bj—Val <b—a"y, (5.13)
r(Y) <1, ¥ =g’

Suppose that (Y*,7*) is an optimal solution of (5.13). Then 7* is an optimal solution of (5.12). It
thus follows that y*t1 = § 4+ W~1/2j* is an optimal solution of (5.9).

6 Concluding remarks

In this paper we considered a class of structured nonsmooth DC minimization in which the first convex

component is the sum of a smooth and nonsmooth functions while the second convex component is
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the supremum of possibly infinitely many convex smooth functions. In particular, we first proposed an
inexact enhanced DC algorithm for solving this problem in which the second convex component is the
supremum of finitely many convex smooth functions, and showed that every accumulation point of the
generated sequence is an (o, n)-D-stationary point of the problem, which is generally stronger than an
ordinary D-stationary point. In addition, we proposed two proximal DC algorithms with extrapolation
for solving this problem, and showed that every accumulation point of the solution sequence generated
by them is an («, n)-D-stationary point of the problem. The convergence of the entire sequence was
established under some suitable assumption. We also introduced a concept of approximate («,n)-D-
stationary point and derived iteration complexity of the proposed proximal DC algorithms for finding
an approximate (a,n)-D-stationary point. In contrast with the DC algorithm [13], our proximal
DC algorithms have much simpler subproblems and also incorporate the extrapolation for possible
acceleration. Moreover, one of our algorithms is potentially applicable to the DC problem in which the
second convex component is the supremum of infinitely many convex smooth functions. In addition,
our algorithms have stronger convergence results than the proximal DC algorithm in [19].

From computational point of view, our algorithm for the DC problem in which the second convex
component in the objective is the supremum of infinitely many convex smooth functions is only
applicable to some special classes of problems. It is worthy of a further research in developing efficient
algorithms for solving D-stationary points of this type of DC problems. In addition, our proximal DC
algorithms use the global Lipschitz constant of the gradient of the smooth function in the objective.
We believe it can be replaced by some suitable quantity obtained by a line search technique that can
improve the efficiency of the algorithms. The numerical implementation of our algorithms and its

comparison with other competitive methods are left as future research.
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