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Abstract

We study a class of nonconvex—nonconcave minimax problems in which the inner maximization
problem satisfies a local Kurdyka—FLojasiewicz (KL) condition that may vary with the outer minimiza-
tion variable. In contrast to the global KL or Polyak—Lojasiewicz (PL) conditions commonly assumed
in the literature—which are significantly stronger and often too restrictive in practice—this local
KL condition accommodates a broader range of practical scenarios. However, it also introduces new
analytical challenges. In particular, as an optimization algorithm progresses toward a stationary point
of the problem, the region over which the KL condition holds may shrink, resulting in a more intricate
and potentially ill-conditioned landscape. To address this challenge, we show that the associated
maximal function is locally Holder smooth. Leveraging this key property, we develop an inexact
proximal gradient method for solving the minimax problem, where the inexact gradient of the maximal
function is computed by applying a proximal gradient method to a KL-structured subproblem. Under
mild assumptions, we establish complexity guarantees for computing an approximate stationary point
of the minimax problem.
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1 Introduction

In this paper, we consider a nonconvex—nonconcave minimax problem of the form
min max {f(z,y) + p(z) — a(y)}, (1)

where f is a smooth function that is nonconvex in x and nonconcave in y, and p and g are possibly
nonsmooth, closed, and simple convex functions.

Problem (1) arises in a wide range of applications in machine learning and operations research,
including generative adversarial networks [1, 13], reinforcement learning [10, 23], adversarial training [20,
26], and distributionally robust optimization [3, 4, 25]. Despite its broad applicability, problem (1)
remains computationally challenging due to its inherent nonconvex—nonconcave structure. For instance,
computing a global Nash equilibrium—an important special case of (1)—is generally NP-hard (see,
e.g., [15]).

In recent years, significant progress has been made under specific structural assumptions on prob-
lem (1). For example, several studies focus on the special case where ¢ = 0 and impose the global
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Polyak-Lojasiewicz (PL) condition on the inner maximization problem of (1), which is generally weaker
than the strong concavity assumption. Under this condition, gradient descent—ascent type methods have
been developed, and complexity guarantees have been established for finding approximate stationary
points. Remarkably, these guarantees match those obtained under the stronger assumption of concavity
in the inner maximization problem of (1) (see, e.g., [14, 22, 28, 29]). In addition, first-order methods
have been developed for problem (1) from a variational inequality perspective, typically assuming the
existence of a weak Minty variational inequality solution (see, e.g., [5, 7, 19, 24]).

More recently, [18, 30, 31] studied a class of minimax problems of the form (1), where p and ¢ are
indicator functions of simple convex compact sets and a global Kurdyka-Lojasiewicz (KL) condition is
imposed on the inner maximization problem. They developed gradient descent—ascent-type methods that
alternately update the x and y variables using first-order schemes, and established complexity guarantees
for finding approximate stationary points. Notably, the class of minimax problems considered in
[18, 30, 31] is significantly broader than those studied in [14, 22, 28, 29], since the KL condition generalizes
the PL condition (which corresponds to the KL condition with exponent 1/2) and accommodates
nonsmooth objectives. However, requiring the KL property to hold globally is often too restrictive in
practice, which limits the applicability of the proposed methods. To illustrate this limitation, consider
the following simple minimax problem.

Example 1.
i —1). 2
min, /gg;wfv(cosy ) (2)
One can verify that the global KL condition fails to hold for the inner mazimization problem of (2) at any
€ [1,2]. However, it can be shown that the KL condition holds on the level set L, = {y € [r/4,7] : 0 <
6 (@) — B(w,y) < V2u/2} for all z € [1,2], where oz, y) = w(cosy—1) and ¢*(z) = My acyer G, ).
Indeed, one can verify that

C<¢*($) - ¢(x7y))9 < diSt(()? vy¢(x7y) - Mﬂ'/4,ﬂ'] (y)) Vy S £LB

for all x € [1,2] with C = 2'/* and 6 = 1/2, where dist(-,-) denotes the distance from a point to a set,
and Nz a7 () is the normal cone to [r/4,7] at the given point.

The above observation motivates us to relax the global KL assumption on the inner maximization
problem of (1) that is imposed in the existing literature. Specifically, we assume that for each fixed
outer variable x € dom p, the KL condition holds only on a level set of the inner variable y, where
this level set may depend on z, and its size may vary accordingly (see Assumption 1(iii) for details).
This weaker assumption accommodates a broader range of practical scenarios but also introduces new
analytical challenges. In particular, as an optimization algorithm progresses toward a stationary point
of (1), the region over which the KL condition is valid may shrink, resulting in a more intricate and
potentially ill-conditioned landscape. Moreover, we consider more general functions p and ¢, beyond the
indicator functions of simple convex compact sets considered in prior works [18, 30, 31], thereby further
broadening the class of minimax problems under consideration.

In this paper, we study problem (1) under the aforementioned local KL condition and other mild
assumptions (see Assumption 1 below). In particular, we show that the maximal function, defined
as F*(z) := max,{f(x,y) — ¢q(y)}, is locally Holder smooth on the set {z : 0 ¢ 0V¥(x)}, where
U(x) := F*(x) + p(x) is the value function of problem (1) (see Theorem 1). Leveraging this key property,
we develop an inexact proximal gradient method (Algorithm 2) to solve the problem min,{ F*(x)+p(z)},
which is equivalent to the original minimax problem (1). Specifically, given the current iterate 2, we apply
a proximal gradient method (Algorithm 1) to approximately solve the subproblem max,{ f(z*,y) —q(y)},
starting from the previous inner iterate y*~!, and obtain an approximate solution y*. We then perform
an inexact proximal gradient step to compute ¥+, using V, f (mk, yk) as an approximation of VF *(xk),
along with a carefully chosen step size. We also establish complexity guarantees for the proposed method
in computing an approximate stationary point of problem (1).

The main contributions of this paper are summarized below.



e We establish a local Holder smoothness property for the maximal function F* under a local
KL condition, which plays a crucial role in developing a method for solving problem (1) (see
Theorem 1).

e We propose an inexact proximal gradient method for finding approximate stationary points of prob-
lem (1). Under mild assumptions, we establish that this method achieves an iteration complexity of
5(6* max{(1-0)~1, 9_1"}), and a first-order oracle complexity of 5(6*(1*9)_1(292*29“) max{(1-0)~", 9_1"}),
measured by the number of gradient evaluations, for finding an O(e)-approximate stationary point
of (1), where 6 and o are the parameters for the local KL condition given in Assumption 1.1

The rest of this paper is organized as follows. Subsection 1.1 introduces the notation, terminology,
and assumptions used throughout the paper. In Section 2, we establish a local Holder smoothness
property of the maximal function. Section 3 presents a proximal gradient method for minimizing
functions that satisfy the KL property. In Section 4, we propose an inexact proximal gradient method
for solving problem (1) and analyze its complexity. Section 5 presents preliminary numerical results
illustrating the performance of the proposed method. Finally, we provide the proof of the main results
in Section 6.

1.1 Notation, terminology, and assumptions

The following notation will be used throughout the paper. Let R™ denote the n-dimensional Euclidean
space. The standard inner product, ¢;-norm, ¢s-norm, and Euclidean norm are denoted by (-,-), || - |1,
| - lloo, and || - ||, respectively. For any two points u,v € R™, the notation [u,v] denotes the line segment
connecting u and v. Given a point x and a closed set S C R, let dist(x,.S) denote the distance between
x and S. The closed ball centered at x € R™ with radius r is denoted by B(z,r). In addition, conv(-)
denotes the convex hull of the associated set.

A function f : Q C R™ — Riis called Lg-Lipschitz continuous on Q if | f(x) — f(y)| < Lg|jx —y|| for all
x,y € Q, and Ly¢-smooth on Q if ||V f(z) — Vf(y)|| < Lvys|lx —y|| for all z,y € Q. More generally, f is
said to be Holder smooth on 2 if there exist L > 0 and v € (0, 1] such that |V f(x) =V f(y)| < Lljz—yl||”
for all z,y € Q. For an extended real-valued function ¢ : R" — (—o0, o0], its domain is denoted by
dom ¢, i.e., dom ¢ = {x : ¢(x) < co}. For a locally Lipschitz continuous function ¢, we use d¢ to denote
its Clarke subdifferential, that is,

dp(z) := conv{v : Iz¥ — z such that Vf(z*) — v} Va € dom ¢.

In addition, we use 0,,¢ to denote the Clarke subdifferential with respect to x;. When ¢ differentiable,
then d¢ coincides with the gradient V¢. If ¢ is convex, then d¢ corresponds to the classical convex
subdifferential. It is also well-known that 9(¢1 + ¢2)(z) = Vo1 (z) + dp2(x) if ¢ is differentiable and
¢2 is locally Lipschitz continuous at = (e.g., see [9]).

We now define an approximate stationary point for the problem min, ¢(z), where ¢ is a locally
Lipschitz continuous function. As will be shown later, under mild assumptions, the minimax problem (1)
can be viewed as a special case of this problem. Consequently, the following definition applies to
problem (1) as well.

Definition 1. Suppose ¢ is a locally Lipschitz continuous function. For any € > 0 and r > 0, a
point x is called an (e, r)-stationary point of the problem min, ¢(z) if dist(z, S.) < r, where S = {x :
dist(0, 0¢(z)) < €}.

Before ending this subsection, we introduce additional notation and assumptions for problem (1).

1O(.) represents O(-) with logarithmic factors hidden.



For convenience, we define

X :=domp, Y:=domgq, F(z,y):= f(x,y)—qy), (3)
F(z) = mng(ﬂr,y), Y*(x) :={y: F(z,y) = F"(2)}, (4)

U(z):= F*(z) +p(z), ¥ := mxin U(x). (5)

We assume that problem (1) has at least one optimal solution and satisfies the following assumption.

Assumption 1. (i) For any fized y € Y, the function f(-,y) is Ly-Lipschitz continuous on an open
set 0 C R™ containing X. Moreover, the function f : R™ x R™ — R is Ly g-smooth on Q x ).

(ii)) p: R™ = RU{+o0} is proper closed conver, q : R™ — R U {+o0} is proper closed convex, and the
proximal operators of p and q can be computed exactly.

(ili) For any fized x € 2, max, F(x,y) has a nonempty solution set and a finite optimal value. The
function F satisfies the following local Kurdyka-Lojasiewicz (KL) condition in y: there exist
constants C >0, 6 € [1/2,1), and o > 0 such that for any x € Q,

C(F*(x) — F(ac,y))9 < dist(0, 90y F'(z,y)) Yy € L(x), (6)

where
L(z):={y:0< F*(z) — F(z,y) < vdist(0,0¥(x))"}.2 (7)

Remark 1. We refer to condition (6) as a local KL condition because the associated KL inequality
holds only on a level set of the variable y, which may vary with x. This condition is significantly weaker
than the global KL condition imposed in the literature [18, 30, 31], where the KL inequality is required
to hold for all y. In contrast to the global KL condition, the local KL condition applies to a broader
class of minimax problems. For example, the minimax problem in Example (2) satisfies the local KL
condition but not the global one. Howewver, the local KL condition introduces new analytical challenges.
In particular, as an optimization algorithm progresses toward a stationary point of problem (1), the
region over which the KL condition is valid may shrink, leading to a more intricate and potentially
ill-conditioned landscape. As a result, addressing problem (1) under the local KL condition requires
substantially different algorithmic design and analysis.

2 Local Holder smoothness of the maximal function

In this section, we establish a local Hélder smoothness property of the maximal function F*, which will
play a crucial role in developing a first-order method for solving problem (1).

As our goal is to develop a first-order method for computing an O(e)-stationary point of problem
(1), it is important to characterize the behavior of the objective function ¥ over the following subset of
nonstationary points:

U :={x € Q:dist(0,0¥(x)) > €} Ve > 0. (8)

Given that p is a simple component of V¥, it suffices to study the behavior of the more sophisticated
component F* on U,.

For a special case of problem (1), where ¢ = 0 and the inner maximization problem of (1) satisfies
a global PL condition (i.e., a global KL condition with exponent 1/2), the work [22] shows that the
maximal function F™* is globally Lipschitz smooth. The following theorem extends this result to a more
general setting, in which ¢ is a possibly nonsmooth convex function and the inner maximization problem

*Under Assumption 1(i), it can be shown that F* is Lipschitz continuous on  (see Lemma 1). Consequently, OF* is
well-defined and bounded on €. In addition, by convention, we set Op(z) = 0 for any = ¢ dom p. Combining these facts
with the definition of ¥ in (5), it follows that 0¥ is well-defined on 2. We also adopt the convention that dist(0,0) = co.



of (1) satisfies only a local KL condition as described in Assumption 1(iii). Specifically, it establishes
that the maximal function F* is locally Holder smooth on U.. This property will play a key role in
developing an inexact proximal gradient method for solving problem (1). The proof of this result, which
relies on an error bound for F'(z,-), is deferred to Subsection 6.1.

Theorem 1. Let € > 0 be given and U, be defined in (8). Suppose that Assumption 1 holds. Then, F*
1s differentiable on U, and

VF*(x) =V,f(x,y") Ve e U, y* €Y (z). (9)
Moreover, for any x, " € Ue satisfying ||z — a'|| < e /(2Ly), we have
1-¢
IVE*(z) = VF*(2')| < Lyglle — 2/ + (1 = ) CV L] o — /|| 5. (10)

Remark 2. As a consequence of Theorem 1, the maximal function F* is differentiable on the set
{r e X:0¢ 90V (x)}. Moreover, in view of Theorem 1 and the outer semicontinuity of OV, it is not
hard to observe that F* is locally Holder smooth on this set.

3 A proximal gradient method for minimizing KL function

In this section, we consider a composite optimization problem under a KL condition:
p* = minfh(:) = g(2) + (=)}, (11)

where ¢ : R — RU {00} is closed and convex, and g is L-smooth on dom ¢. Additionally, h satisfies the
following KL condition:

C(h(z) — h*)? < dist(0, dh(z)) Vz with h* < h(z) < h*+9 (12)

for some constants C' > 0, § € [1/2,1), and 6 > 0.

Under a KL condition, general algorithmic frameworks for solving problem (11) and analyzing their
convergence properties have been extensively studied in the literature (see, e.g., [2, 12, 17]). Inspired
by these works, we now propose a proximal gradient method with backtracking line search for solving
problem (11), which will subsequently serve as a subroutine for solving problem (1). Specifically, at each
iteration, the method performs multiple proximal gradient steps along with a backtracking line search to
ensure sufficient reduction in the objective function h. The method terminates once the change between
consecutive iterates becomes sufficiently small. The proposed method is detailed in Algorithm 1.

Algorithm 1 A proximal gradient method for problem (11)
Input: 2% € {z: h(z) <h*+6}, A >0, p€(0,1), and 7 > 0.
1: for k=0,1,2,... do
2: fori=0,1,2,... do

3: )\k,i = Xpi.

& A= argmin, {(Vg(h), 2) + gz — 2P + a(2) |-
5: if h(F 1) + ﬁ”zkﬂ’i — 2F||2 < h(zF) then
6: 2kl = Zk—H’i, A\ = )\k,z"

7 break

8: end if

9: end for

10:  if |28 — 2F|| < 7 then

11: return 21,

12: end if

13: end for




The following result establishes bounds on A; and on the number of inner iterations performed
during each outer iteration k. As a consequence, it justifies the well-definedness of Algorithm 1. The
proof of this result is deferred to Subsection 6.2.

Theorem 2. Let L be the Lipschitz smoothness constant of g, \, p be given in Algorithm 1, and

_ Fog(L)\)-‘ _
+

log p~1

Then it holds that the number of inner iterations of Algorithm 1 at each outer iteration k is at most
i+ 1. Moreover, B B
min{p/L, A} <\ < A\ (13)

The following theorem establishes that Algorithm 1 terminates in a finite number of iterations and
yields a desired approximate solution to problem (11). The proof is deferred to Subsection 6.2.

Theorem 3. Let C, 6,0 be given in (12), X\, p,T be given in Algorithm 1, and let

- C? _ _ C? 1y —
A =min{p/L, \}, B= ﬁ(L-i-A_l) 27 B= ﬁ(L‘i‘)\ 1) 2, (14)
_ 118 52 o — 1
¢’ = min {1 2% - 1)51_29} Ko = { e )L ! A (15)
9’ _1\38 ’ T ~ _9\20-1 .
(20 - 1)B | o (3 41 fee (.

k+1

Then Algorithm 1 terminates in at most K g iterations, and outputs a point 2*+1 satisfying ||2*+1 —2F| <

for some k < Kg. Moreover, it holds that

S

h(FY) — h*

IN

(N L+ Hr)e. (16)

4 An inexact proximal gradient method for problem (1)

In this section, we propose an inexact proximal gradient method for solving problem (1) and analyze its
complexity for finding an (e, ve? /(4Ly))-stationary point of (1) for e > 0.
Before proceeding, we introduce some additional notation below. Given any € > 0, let

Xe:={z € X : dist(0,¥(z)) <€}, XS = {x e X : dist(x, Xc) > ve” /(4Ly)}, (17)
ri=7e"/(4Ly), M :=(1-0)"'CVLY] vi=071(1-0), (18)

where C,0,v,0, Ly are given in Assumption 1.

To propose a method for finding an (e, r)-stationary point of problem (1), we first make some
key observations. Suppose 2’ € X°, that is, 2’ is not an (e,r)-stationary point of (1). Given any
x € XN B(a',r), we observe that [z/, 2] C X and moreover dist(0, U(z)) > € for all z € [z, z]. In view
of these and X C , one can see that [z/, 2] C U, where U, is defined in (8). Using this and Theorem 1,
we can show that

(10)
F*(z) <

M
|z — ' ||* Vz € X NB(2',r).

1
F (@) + (VF*(@'),0 =) + S Lvglle =P + 3/

In addition, notice from 6 € [1/2,1) and (18) that v € (0, 1]. It then follows from [21, Lemma 2] that

M +v) Yo — 2| < (65 M ||z — 2|2+ 6) /2 V6 > 0.



Combining the above two inequalities, and using the fact W(-) = F*(-) + p(-), we obtain that
* x|/ *( / / 1 v=1 2 /12 6 /
F*(z) < F*(2')+ (VF (ZL'),.%'—ZU>+§(va+51+VM1+V)Hx—$H —1—5 Ve e X NB(x',r), (19)

U(a) < F(@) + (V' (@), 2 — ') o (Log + 650 M) o — o/ +p(a) + 5 Vo€ X 0BG,

1
2
As a result, when 2/ € X is not an (e, r)-stationary point of (1), ¥ is bounded above by a much simpler
function that is the sum of a simple quadratic function and p(-) in a neighborhood of z’.

Based on the above observation, it is natural to propose a proximal gradient (PG) type method to
find an (e, 7)-stationary point of problem (1), which generates the sequence {z*} according to

1
¥ = argmin { (VF*(2%), ) + = L[|z — 2*|? +P($)} (20)
x€B(zk,r) 2

with Ly, = Lys + 5,(€V_1)/(1+V)M2/(1+”) for a suitable choice of §; > 0, and terminates when z* is an
(e,7)-stationary point of (1) for some k£ > 0. However, this method faces a practical limitation: the
exact value of VF*(2") is typically unavailable, since F'* is a maximal function.

To address this issue, we propose an inexact PG method for solving problem (1). Specifically, we
replace VF*(z*) in (20) with its approximation V, f(z",y*), where y* is an approximate solution to the
subproblem max,{f(z*,y) — q(y)}, or equivalently, min,{—f(z*,y) + ¢(y)}, obtained via Algorithm 1
(see lines 4 and 5 of Algorithm 2).

We now present an inexact PG method for solving problem (1).

Algorithm 2 An inexact proximal gradient method for problem (1)

Input: Ly, Lyy, C, 0,7, o from Assumption 1; € > 0, A > 0, p € (0,1), and (2°,1%) € X x Y satisfying
F*(2%) — F(2°,9°) < min{ve?/2,1} and dist(y°, Y*(2°)) < (C(1 — 6)) "' min{(y/2)' 0?00 1}.

: Set r =€ /(4Lg), A =min{p/Lys, A}, M = (1-0)'C" VL], v=0"1(1-0).

: for k=0,1,2,... do

Set 0 = 1/(k + 1), my = 1/(k + 1), Ly, = Ly + 00/ ) 2/ 040),

Compute

k+1 = arg min {(vxf<wk7yk)7x> + ﬂ

Flle = 2|2+ p(a) |- (21)
zEB(zk 1)

X

5. Call Algorithm 1 with g(-) < —f(z**1,2), ¢(-) « q(-), X < X, p « p, 20 « oF, 7 «
21-0)

& : 1 0 : k+1
Tg;a-T min {(576") s Mot 1 }, and denote its output as y**.

6: end for

Remark 3. (i) For the initial point (x°,4°), Algorithm 2 requires that y° be a nearly optimal solution to
the problem max, F(z°,y). Although the inner mazimization problem max, F(z,y) in (1) is generally
nonconcave for arbitrary x, there often exists a particular point 2 € X such that max, F' (20, 1) becomes
a concave problem iny. In such cases, y° can be efficiently computed by solving this concave mazimization
problem. Moreover, even when max, F(2°,y) is nonconcave, it may still be efficiently solvable for some
20 € X, depending on the structure of the problem.

(ii) Some of the input parameters required by Algorithm 2 may not be readily available in practice.
It would therefore be worthwhile to develop a parameter-free variant of Algorithm 2. Alternatively, in
practical implementations, one may run the algorithm with a range of trial parameters and continue
adjusting them until the algorithm’s performance stabilizes.

The following theorem establishes an iteration complexity bound for Algorithm 2 to compute an
(€,v€ /(4L ¢))-stationary point of problem (1) for any € € (0,1/e). The proof is deferred to Subsection 6.3.



Theorem 4. Let Ly, Lyy,0,0 be given in Assumption 1, M,v be defined in (18), v,€ be given in
Algorithm 2, and

(1 9) 20 2va’ L= va 4 MQ/(l-‘rl/)’ (22)
8(\1! — U +34+24L7"Y), b=8(3/2+AL), (23)
1+V
Cy = (36 1+ ) L log(18(1 + v)r~bL) )4 + 72(1 + v)v L + 1) (24)
~  (4b(1+v)(3M)2/Y 2b(1 4 v)(3M)?/V 8b(1 + v)(3M)?/¥ 3
Cz = < 220 Pog ( M2/ ﬂ + M2/ (H0) 1) ’ (25)
s = (36La) > + M~'(4a(3M)2/") . Oy = 724, (26)
. 144(1 + v)bL2 72(1 + v)bL2 288(1 + v)bL? Liv
1o (Pt )] 4 BT )%, o
M2/(1+v) M2/ (1+v) + M2/(1+v)
Cs = (144aL% )" /M, (28)
A 64(1 + v)bL7 { <32(1 +v)bL; ﬂ 1280 (1 + v)bL3 )1; (29)
7 ~2 02/ (1+v) ~2 M2/ () ~2 )2/ () )
6 — (64aL3)" 5" /(v M), (30)

=
I

c {Cle_lT(log E_I)IS_TU + 626_1%”(1055 E_I)HTV + 636—”7” + Cye?
+ Cse 1) (1og eil)HTV + Coe ) 4 Cre (14107 (1og efl)HTV + égef(H")”—‘ . (31)
Suppose that € € (0,1/e]. Then Algorithm 2 generates a pair (z¥,y*) in at most K. iterations such that

z* is an (e,v€% /(4Ly))-stationary point of problem (1) (or equivalently the problem min, ¥(z)), and y*
satisfies

wi kY ko, k : ﬁ 1 : k vk 1 : 0 (1-0) o(1-6) 1
F*(z")—F(z",y )Smln{ 5 ,7]{;+1}, dist (y*, Y*(z ))370(1_9)111111{(2) € ,\/m}
(32)

The next result presents a first-order oracle complexity bound for Algorithm 2, measured by the
number of evaluations of the gradient V f, required to generate an (e,ve” /(4Ly¢))-stationary point of
problem (1) for any € € (0,1/e]. The proof is deferred to Subsection 6.3.

Theorem 5. Let e € (0,1/e] be given, K. be defined in Theorem 4, Ly, C,v,0,0 be given in Assump-
tion 1, M,v be defined in (18), p, A\, A be given in Algorithm 2, and let

2 2

= — (L /\—1 -2 o I N
2f 2)\( vitA ) ) 6f 2/\( vi+ )
20—1
(1 (27 —1)(yeo)t % o o
C. — -, — , A= 10e7) =20 (R, 4 1)T5 .
f Hlln{2 20— 1)5; } max{(2'ye )20 ( ) }
ri _
—gifﬁff log(Z)\C—?(LW +A_1)2’Y€UA)-‘ +1 if = %’
K o +
o= S1y2)20- 1 . . (33)
m(Z/\C (LVf +A7) A) +1 iffe (571)’
< = ‘10g(2va)\) _
Ne=EKc(| === +1)Kyp. 4
< log p~1 LJF ) 78 (34)

Then the total number of evaluations of the prozimal operators of p and q, and the gmdzent Vf performed
by Algorithm 2 is at most KE, Ne, and K + NE, respectively, to generate a pair (z¥,y*) such that "
an (€,7€% /(4Ly¢))-stationary point of of problem (1), and y* satisfies (32).
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Remark 4. As shown in Theorem /4, Algorithm 2 enjoys an iteration complezity of
10) (6* max{ 15, %}(log 6—1)2(1179>)

to compute an (€,ve? /(4Ly))-stationary point of problem (1). Furthermore, as established in Theorem 5,
1 o 1
the algorithm requires 0(67 max{ 73, 5}(log 6*1)2(1—9)) evaluations of the proximal operator of p, and
the following number of evaluations of the proximal operator of q and the gradient V f to compute such
an approximate stationary point of (1):
« /=1,
10) (6—2max{1,a}(10g 6_1)2) )

e Ifoe (L),

2022041 1 202 -26+1
O <6 1—6 max{ﬂv %}(log 6_1) 2(1-6)2 .

5 Numerical results

In this section, we conduct preliminary experiments to evaluate the performance of our proposed method
(Algorithm 2).

Consider the following minimax optimization problem:

min - max {0.01z]l1 —[|(y + Az) © (y + Bz)||* +0.01 ||z — ¢|* — 0.1]ly[l1 }, (35)
=<1 [lylloc<2

where A, B € R™*" ¢ € R", and ® denotes the Hadamard (elementwise) product.

For each pair (m, n), we randomly generate 10 instances of problem (35) by sampling the entries of A,
B, and ¢ independently from the standard normal distribution A/(0, 1). Note that problem (35) is a special
case of problem (1) with f(z,y) = —||(y + Az) © (y+ Bx)||* +0.01]|lz — /|2, p(x) = 0.01]|z]|1 + Zp(0,1) (2),
and q(y) = 0.1||y|l1 + Zj—2,9m (v), where Zp( 1) and Zj_5 ojm denote the indicator functions of the unit
Euclidean ball B(0, 1) and the m-dimensional box [—2, 2]™, respectively.

In order to apply Algorithm 2 to solve problem (35), we need to estimate the Lipschitz constant Ly of
f(-,y) and the Lipschitz constant Ly s of V f over the set X' x ), where X = B(0,1) and Y = [-2,2]". To
this end, let (a’)” and (b*)” denote the ith row vectors of A and B, respectively, and define u = y + Az,
v=y+ Bz, and w =u ® v. Then we obtain that f(z,y) = — > 1%, w? + 0.01]lz — ¢||?, and

V.f(x,y) _—QZU% (via’ + u;b’) +0.02(x — ¢), Vyf(z,y) = —-2(u+v)Ow

V2, f(z,y) = -2 Z [(via’ + uib") (via’ + ud")" +w; (a’ (6" + b (a’)T)] + 0.021, (36)
i=1

V?cyf(x7 y)=—2 [AT diag(v2 +2uGv)+ BT diag(u2 +2u 0 v)],

szf(x, y) = —2 diag((u + v)2 +2uOv),

2

where 22 := 2z ® z for any vector z. Let M, = max; ||a‘||, M, = max; ||b°||, and

Ly = 4m(Mo My + 2M, + 2Mp + 4) (Mo My, + My + My) + 0.02(1 + | ),
va—4m[ (Mo My + My + Mp)* + MMy(My My + 2M, + 2M), + 4)]
+ 2[|| Al[(My, + 2)(2Mg + My + 6) + || B|| (Mg + 2) (Mg + 2M;, + 6)]
+2[(Mq + My + 4)% + 2(M, + 2) (M, + 2)] + 0.02,



where ||A| and ||B|| denote the spectral norms of A and B, respectively. In view of (36) and (37), one
can verify that Ly > max IVzf(z,y)|, and
TE

)

Lopz e {IV3S )l + 193 o)l + V50 @)l} = max V2 (y)]|
It then follows that f(-,y) is L-Lipschitz continuous on & for any fixed y € Y, and V f is Ly -Lipschitz
continuous on X x V.

We now apply Algorithm 2 to solve problem (35) on the randomly generated instances described
above. The parameters Ly and Ly are computed using (37), while the remaining parameters are set as
follows: C =0.2, 0 =0.5,7v=0.01,0 =0.1, A\ =1, p=0.95, and € = 102, The algorithm is initialized
at (z%,9%) = (0,0). Note that for this initialization, y° = arg max, f(z°,y), making it a suitable starting
point for y. We run the algorithm for 10,000 iterations and return the final output denoted by (., y.).
Here, x, serves as an approximate solution to the outer minimization problem in (35), while y, is an
approximate solution to the inner maximization problem max| ) <o{f(%e,y) — 0.1[|y|l1}

To evaluate the performance of Algorithm 2, we compute the actual final objective value of prob-
lem (35), defined as

‘P(we)zllﬁﬁax {f(ze,y) = 0.1lyll1} + 0.01f|zc|1.

Thanks to the separable structure of the problem, this maximization problem can be decomposed
into m independent scalar subproblems. Each subproblem is solved using the MATLAB subroutine
GlobalSearch, which is a solver for finding global optima of nonconvex problems. In addition, we
compute an approximate final objective value by

~

U(ze) = f(we, ye) = 0-1[gellr + 0.01 |1,

using the approximate inner solution y. returned by the algorithm.

The computational results on the random instances are presented in Table 1. The first two columns
list the values of m and n. For each pair (m,n), the average initial, actual final, and approximate final
objective values over 10 random instances are reported in the remaining columns. From the results,
we observe that the approximate solution z. significantly reduces the objective value compared to
the initial point 2, and that 7. is a good approximate solution to the inner maximization problem

max|y|.<2{f (@, y) = 0.1]|yl1}.

Table 1: Numerical results for Algorithm 2

n m  Initial objective value Actual final value Approximate final value

100 100 1.03 -224.55 -224.87
100 200 0.98 -228.22 -228.69
100 300 1.05 -260.45 -261.29
200 100 1.95 -808.08 -808.45
200 200 2.03 -816.54 -817.28
200 300 1.95 -837.63 -838.33
300 100 2.95 -1102.26 -1102.51
300 200 2.90 -1082.37 -1082.71
300 300 3.03 -1022.22 -1022.83

6 Proof of the main results

In this section we provide a proof of our main results presented in Sections 2, 3, and 4, which are
particularly Theorems 1-5.
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6.1 Proof of the main results in Section 2

In this subsection we prove Theorem 1. To proceed, we first establish several technical lemmas below.
The following lemma concerns the Lipschitz continuity of F* on 2.

Lemma 1. Suppose that Assumption 1 holds. Then F* is Ly-Lipschitz continuous on €.

Proof. Fix any x, 2" € Q. Recall from Assumption 1 that f(-,y) is L-Lipschitz continuous on § for any
y € Y. Using this and the expression of F' in (3), we have

F(ﬂ;y) - F(l‘/,y) = f(x,y) - f(x/ay) < Lf”ﬂf—SU/” Vy € y
This together with the definition of F* in (4) implies that

F*(z) Y max F(z,y) < max F(«',y) + Ly||z — 2'|| = F*(&') + L¢||z — 2|,
yey yey

and hence F*(z) — F*(2') < Ly||lx — 2'||. Similarly, one can show that F*(2') — F*(x) < L¢||2’ — z|. It
then follows that |F*(x) — F*(2')| < L¢||z — «'||. By this and the arbitrariness of z,2’ € 2, we conclude
that F'* is Ly-Lipschitz continuous on (2. O

The next result provides a formula for VF*(x) at a point « where F* is differentiable.

Lemma 2. Suppose that Assumption 1 holds and F* is differentiable at some x € R™. Then VF*(x) =
Vef(z,y) for all y € Y*(x).

Proof. Fix any y € Y*(x) and d € R™. Observe from (4) that F*(z) = F(x,y) and F*(z+td) > F(x+td)
for any t € R. By these, the differentiability of F* at =, and the expression of F', one has

F*(z +td) — F*(x) F(z+td,y) — F(z,y)

(VF*(z),d) = lim > lim
tl0 t tl0 t
i ” (Vaf(z,y),d)
Using this and the arbitrariness of d, we conclude that VEF*(z) = V, f(z,y). O

The following lemma establishes that if F* is Holder smooth almost everywhere on an open set, then
its differentiability extends to the entire set.

Lemma 3. Let I' C Q be an open set, and S = {x € Q : F* is differentiable at x}. Suppose that
Assumption 1 holds, and there exist constants ¢ > 0, a > 0, and n > 0 such that

IVF*(u) — VE*(v)|| < cljlu —v||® Vu,v e SNT with ||u—v| < n. (38)
Then F* is differentiable on T'.

Proof. Fix any x € I'. Recall from Lemma 1 that F* is Lipschitz continuous on the open set . It
follows from Rademacher’s theorem that the set S differs from €2 only by a set of measure zero. Since
x € (), there exists at least one sequence in S that converges to .

Let {ask} C S be an arbitrary sequence such that z¥ — z. Since I' is an open set and = € T, it
follows that ¥ € SNT for all sufficiently large k. Hence, without loss of generality, we assume that
{zF} € SNT. We now claim that {VF*(2*)} converges. Indeed, since {x}} converges, it is a Cauchy
sequence. Hence, there exists K such that ||z¥ — z¥'|| < n for all k, ¥’ > K. By (38), one then has

IVF*(zF) = VF* ()| < c||lz® — 2" |*  VEk K > K,

which implies that {VF*(2*)} is also a Cauchy sequence and hence converges as claimed. Next, we
show that the limit of {VF*(x*)} is independent of the choice of sequence. To this end, let {#*} C S be
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another sequence such that {#¥} — z. Interleaving {z*} and {Z*}, we obtain a sequence {z¥} C S such
that z¥ — z. It then follows from the above claim that {VEF*(z*)} converges. Since both {VF*(z¥)}
and {VF*(#*)} are subsequences of {VF*(2*)}, they must share the same limit. Hence, the limit of
{VF*(z*)} is independent of the sequence chosen. It follows that the set

conv{ lim VEF*(z%) : {i*} c S, #F — x}
k—oo

is a singleton. Combined with the Lipschitz continuity of F* at = (see Lemma 1), this implies that the
Clarke subdifferential of F'* at z is a singleton. By this and [8, Proposition (1.13)], we conclude that F™*
is differentiable at . 0

The following result establishes a local (1 — )~ !-growth property of F(x,-) for any € X, which was
previously derived in the proof of [11, Theorem 3.7]. Here, we provide an alternative and self-contained
proof. Our proof generalizes the one used to derive the global quadratic growth result in [16, Appendix
G] for the special case where F'(x,-) satisfies the global KL condition with exponent 1/2—that is, F'(x, )
satisfies (6) with 6 = 1/2, and L(x) replaced by Y for any =z € X.

Lemma 4. Suppose that Assumption 1 holds. Then it holds that for any x € €,
F*(z) = F(z,y) > (C(1 - 0))77 dist(y, Y*(2)) 77 Vy € L(a). (39)

Proof. Fix any = € Q and y € L(x). It then follows from the definition of £L(z) in (7) that y ¢ Y*(z).

Recall from Assumption 1 that f is Lipschitz smooth on Q x ). It together with the convexity of ¢
and the expression of F' implies that F(z,-) is weakly concave on Y. In addition, since y € £(x), one
has y € dom F(z,-). By these and [6, Theorem 13], there exists a unique absolutely continuous curve
Y :[0,00) — R™ satisfying

Y(0) =y, Y(t)€dF(z,Y(t) ae t>0, (40)
%F(axY(t)):HY(t)H2 a.e. (1,00) (41)

for any n > 0, and moreover, F(z,Y(-)) is non-decreasing and continuous on [0,00). It follows that
Y (t) € L(x) for any t > 0.

Let r(t) = (F*(x) — F(z,Y(t)))'%. By y ¢ Y*(z) and the monotonicity and continuity of F'(x, Y (-)),
one can observe that r(0) > 0, and r is non-negative, non-increasing, and continuous on [0, 00). We

next show that d
0= -CA=-9IY )] ae. (1 00) (42)
for any n > 0. To this end, let us fix any 1 > 0 and consider two separate cases below.
Case 1) r(t) > 0 on [0, 00). It follows from this, (6), (40), and (41) that

0, (6) -
Do) @ (1= 0) (P (@) — P Y () IV OI < ~00 - 0)dist (0,0, 2, (1) IV ()

(40) - : '
< —CU-O YOI YOI = -CA-0) [VOl ae. (1,50),

and hence (42) holds as desired.

Case 2) r(t) = 0 for some ¢ > 0. Since r is continuous on [0,00), one has that ¢y := min{t > 0 :
r(t) = 0} > 0. By this and the nonnegativity and monotonicity of r, we have r(t) = 0 and hence
F(x,Y(t)) = F*(z) for all t > to. It then follows from (41) with 7 replaced by tg that |Y (t)|| = 0 almost
everywhere on (tg,00). Hence, we obtain

%r(t) < CO-OIV@D) ae. (to,00). (43)
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It follows that (42) holds if n > ty. We now assume that n < tg. Note that r(¢) > 0 for all ¢ € [n, to).
By a similar argument as in Case 1), one can conclude that
d .
"0 = =CA=Y(®) ae. (n,to).
Combining this with (43), we see that (42) holds in this case as well.
Fix any T'> 0 and 6 € (0,7). By (42), the monotonicity of r, and the absolute continuity of Y'(-),

one has
T .
/ 20 dt”
§

where the first inequality follows from the monotonicity of r (e.g., see [27, Chapter 3, Exercise 16]), and
the equality uses the absolute continuity of Y'(-). Taking the limit on both sides of the above relation as
d — 0, and using Y (0) = y and the continuity of r and Y'(), we obtain

T T
")) < [ Grar Y ca- o) [ IVl < ~ca-o) ’
= —CA=0)Y(T) =Y ()l

r(T) —r(0) < =CA = O)Y(T) —yl. (44)

We next show that limz_,o 7(7") = 0. It clearly holds if there exists some ¢ > 0 such that r(¢) =0,
due to the nonnegativity and monotonicity of r. We now assume that r(¢) > 0 for all ¢ € [0,00). By
this, (6), (40), (41), and the monotonicity of r, one has that for any 7> 0 and ¢ € (0,7),

41)

T T
W1)=r@) < [ Gr®a S —1-0) [ (F@) = Py o)1)

-0 /:(F*(x) — P, Y (1)) dist(0, 0, F (2, Y (1)) dt

Y a0 /(ST(F*(;E) P, Y (1) dt = —C2(1 — 6) /;r(t)f‘e dt

< —C*(1 - 0)(T — 8)r(T) T,

where the first and last inequalities follow from the monotonicity of r. This relation and »(7") > 0
imply that —r(8) < —C?(1 — 0)(T — 5)r(T)%. Taking the limit on both sides of this relation as
§ — 0, and using the continuity of r, we obtain that —r(0) < —C2?(1 — Q)TT(T)%, which yields
r(T) < [r(0)/(C*(1 — H)T)]% This along with 7(7') > 0 implies that (7)) — 0 as T" — oo.

By (44) and the nonnegativity of r, one can observe that the range of Y(-) is bounded. In addition,
notice from Assumption 1 that dom F'(z, -) is closed. By these facts, there exists a sequence {tx} C (0, 00)
such that ¢, — oo and {Y(tx)} converges to some point y* € dom F(z,-). Recall that lim_, . 7(t) = 0,
which along with t; — oo implies that r(¢x) — 0. It then follows that limy_,o F(x,Y (t)) = F*(x).
On the other hand, by the upper semicontinuity of F(x,-) and Y (tx) — y* € dom F(z,-), one has
limsupy,_,., F(z,Y (tx)) < F(x,y*). Combining these relations, we conclude that y* € Y*(z). Finally,
letting 7" = ¢, in (44), one has r(t) —7(0) < —C(1 — 0)||Y (tx) — y||. Taking the limit on both sides of
this inequality as k — oo, and using the fact that r(tx) — 0 and Y (¢x) — y* € Y*(x), we obtain that

r(0) 2 C(A = 0)|ly" —yl = C(1 = 0) dist(y, Y™ (x)),
which together with the expression of r implies that the conclusion (39) holds. O

As an immediate consequence of Lemma 4 and Assumption 1, the following lemma establishes an
error bound for F'(z,-). This result, originally derived in [11, Theorem 3.7], provides a relationship
between dist(y, Y*(z)) and dist(0, 0y F'(z,y)).
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Lemma 5. Suppose that Assumption 1 holds. Then it holds that for any x € Q,
1-6
dist(y, Y*(2)) < (1 —0)"'C o dist (0,0,F(z,y)) *  Vy e L(x). (45)
Proof. The relation (45) follows from (6) and (39). O

The next result concerns the openness of the set U,.

Lemma 6. Let U, be defined in (8). Suppose that Assumption 1 holds. Then U, is an open set for any
e>0.

Proof. Fix any € > 0. Recall from (8) and Assumption 1 that U, = {z € Q : dist(0,0¥(x)) > €}, and
the set Q is open. Consequently, to prove the openness of the set U, it suffices to show that the set
{z € R™ : dist(0,0¥(x)) > €} is open, or equivalently, C = {z € R" : dist(0,0¥(x)) < €} is closed. To
this end, consider any convergent sequence {z*} C C with ¥ — z for some z € R™. Clearly, C C X and
hence {2*} C X. It then follows from 2* — 2 and the closedness of X’ that € X. Also, since 2* € C,
there exists s* € 0¥ (x") with ||s*|| < e. Without loss of generality, assume that s* — s for some s with
|ls|| < e. Recall from Lemma 1 that F™* is Lipschitz continuous on an open set containing &', which
implies that OF* is bounded on X and hence 0 F*(z) = {0} for all z € X. By this and ¥ = F* + p,
one has ¥ = 0F* 4+ Jp on X. Additionally, notice that 0F* and Jp are outer semicontinuous on X.
Hence, OV is outer semicontinuous on X, which together with 2% — z, s¥ € 9¥(2*), and s* — s implies
that s € O¥(x). By this and ||s|| < €, we conclude that z € C. Hence, C is closed as desired. O

We are now ready to prove Theorem 1.

Proof of Theorem 1. Fix any € > 0 and z € U,. It follows that x € Q and dist(0,0¥(x)) > e. This
together with (7) implies that {y : F*(z) > F(z,y) > F*(z) — e’} C L(x). By this and (45), one has

dist(y, Y*(z)) < (1 — 9)_16’_% dist(O,ﬁyF(aj,y))lTje Yy with F*(z) > F(x,y) > F*(x) — v¢e. (46)

Clearly, the above relation also holds for any y € Y*(z). Now, fix any 2’ € U, with ||z — 2’| < €7 /(2Ly).
Observe from Assumption 1 that Y*(2') # 0. Let y*(2/) € Y*(2') be arbitrarily chosen. Then
F(2',y*(2")) = F*(2'). By these, Assumption 1, and Lemma 1, one has

F(a,y"(2))) = F*(z) = F(z,y"(2))) = F(2',y"(a")) + F*(2/) — F*(2) > =2Ly[lz — 2’| = —7¢”,

where the first inequality uses the L ¢-Lipschitz continuity of F* and F(-,y) for each y € Y due to
Assumption 1 and Lemma 1. Hence, it follows from (46) that

1—-6

dist(y*(z), Y*(z)) < (1 — 0)_10_% dist(0, 9y F(z, y* (")) @ .

Since y*(z’) € Y*(2'), by the first-order optimality condition, one has 0 € 9, F (', y*(2')), In addition,
by the expression of F' and the smoothness f on 2 x ), we obtain

OyF(z,y"(2')) = Vyf(z,y" (") = dq(y* (@), O,F(a',y"(x)) = Vy f(',y"(2")) — Dq(y™(2")). (47)

The first relation in (47) and 0 € 9, F(2',y*(2')) lead to V, f(x,y*(2’)) € dq(y*(«')), which along with
the second relation in (47) implies that

Vyf(a,y" (@) = Vy f(@',y"(a") € 0, F (2,y" (2")).
Using this and the Lipschitz continuity of V, f, we have

dist(0, 9, F(z, y" (2'))) < [V, f (2, y* (@) = Y, @,y (@)]] < Lyglla’ — .
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Combining this with (46) yields

. " N {1 =8 1-6
dist(y"(«'), Y () < (1= ) ' C L, o' — ]| ",

Notice from Assumption 1 that Y*(z) is a nonempty closed set. Hence, there exists y*(x) € Y*(x) such
that [|y*(2') — y*(z)| = dist(y*(z’), Y*(x)). By this and the above relation, one has

* * — _1 =0 1-6
ly*(z') =y (@) < (1 =)' CTILS [l — x| 7. (48)

In addition, notice from Lemma 1 and U, C ) that F™* is Lipschitz continuous on U,. Moreover, U, is
an open set due to Lemma 6. It then follows that F™* is differentiable almost everywhere on U.. Without
loss generality, assume that F™* is differentiable at = and z’. Using this, y*(z) € Y*(z), y*(2’) € Y*(2/),
and Lemma 2, we obtain

VE*(z) = Vyf(z,y*(2),  VF (') =V, f(2',y"(2)).
By these, (48), 6 € [1/2,1), ||z — 2'|| < ~v¢/(2Ly), and the Lipschitz smoothness of f, one has

IVF*(2') = V()| = [Vaf (&, 5" (2) = Vo f(2,y" ()]
< |Vef (@' y7(2) = Vaf (2,57 @) + Ve f (2,57 (2") = Vaf (2,47 (2))]

(48) 11 1-6
< Lyglla’ — x| + Loslly* (@) = y* (@) < Lyglla’ =2+ (1 =0) 'O 0Ly ||l — x| @ (49)

20—1

1-6 —6
< Lop((e7 /1) T+ (1= 0 0Th LG, et — ) T, (50)

where the last inequality follows from ||z — 2’| < ve?/(2Ls) and 6 € [1/2,1). Hence, inequality (50)
holds for all z,z2" € U NS with ||z — 2'|| < ve”/(2Ly), where S is defined in Lemma 3. Using this, the
openness of U, and Lemma 3, we conclude that F* is differentiable on U,. In addition, the relations (9)
and (10) directly follow from Lemma 2 and (49), respectively. O

6.2 Proof of the main results in Section 3

In this subsection, we provide the proofs of Theorems 2 and 3. We begin by proving Theorem 2.

Proof of Theorem 2. Suppose for contradiction that the inner loop runs for more than i+ 1 iterations
at the kth outer iteration. Then one can observe from Algorithm 1 that

1 -
—szﬂ’z — zkHQ > h(zk) (51)

h k’+1,g
(2" + s

By the optimality condition for zk“’g, one has

1 - -
Kuzk—i—lﬂ o Zk”Q —i—q(Zk—H’Z) < q(zk)
i

)

<vg(zk)7zk+1ﬁ o Zk> +

In addition, by the L-smoothness of g, we have
- = L =
g(ZF) < g(2F) + (Vg(h), M= 2R + gllzk“” - 2|2
Combining these two inequalities yields
1 L
A7 2

N

h(zk—l—lﬁ) + ( )sz—&—lﬁ _ Zk:HZ < h(zk). (52)
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By the definition of 7 and i = Api, one has L < 1/Ag ;- This and (52) imply that

%

1 -
7”2’k+1’1 o Zk”2 < h(Zk),

h k+1,g
e

which contradicts (51). Hence, the inner loop runs at most i+1 iterations. By this and the definition of
Ak, one has min{p/L, A} < A\p’ < A\ < . Hence, the conclusion of Theorem 3 holds. O

In the remainder of this subsection, we present the proof of Theorem 3. To this end, we first
establish several technical lemmas. The following result provides a bound on dist(0, dh(z¥*!)) in terms
of [|2F+1 — 2F||.

Lemma 7. Let 2* and 2t be generated by Algorithm 1 for some k > 0. Then it holds that

dist(0, Oh(2FT1)) < (L 4+ A1) |27 — 29 (53)
Proof. By the optimality condition for z**!, one has

0e Vg(zF) + A,;l(zkﬂ — 2F) O (2,

which implies that
Vg(zk—I—l) _ Vg(zk) _ /\Izl(zkz-‘rl _ Zk) e ah(zk—kl).

Using this and the L-smoothness of g, we obtain
dist (0, Dh(=F1)) < [Vg(z5+1) — V() — Ag (HH1 = 29)| < (L 4+ Ag )+ = 2,
and hence the conclusion holds. O

For notational convenience, let
1 1!
= — b = L —_— . 4
W= o3 k < +)\k> (54)
In view of these, Algorithm 1, Theorem 2, and Lemma 7, one can observe that the following relations
hold:

R(ZT0) A+ ag || = 282 < h(=5), (55)
by, dist (0, Oh(2FH1)) < ||+ — 2F|), (56)
@V <ar<@)T, LA <o < (LA )T (57)
where ) is defined in (14). In addition, by (55) and the choice of 2%, we can observe that rg < §, and

{7k} is nonincreasing. Consequently, 7, < § holds for all k.

The following lemma establishes a convergence rate for Algorithm 1, following a similar argument as
in [12, Theorem 3.4].

Lemma 8. Let §,0,\,53,3,C" and X be given in (12), (14), (15), (54) and Algorithm 1, respectively.
Suppose that z* is generated by Algorithm 1 for some k > 1. Then the following statements hold.
(i) If 6 = 1/2, then
B
h(zF) — h* < 6e” T7E", (58)

(i) If 0 € (1/2,1), then

_1

h(z*) — h* < (M) e (59)
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Proof. For notational convenience, let r, = h(z) — h* for all £. Since h(z") — h* < 6 and {h(z%)} is
nonincreasing, (12) holds with z = z¢ for all £ > 0. By this, (55), and (56), one has

, (1

(55) (56) 2)
re—rop1 > apl|2T = 22 > agb? dist (O,@h(z”l)) > agbgC'QrgH

Let B¢ := agb?C? for all £. Using (57) and (14), we have

re—Ter1 > ﬂﬂ’ﬁp Be € [B, Bl (60)
(i) Suppose 6 = 1/2. Tt then follows from (60) that ry41 < (1 + £8¢)~'ry for all £. Hence,
k—1
Tk < 7o H(1 +6)7" VE>0. (61)

By the concavity of log(-), one has that log(1 +¢) < ¢ for all £ > —1. It follows that

1 Be Be
log(1 + B¢) 1—10g(1— 1+ﬁe> < —ha

Using this and 3, > 8 for all £, we obtain

T+ = e (3 . S k8
i o0tz (gt e a07) o i) <o (1)

which together with (61) and 79 < ¢ implies that (58) holds.
(ii) Suppose 0 € (1/2,1). Fix any k£ > 1. If , = 0, (59) clearly holds. Now we assume that r; > 0.
It then follows from the monotonicity of {r,} that r, > 0 for all 0 < £ < k. Let ¢(t) = 555t'7?’. Then
we have
Te+1 Te
Y(reer) — h(re) = Y (t)dt = / t720dt > ;2 (rg —re1)  VO<LE<k. (62)
Te Te4+1
For each 0 < ¢ < k, we consider two separate cases below.
Case a): THf <2r, 2 Tt along with (60) and (62) implies that

1 o9 (60) 1
Y(rep1) —w(re) > §Tg+1(7“e —Tey1) > 54
Case b): r > 2r, 20 It leads to réﬂw > 2% 1"5 —20 By this, 7y < 8, By > B, and the expression
of v, one has
1 1-26 1-20 1 201 1-26
Y(reea) — (re) = 50— 1(7"g+1 —ry ) > %1 <2 W= 1) Ty
20-1 _
> 1 (22%51 - 1) g2 277 DI
—20—-1 - (20 —-1)p

Combining the above two cases, and using the definition of C’ in (14), we obtain that 1 (rp11)—1(r¢) >
C'By for all 0 < ¢ < k. It then follows that

k—1

Y(re) = (ro +C’Zm > C’Zm

(=0
This and the expression of ¥ lead to

1

1 w1 (A E 1 =
Tk = (C’(291)> <§5€> = <0/(291)5> ke

and hence (59) holds. O
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We are now ready to prove Theorem 3.

Proof of Theorem 3. Suppose for contradiction that Algorithm 1 runs for more than Ky outer
iterations. Then there exists some £ > Ky — 1 such that ||z/T! — 2¢|| > 7. By (55) and (57), one has

(

1

) — _1 1 _ 1 1
Te = e <a,’r; < (2)\)%7“32, (63)

Qg

55
125 =2 <

where 7 = h(z) — h*. We next show that r, < 72/(2)) by considering two separate cases: § = 1/2 and
0 e (1/2,1).

Case (i): @ = 1/2. By this, (15), and ¢ > Ky — 1, one has £ > 87'(1 + ) log(2Ad7~2). Using this
relation and (58), we have ry < se BU+D T < 72/(2)).

Case (ii): 8 € (1/2,1). Using this, (15), and £ > Ky — 1, we obtain that £ > % (2A772)

20—1
(20-1)p :

By this relation and (59), one has

_1

1 26—1 _Tl—l 9 —

We thus conclude that 7, < 72/(2)). This together with (63) implies ||2/*! — 2¢|| < 7, which leads to a
contradiction. Hence, Algorithm 1 runs at most Ky outer iterations.
We next show that (16) holds. Notice from (13) and (54) that Ay > A. By this and (53), one has

dist(0, Oh(z"T1)) < (L + A71)||5 1 = 25 (64)

Since h(z°) — h* < § and {h(2)} is nonincreasing, it follows that h(z**') — h* < §. Using this and (12),
we have
C(h(2*1) — h*)? < dist(0, Dh(zF1)).

By this, (64), and ||z¥*1 — 2¥|| < 7, one has

=

A = bt < 07 (dist(0,0h(H))) P < (7ML AT PR ) < (0L AT,

and hence (16) holds as desired. O

6.3 Proof of the main results in Section 4

In this subsection we prove Theorems 4 and 5. To proceed, we first establish several technical lemmas
below.

Lemma 9. Let v,0,C,0, Ly, e, XS, and {ne} be given in (17), Assumption 1, and Algorithm 2, respec-
tively. Suppose that {(wz,ye)}éf‘zo are generated by Algorithm 2 for some k > 1 such that 2* € X° for all
0</{l<k. Then, for all0 < ¢ <k, it holds that

1

F*(z*) — F(2%, ") < min {v€”/2,n,}, dist (y*,Y*(2")) < ci—0) min {(7/2)1_960(1_9),?75}/2},
(65)
X L ) 0 o(1—
IVF*(2%) = Vo f (2", 4| < 52— min {(v/2)' 0= /21, (66)

C(1-0)

Proof. We first show that (65) and (66) hold for £ = 0. One can observe from Algorithm 2 that (65)
holds for £ = 0. We now show that (66) also holds for £ = 0. By the assumption in this lemma,
we know that 2° € X° and hence dist(0,0%(2")) > e. This together with z° € X C Q implies that
2% € U,. It then follows from Theorem 1 that F* is differentiable at z°, and moreover, VF*(z°) =
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Vo f(2°,y*), where y* € Y*(2%) with |ly* — o°| = dist(y°,Y*(2")). Using this, dist(y°, Y*(z")) <
(C(1 —0))" min{(y/2)'7?¢"(1=0) 1}, and the Ly s-smoothness of f, one has

IVE*(2°) = Vaf (22,9 = IVaf (2°,y*) = Vaf (@ y°) | < Lyslly™ —3°|

= Ly dist(y’, Y*(2")) < _Lvr min{(y/2)' 0" 1=9 1}.
C(1-0)
This together with 779 = 1 implies that (66) holds for £ = 0 as desired.
We next show that (65) and (66) hold for 0 < ¢ < k. Notice from Algorithm 2 that y*
an approximate solution of the problem min,{—f(x% y) + q(y)} obtained by Algorithm 1 with the
initial point y*~!, and the parameters \, p, 7 specified in Algorithm 2. Then it follows from 7 =

ﬁ min {(%76 )? 17;(1 ? }, the definitions of F* and F, and Theorem 3 with h(-) = — f(z*,-) +q(-)
that

1
F*(ef) ~ Fa'.yf) < (€7 Ly + X7t = min { 1yer 777}, (67)

which, together with n, € (0,1) and 6 € [1/2,1), implies that the first relation in (65) holds for £ > 0. In
addition, notice from the assumption that /=1 € X°. Also, observe from Algorithm 2 that r = ve® /(4Ly)
and ||zt —zf|| < r. It then follows that ||z —2f|| < ve?/(4Ly), which together with 2*~! € X° implies
that dist(0,0%(z*)) > e. Using this and (67), we obtain that F*(zf) — F(zf,y") < ~4dist(0, 0¥ (x¢))”
and hence y’ € L(x%), where L(-) is defined in (7). By this, (67), ¢ € X C Q, and Lemma 4, one can
conclude that the second relation in (65) holds for ¢ > 0. Lastly, (66) also holds for £ > 0, due to the
second relation in (65) and arguments similar to those used in the case ¢ = 0. O

Lemma 10. Let € > 0 be given, M, X be defined in (17) and (18), L, Ly, C,0,7v,0,{6¢},{ne}, {L¢}
be given in Assumption 1 and Algorithm 2, and let

k
A = 8[T(20) = O + mpy + Z (1 + = O)QCQLZ)W n Z } (68)
/=0 =0
K :=max{k >1: Ay/(kLf2) > v*€* /(16L7)}, (69)
K. :=max{k >0:2" ¢ X, (70)
((k) := argmin Lg|jz" — 2f)|%. (71)

[k/2]<e<k

Let K, < k < K. be given. Suppose that {(:Ee,yg)}éfzo are generated by Algorithm 2 such that z* € X°
for all0 < ¢ < k. Then we have

LA z 1
+1 < k‘ k‘ 2 _ —1 —1 2
dist (0, 0% (2 Lyy/ L[k/2]k + 1/ L|’k/2'|k) + (=07 C Lypnfy y-  (72)

Proof. Notice from the above assumption that K, < k < K. and 2 € X° for all 0 < ¢ < k. We first
show that for all 0 < £ < k, it holds that

L L3 8
F(zt+1 o+ 1y < gl ot N A P AS W ATD (1 i ) % (73
(@9 ) 4 p(e) < Pl y) 4 plah) = Fet =P+ (1 e e e (79
To this end, let us fix any 0 < ¢ < k. By optimality condition of (21), one has
(Vo f @, y"), ™) + Lo = 282 + pa™") < (Vo f (2, ), 2°) + p(a"). (74)

Observe from Algorithm 2 that ||z**! —2f|| < ve°/(4L). Using this relation, z° € XF, and the definition
of X¢ in (17), we deduce that dist(0,0¥(z)) > € for any x € [z¢, 2F!]. In addition, by zf, 2! € X,
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the convexity of X', and X C , one can see that [z, 2/F1] C Q. It follows from these and (8) that
[zf, 271 C U,. In view of this, (19), and the definition of L, in Algorithm 2, we have

o¢
2"

In addition, notice that F(z*1, y**1) < F*(z*1). Using this, (65), (74), and (75), we obtain that
F@™,y™) +p(a) < F* (@) + pla’)

L
Fr(241) < P2 (@) + (VF" (@), 21 = 2) 4+ L |t — 2|2 + (75)

(7§5) F*(2%) + (VF*(2%), 2 — 2 + %Hx“l — 22 + p("th) + %
= Pl )+ (Vaf 00,2 = )+ 2t =2l P 4 p(a) 4 F (@)~ F(et, )
FVE ()~ Vaf (e ), ) +
T PG 4 ety Bt o (V) - Dl ), e )
= Pt y) +p(a) = 2t = 22 = HE - o (V) - Vaf (ol )2t ) ek
< Fa',y!) + plat) — %”sz — P4 |V E*(2) _[me(#’ye)”z P %
. 2
(6§6) Fa yt) + p(z) — %H;ﬂﬂ — )+ (1 - (I—IGJ)VJCQL)W + %,

where the fourth inequality follows from the Young’s inequality (u,v) < alul|?/4 + ||v|?/a for all a > 0
and u,v € R™. By this and the arbitrariness of ¢, we see that (73) holds for all 0 < ¢ < k.
Summing up (73) over £ =0,...,k yields

k k
)
ST Ll =P < a0 00) + p(a%) — By = p(a ) + 3 (14 il e+ S 3]
0=k/2] =0 (e ())
76
For notational convenience, let k = £(k). By this, (68), and (71), one has
. RSO T
T RS B T 102
Ll =P S o Y Lt -
(=[k/2]
() 4 0,0 0 BHL htDy (gt -
< w[F(ﬂf,y)‘FI)(ﬂ?)—F(l’ Y +;(1+(1 0)202L>77£+EZ% }
8 b 54 (68)
S%[\I}( ) v +77k+1+z<1+(1 9)202L£>77Z+202} = — (77)
where the last inequality uses the fact that F(z°,y") < F*(29), ¥(-) = F*(-) + p(-), (k1) > ¥* and

F*(ak 1) — F(a*t! k1) < iy due to (65). Additionally, by k > [k/2], the monotonicity of {d,},
v € (0,1], and the definition of L, in Algorithm 2, one has L; > Lyj/21. It then together with (77)

implies that
E+1 _ k < 78
o+ — o) \/ \/ka (78)

In addition, notice from Algorithm 2 that r = ~e?/(4Lf). By this, & > K, and (69), one has
Ay /(Lgja1k) < 2. Using this and (78), we have

2R+ — k|| < 1 (79)
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This together with the first-order optimality condition of (21) for gh+1 implies that
0 € Vo f(a, ") + Ly (@t — ob) 4 ap(a ). (80)

By k < k and the assumption that z* € X¢ for all 0 < ¢ < k, one has ok e X¢. Using this and (79),
we conclude that dist(0, 0¥ (z*)) > € and dist(0, 0¥ (z**1)) > e. By these and 2, zF*! € X C Q, one
can see that z¥, 2%+ € If,. In view of this, (18), (79), and Theorem 1, we obtain that

IVE* (@) = VF* (@M < Lyglla™ = a*| + M2 — 25", (81)

In addition, by [k/2] < k < k, the monotonicity of {n;} and {d;}, and the definition of Ly, one has
n;, < Nikyj2) and Ly o) < Ly < L. Using these, (66), (78), (80), (81), and 9W¥(-) = VF*(-) + dp(-), we
have

" (80) . s " .
dist (0,00 («"1)) < |[VF* (@) = Vo f(aF, %) — Ly (2" — b))
< || VE* (@) — VE* (") + |[VF* (&%) = Vo f(@*, y*) | + Lylla"+" — ¥

(66)(81) . . . - 1 . "
< Lyglla™t —a®) + Ml!ﬂffk+1 —aM|"+ (1= 0)7'CT Ly + Lylla™ = 2*|

(78) L;A 1

< Lo 2% S )* 4 (1= 0)7 0 Loy
viy/ 1/ + (1= 0 Ly, .
Lm/ﬂ k L(k/ﬂ o) T vk

This together with k= £(k) implies that the conclusion holds. O

The following lemma will be used to prove Theorem 4 subsequently.
Lemma 11. Let (,a,b,w > 0 be given. Then the following statements hold.

(i) If t > [2¢" " 1og(1/¢)| 41, then t~'logt < (.

(i) If t > max {(mg-l)l/w, ( |4b(w(¢) 1 log (2b/(w§))J++1>l/w}, then t~(a+ blogt) < C.

Proof. We first prove statement (i). Fix any t > |2¢™! 10g(1/§)J++1. Let ¢(s) = s !logs. It can be
verified that ¢ is strictly decreasing on [e,00) and ¢(s) < ¢(e) = 1/e for all s > 0. The latter relation
and t > 0 imply that t~*logt = ¢(t) < ¢ holds if ¢ > 1/e. We now assume ¢ < 1/e. It then follows that
t > 2¢"11og(1/¢) > 2e, which along with the strict monotonicity of ¢ on [e, o0) implies that

1 1 Clog((2/Q)log(1/¢)) _ ¢, log(2log(1/C))

£ logt = 6(1) < 9(2¢ log(1/)) = 5= DR = S (1 SED T AR ).
In addition, notice that ¢log(1/¢) = ¢(1/¢) < 1/e < 1/2, which implies that log(2log(1/¢)) < log(1/¢).
By this and the above inequality, one can conclude that statement (i) also holds if { < 1/e.

We next prove statement (ii). Fix any ¢ > max{(2a¢~1)"%, (|4b(w¢) ™! log (2b/(w())]++1)Y« 1.
Since t > (2a¢~1)"*, we have t~“a < (/2. In addition, notice that t > |4b(w¢) ™ log(2b/(w()) |+ +1,
which together with statement (i) implies that ¢t~ log(t¥) < w(/(2b). It then follows that bt~ logt =
bw~ % log(t*) < (/2. By this and ¢t “a < /2, one has t~“(a + blogt) < ¢, and hence statement (ii)
holds as desired. d

We are now ready to prove Theorems 4 and 5.
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Proof of Theorem 4. For notational convenience, let k = IA(G. Suppose for contradiction that an
(€,v€7 /(4Ly))-stationary point of problem (1) is not generated by Algorithm 2 in £ iterations.

We first prove by induction that {(z?, yg)}fzo are successfully generated by Algorithm 2. Indeed,
since (20, y") is the initial point, it is generated by Algorithm 2. Now suppose {(z%, y*)}{_, are generated
by Algorithm 2 for some 0 < ¢ < k. Since none of {z}{_ is an (6,760/(4Lf))—stationary point of (1), it
follows that 2 € X° for all 0 <4 < ¢, where XC is defined in (17). By this and Lemma 9, one has that
F*(z*) — F(2%,y") < 7€ /2. In addition, notice from (21) that z*! is well-defined and thus successfully
generated by Algorithm 2, and moreover, ||z‘T! — 2| < r = v¢7/(4Ls). By these, Lemma 1, and the

L ¢-Lipschitz continuity of F'(-,y) for each y € ), we have

F*a™h) = P y) = F*(a™) = F*(a") + F*(a") = F(e', ") + F(2",y") — F2""y)
< 2Ly[l2" Tt — 2t + $7€” < 2Lgr 4 377 < el (82)

In addition, since z¢ € X¢, |21 — 2f|| < 7€ /(4Ly), and 1 € X C Q, one can see from (70) that
dist(0, 0¥ (z*+1)) > e. This and (6) imply that

C(F* (2" — F(2",y))? < dist(0,0,F (21, y)) Vy with F*(z) > F(z1 y) > F*(2"1) — 4¢.

Hence, (12) holds for the function h(-) = —F(x!,.) with § = v¢7. It follows from this and (82) that
y! serves as a suitable initial point for applying Algorithm 1 to solve the problem min, —F(x 1), 0
equivalently, min, {—f(z*%,y) + ¢(y)}. In view of Theorem 3, y**! is then successfully generated by
Algorithm 2 via applying Algorithm 1 to this problem. Hence, the induction is completed.

We next derive a contradiction to the above hypothesis. By the definition of L in (22), v € (0, 1],
0y < 1, and the definition of L, in Algorithm 2, we see that Ly > L for all 0 < ¢ < k. In addition,
observe from (24), (25), (31), € € (0,1/¢], and v € (0,1] that K. > 2, which together with k = K,
implies k£ > 2. In view of these, (68), (22), (23), and the definitions of {J,;} and {7}, one has

Ay L 8 w(a0) \11*+nk+1+2(1+ )nwzéﬂ s[w(’ qf*+Z(1+ )m+l§5f]
k+1
<s[re) -+ (3+ ) L < {<°>—‘P*+<§+‘2)(1+/fﬂlitdt>]
:8[\11(x0)—\11*+(3/2+AL D(1+log(k +2))] <8[W(a®) — ¥* + (3/2+ AL™")(2 + log k)]
— 8[W(z) — W* + 34+ 24L' + (3/2+ AL™")log k] (:3)a+blogk (83)

where the last inequality follows from log(k + 2) < logk + 1 due to k > 2. Similarly, one can show that
Ap < a+blogh' for all k" > k. Let us fix any &' > k. Notice from dp = 1/(£ + 1) that o /o1 < 2/K,
which along with the definition of L, and v € (0, 1] implies that Ly o1 > (k'/2)1=2)/0+) pp2/040) 1
view of these relations and v € (0, 1], we can see that

/ /
AN, < a+blogk < 2(a—|—b10gk‘).

< = < 84
Liwmk = (wj2) s w Mt~ KT M 0

Using this and Lemma 11, we observe that A /(L j91k') < "}/2620/(1611?), since

~

k'>k:KEZmaX{(

64al? e 64(1+v)bLY 32(1 4 v)bL? Liv
sanpi) | (zanpo s (ranmam) ] 1) 7 )
72620M2/(1+V) ")/2620M2/(1+V) 72620M2/(1+u)

where the last inequality is due to € € (0,1/¢], (29), (30), and (31). It then follows from the arbitrariness
of k" and the definition of K, in (69) that K, < k.
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~

In addition, observe from k = K, € € (0,1/e], (27), (28), and (31) that
144a L3 )1; ({144(1+1/)bL2Vf <72(1+y)bL2vf)J H)lgv}
2 M2/ (1+v) ) 2 M2/ (14v) €2 M2/ (14v) T )

It then follows from (84) and Lemma 11 that Ay /(L /01k) < 62/(36L2vf), which implies that

kZInaX{(

Ay,

€
L <
VI Lk = 6

(85)

IN

Similarly, notice from k = K., € € (0,1/¢], (24), (26), and (31) that

1+v

e (802) (| L (B | )5

It then follows from (83) and Lemma 11 that Ay/k?/(1+%) < €2/(18L). By this, the definitions of L,
and {d¢}, L = Lyy + M?/4Y) e (0,1], and 6, < 1, we have

v—1 v—1

LkAk _ (va —1—51614—'/]\41+L1’)A1f . (va —|—M1+V)51+VA]€ _ L(k—f— 1)%Ak QLAk 2

_ _ e
k k - k k o k1+u 9

1—v 1—v
where the second inequality follows from (k + 1)+ < 2kT1+v due to k > 2. Hence, we obtain

LA, €
< —.
k- —3 (86)

Also, by k = K, € € (0,1/€], (25), (26), and (31), we can sece that

)M () )

It then follows from (84) and Lemma 11 that Ay /(L /01k) < €2V /(3M)?/V | which implies that

Ay 5 €
M < -. 87
<L[k/2]k> -3 ( )

Lastly, using k = K., (26) and (31) yields k > [724¢~2]. By this and the definition of 7, one has

1
11 24 \? €
A2y < <M> <& (88)

Recall from the above hypothesis that none of {z‘}%_, is an (e, ve /(4L ))-stationary point of (1).
Hence, z‘ € X¢ for all 0 < ¢ < k:. Moreover, it follows from this and the definition of K, in (70) that
kE<K. By K, <k <K,and 2’ € X° for all 0 < ¢ < k, it follows from Lemma 10 that (72) holds for
such k, which together with the definition of A in (23) leads to

LkAk; 5 11
dist (0, 60 —_— A3p? .
ist (0,0 («f Lwﬂk L[,C/ﬂk) AR o1
d (

Combining this with (85), (86), (87), an

, we obtain that

: By o €, €, € €
dist(0, 0¥ (z ))_6+3+3+6

In addition, notice from Algorithm 2 that Hxi“*l - ka < ve?/(4Ly). It follows from these and the

definition of X¢ in (17) that =¥ ¢ X°. Since k < k, this contradicts the assumption that z* € X¢ for all
0 < ¢ < k, which is implied by the hypothesis. Hence, Algorithm 2 generates a pair (2", y*) such that
z* is an (e,7€? /(4L y))-stationary point of problem (1) for some 0 < k < K.. Moreover, it follows from
Lemma 9 that y* satisfies (32). O
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We next present the proof of Theorem 5.

Proof of Theorem 5. Let X¢ be defined in (70) The conclusion clearly holds if 20 ¢ X°. Hence,
we assume for the remainder of the proof that 2V € X°. Given this and € € (0,1/e], it follows from
Theorem 4 that there exists 0 < k < K, such that z! € X¢ for all 0 < £ < k and k1 ¢ X°. That is,
the iterates {xf}gzo are not, but zF! is, an (e, ve® /(4Ly))-stationary point of problem (1).

We first observe from Algorithm 2 that the number of evaluations of the proximal operator p equals
the number of iterations. By this and k < Ke, it follows that the total number of evaluations of p to
generate the (e,ve” /(4Ly))-stationary point 2*™! is k +1 < K..

We next show that the total number of evaluations of the proximal operator of ¢ performed in
Algorithm 2 to generate the (€, ve? /(4Ly))-stationary point 2% is at most Ny. To this end, we analyze
the number of evaluations of the proximal operator of ¢ conducted at each iteration 0 < ¢ < k, through
its calls to Algorithm 1. As observed from Algorithm 2 and the proof of Lemma 10, Algorithm 1 is
invoked to solve problem (11) with h(-) = —F(z%+1,.), where h satisfies condition (12) with § = ~e°.
By this, the definitions of 7 and {7} in Algorithm 2, k < K., and (15), it follows from Theorem 3 that
the number of outer iterations performed in Algorithm 1 at each iteration 0 < ¢ < k is at most Ky,
where K74 is defined in (33). Using this and Theorem 2, we can see that at each iteration 0 < ¢/ <k,
the number of evaluations of ¢ is at most

(E=uRnT

By this bound, the fact that the total number of iterations performed by Algorithm 2 to generate
the (e,v€? /(4Ly))-stationary point z**! is at most K., and (34), we conclude that the total number
of evaluations of the proximal operator of ¢ performed by Algorithm 2 to generate an (e,ve” /(4Ly))-
stationary point is at most ]VE.

Lastly, notice that the total number of evaluations of V[ is no more than the sum of the total
number of evaluations of the proximal operators of p and ¢. It then follows that the total number of
evaluations of V f performed in Algorithm 2 to generate an (e,ve” /(4L ¢))-stationary point is at most
K+ N.. O
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