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Abstract

In this paper, we propose practical normalized stochastic first-order methods with Polyak momen-
tum, multi-extrapolated momentum, and recursive momentum for solving unconstrained optimization
problems. These methods employ dynamically updated algorithmic parameters and do not require
explicit knowledge of problem-dependent quantities such as the Lipschitz constant or noise bound.
We establish first-order oracle complexity results for finding approximate stochastic stationary points
under heavy-tailed noise and weakly average smoothness conditions—both of which are weaker than
the commonly used bounded variance and mean-squared smoothness assumptions. Our complexity
bounds either improve upon or match the best-known results in the literature. Numerical experiments
are presented to demonstrate the practical effectiveness of the proposed methods.
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1 Introduction

In this paper, we consider the smooth unconstrained optimization problem:

min f(z), (1)
where f: R"™ — R is continuously differentiable. We assume that problem (1) has at least one optimal
solution. In many emerging applications—particularly in machine learning and related fields—instances
of (1) are often large- or even huge-scale, which poses significant challenges to classical first-order
methods due to the high cost of computing the exact gradient of f. To address this issue, stochastic
first-order methods (SFOMs) have been extensively studied, as they employ stochastic estimators of the
gradient that are typically much cheaper to compute. The goal of this paper is to propose practical
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normalized stochastic first-order methods with momentum for solving problem (1), and to analyze their
complexity under heavy-tailed noise.

Recently, a variety of SFOMs (e.g., [2, 4, 6, 7, 8, 9, 10, 16, 18, 24]) have been developed for solving
problem (1) where the stochastic gradient G(-;¢) is an unbiased estimator of Vf(-) with bounded
variance, i.e., G(-; ) satisfies the conditions:

ElG(z:6)] = Vf(z), E[|G(z:6) - V[f(@)|]<o® VzeR" (2)

for some o > 0. The complexity of these SFOMs has been extensively studied under various smoothness
conditions. In particular, under the assumption that V f is Lipschitz continuous, the methods proposed
in [4, 9, 10] achieve a first-order oracle complexity of O(¢~*) for finding an e-stochastic stationary point
(SSP) of (1), i.e., a point x satisfying

E[IVf(@)[l] < e

In addition, assuming that V?2f is Lipschitz continuous, the method in [4] achieves a first-order oracle
complexity of @(e~7/2) for finding an e-SSP of (1). Furthermore, several variance-reduced methods
[6, 7, 19] have been shown to achieve a first-order oracle complexity of O(e~3) for finding an e-SSP of (1),
under the assumption that the stochastic gradient estimator G(-; &) satisfies a mean-squared smoothness
condition.

Despite extensive studies on SFOMs under the bounded variance assumption (2), recent empirical
findings in machine learning (e.g., [11, 32, 33, 36]) suggest that in practice the stochastic gradient
estimator G(-;§) is typically unbiased but exhibits a bounded ath central moment for some « € (1, 2],
rather than bounded variance. Specifically, G(-; ) satisfies

ElG(z;9)] = Vf(z), E[|G(z;§) =Vf(@)|*]<o®  VreR"

for some o > 0, which is commonly referred to as the heavy-tailed noise regime. The convergence
behavior and analysis of SFOMs under this condition differ significantly from those based on the bounded
variance assumption (2), as vanilla stochastic gradient methods can diverge when « € (1,2); see [36,
Remark 1]. To address this divergence, gradient clipping has been widely adopted in algorithm design
(e.g., [5, 21, 22, 25, 29, 36]). This approach replaces the stochastic gradient estimator with

_ ) T

G (z;§) - mln{l, G o }G(:L‘, €) (3)
for some suitable clipping threshold 7 > 0. Numerous recent works have analyzed the complexity of
SFOMs with gradient clipping for solving (1) under heavy-tailed noise (e.g., [5, 22, 25, 36]). Specif-
ically, assuming that Vf is Lipschitz continuous, [36] established a first-order oracle complexity of
O(e=Ba=2)/(e=1)) for finding an e-SSP of (1), while [5, 25] established a first-order oracle complexity of
O(e=Bo=2/(e=1)) for finding a point z satisfying ||V f(z)|| < e with high probability. Furthermore, under
the additional assumption that V2f is Lipschitz continuous, [5] has shown that the complexity bound
can be improved to O(e~(*=3)/(20-2)) " In addition, assuming that G(-;€) is almost surely Lipschitz
continuous for all £ € = with the same Lipschitz constant, namely,

1G(y;§) = Gzl < Llly — x| Va,y €R", as. VE€E (4)

for some L > 0, where = is the sample space of £, [22] established a first-order oracle complexity of
O(e~Ra=D/(e=1) for finding a point z satisfying ||V f(x)|| < e with high probability.



While the aforementioned SFOMs with gradient clipping provide provable convergence guarantees,
they suffer from several practical limitations. In particular, these methods require sufficiently large
clipping thresholds 7 to ensure theoretical convergence, whereas relatively small thresholds are typically
used in practice, especially in the training of deep neural networks (see, e.g., [35]). Furthermore, setting
an appropriate value for 7 often depends on explicit knowledge of problem-dependent parameters, such
as Lipschitz constants and noise bounds, which are generally unavailable or difficult to estimate in
real-world applications. A more detailed discussion of these drawbacks can be found in [14].

In addition, it is often observed in practice that the commonly used clipped gradient in clipped
SFOMs becomes a normalized gradient as the iterates progress; that is, (3) reduces to G (x;§) =
TG (2;8)/||G(2;€)|| (e.g., see [14]). This empirical observation motivates replacing gradient clipping in
SFOMs with gradient normalization. Several recent studies have shown that, assuming V f is Lipschitz
continuous, normalized SFOMs without gradient clipping can achieve a first-order oracle complexity of
O(e~Ba=2)/(a=1) for finding an e-SSP of (1) under heavy-tailed noise [14, 23, 34]. Moreover, it has been
shown in [14, 23] that this complexity bound becomes O(e~2*/(®=1)) if the tail exponent « is unknown.
In addition, under the assumption that G(-;§) is almost surely Lipschitz continuous with a common
Lipschitz constant, as described in (4), [34] demonstrated that the complexity bound of normalized
SFOMs can be further improved to O(e~(2¢=1/(@=1)) While these methods successfully avoid gradient
clipping and achieve complexity bounds comparable to those of SFOMs that rely on it, they still suffer
from several practical limitations. In particular, the methods in [23, 34] require explicit knowledge
of problem-specific quantities, such as Lipschitz constant and noise bound, in order to properly set
algorithmic parameters like step sizes and momentum coefficients. In contrast, [14] proposed a fully
parameter-free SFOM and established a first-order complexity result under the assumption that V f
is Lipschitz continuous. However, the achieved complexity is significantly worse than the best-known
results when the tail exponent « is known. In addition, the almost sure Lipschitz continuity assumption
(4) may be restrictive in practice, as it is stronger than the commonly used assumption of Lipschitz
continuity in expectation, such as the mean-squared smoothness condition often imposed in the bounded
variance setting (see [6, 7, 19]).

Despite significant recent advances, existing SFOMs for solving problem (1) under the heavy-tailed
noise regime still face the practical limitations discussed above. These limitations motivate the following
open questions:

e Can we develop practical SFOMs that do not require explicit knowledge of problem-specific
quantities, while still achieving the best-known complexity?

e Can we design practical SFOMs that achieve improved complexity under higher-order smoothness
condition on f7

e Can we develop practical SFOMs under weaker conditions than the commonly used mean-squared
smoothness condition on G(-;§)?

In this paper, we address these questions by proposing three practical SFOMs that use dynamically
updated algorithmic parameters, without requiring explicit knowledge of the Lipschitz constant or noise
bounds. We establish first-order oracle complexity results for these methods in finding an e-SSP of (1)
under the heavy-tailed noise regime. For ease of comparison, we summarize in Table 1 the first-order
oracle complexity results of our proposed SFOMs and several existing methods, together with their
smoothness assumptions and parameter knowledge requirements. Moreover, we show that two of our
proposed methods achieve improved complexity under higher-order smoothness and a weakly average
smoothness condition, respectively. Our main contributions are summarized below.



Table 1: First-order oracle complexity of our SFOMs and several existing methods under heavy-tailed
noise. 1 denotes that clipping has been applied to the method.

method oracle complexity parameter-free  smoothness

GClip' [36] O (e~ Ba=2)/(a=1)) X Lipschitz V f
NSGD-M [14] O (e~ Ba=2)/(a1)) X Lipschitz V f
Algorithm 1 (ours) O(e~Ba=2/(a=1)y X Lipschitz V f

NIGT! [5] O(e=(ba=3)/(2a-2)) X Lipschitz V2 f
Algorithm 2 (ours) (e~ (Pa=Dta-1)/(pla—1))y X Lipschitz DPf, p > 2
NSGD-VR [34] O (e e/ (a=1)) X Lipschitz G a.s.
Algorithm 3 (ours) O(e~(2e=1D/(a=1)y X average Lipschitz G
NSGD-M [14] O(e2e/(a=1)) v Lipschitz V f
Algorithm 1 (ours) (e 2e/(a=1) v Lipschitz V f
Algorithm 2 (ours) O(e~ (Bpata)/(2pla—1))) v Lipschitz DPf, p > 2
Algorithm 3 (ours) (e 3¢/ (2a=1))) v average Lipschitz G

e We propose a practical normalized SFOM with Polyak momentum for solving problem (1), and
show that it achieves the best-known complexity for finding an e-SSP under heavy-tailed noise and
the Lipschitz smoothness condition on f.

e We propose a practical normalized SFOM with multi-extrapolated momentum for solving problem
(1), and establish a new complexity for finding an e-SSP under heavy-tailed noise and a higher-order
smoothness condition on f. To the best of our knowledge, this is the first SFOM that leverages
higher-order smoothness of f to achieve acceleration. The resulting complexity significantly
improves upon the best-known results under the standard Lipschitz smoothness condition.

e We develop a practical normalized SFOM with recursive momentum for solving problem (1), and
show that it achieves a new complexity for finding an e-SSP under heavy-tailed noise and a weakly
average smoothness condition on G(+;&). This complexity generalizes existing complexity results
under the mean-squared smoothness condition.

The rest of this paper is organized as follows. In Section 2, we introduce the notation and assumptions
used throughout the paper. In Section 3, we propose normalized SFOMs with momentum and establish
complexity bounds for them. Section 4 presents preliminary numerical results. In Section 5, we provide
the proofs of the main results.

2 Notation and assumptions

Throughout this paper, we use R” to denote the n-dimensional Euclidean space and (-, -) to represent
the standard inner product. We use || - || to denote the Euclidean norm for vectors and the spectral norm
for matrices. For any positive integer p and a pth-order continuously differentiable function ¢, we denote
by DPy(x)[hi, ..., hy| the pth-order directional derivative of ¢ at x along h; € R", 1 < i < p, and by
DPy(x)[] the associated symmetric p-linear form. For any symmetric p-linear form 7], we define its
norm as

[T := max {T{hy, ..., hp] : [|hil] < 1,1 < < p}. ()

Lroshp



For any z € R" and h; € R" with 1 <i <p — 1, we define VPp(z)(h1,...,hp—1) € R" by
(VPo(x)(h1, ..., hp—1), hp) := DPo(x)[h1, ..., hy Vh, € R".

For any x,h € R", we denote DPp(x)[h]P := DPy(z)[h,...,h] and VPo(z)(h)P~! := VPy(z)(h,..., h).
For any s € R, we let sgn(s) be 1 if s > 0 and —1 otherwise. For any positive integer p, we define the
residual of the pth-order Taylor expansion of V f as:

S

Rp(y, ) = VI(y) =

r=1

mvrf(x)(y — )"t Va,y € R™. (6)

In addition, we use O(-) to denote O(-) with logarithmic terms omitted.

We now make the following assumption throughout this paper.
Assumption 1. (a) There exists a finite fioy such that f(x) > fiow for all x € R™.
(b) There exists L1 > 0 such that ||V f(z) — Vf(y)|| < L1||z — y|| for all z,y € R™.
(¢c) The stochastic gradient estimator G : R™ x = — R" satisfies

ElG(z; 0] =Vf(z), E[|G#:¢)-Vf(@)]*]<o* VreR”
for some 0 >0 and a € (1, 2].
We next make some remarks on Assumption 1.

Remark 1. Assumptions 1(a) and 1(b) are standard. In particular, Assumption 1(b) implies that
T Ly 2 n
fly) = f@) + V@) (y —2) + —lly—2lIF  Va,y eR™ (7)

Assumption 1(c) states that G(-;&) is an unbiased estimator of Vf(-), and its ath central moment is
uniformly bounded. This is weaker than the commonly used variance bounded assumption corresponding
to the case a = 2. When a € (1,2), the stochastic gradient noise is said to be heavy-tailed (see, e.g.,
[36]), a phenomenon frequently observed in modern machine learning applications.

3 Normalized stochastic first-order methods with momentum

In this section, we propose practical normalized SFOMs with Polyak momentum, multi-extrapolated
momentum, and recursive momentum for solving problem (1). We also establish their first-order oracle
complexities for finding an -SSP of (1) under heavy-tailed noise.

3.1 A normalized SFOM with Polyak momentum

In this subsection, we propose a practical normalized SFOM with Polyak momentum for solving problem

(1) and establish its first-order oracle complexity for finding an e-SSP of (1) under heavy-tailed noise.
Specifically, our practical normalized SFOM with Polyak momentum generates two sequences, {m*}

and {z*}. At each iteration k > 0, the direction m* is computed as a weighted average of stochastic

k+1

gradients of f evaluated at the iterates z°,...,2z*. The next iterate x is obtained by performing a

line search update from z* along the normalized direction —m* /||mF||, using a suitable step size. The



Algorithm 1 A normalized SFOM with Polyak momentum
Input: starting point 2° € R™, step sizes {1z} C (0, +00), weighting parameters {0} C (0, 1].

Initialize: m~' =0 and 0_; = 1.
for k=0,1,2,... do
Compute the search direction:!

mP = (1= 0p_1)m 1 + 0, _1G(aF; ). (8)
Update the next iterate:
k
k+1 k m
x =z — .
[[mF]|

end for

detailed procedure is presented in Algorithm 1, with the specific momentum weights and step sizes
defined in Theorems 1 and 2.

It is worth noting that Algorithm 1 shares a similar framework with the normalized SGD with
momentum proposed in [4], but they differ in the choice of parameters. Specifically, the normalized SGD
with momentum in [4] adopts static parameters that require explicit knowledge of the Lipschitz constant
and the noise bound, whereas Algorithm 1 employs two types of dynamically updated parameters. One
type leverages the knowledge of o when it is available and achieves an oracle complexity with optimal
dependence on the accuracy parameter e (see Theorem 1), while the other is fully parameter-free and
applies when « is unknown (see Theorem 2).

The following theorem establishes a complexity bound for Algorithm 1 to compute an e-SSP of
problem (1) under the assumption that the tail exponent « is known. Its proof is deferred to Subsection
5.2.

Theorem 1 (complexity with known «). Suppose that Assumption 1 holds. Let fiow, L1, 0, and «
be given in Assumption 1, and define

Mo = 2(f(2°) = flow +30% + L1 + (a — 1)(2/a)*/ @V 4+ 3L¢). (9)

Let {xF} be generated by Algorithm 1 with input parameters {(ny,0;)} given by

B 1 b 1
e = (k + 1)@a—D/(Ga-2)’ k= (k + 1)a/Ba=2)

vk > 0. (10)

Then, for any € € (0,1), it holds that E[|V f(z*%)||] < € for all K satisfying

20300 — 2)Mia - /2(30 — 2)My o\ \ Ba—2)/(a—1)

> ) 3
K 2 max{ ( CES ( CES ) 3},
where v is uniformly drawn from {0,..., K —1}.

The next theorem establishes a complexity bound for Algorithm 1 to compute an e-SSP of problem
(1) without requiring prior knowledge of the tail exponent a. Its proof is deferred to Subsection 5.2.

1{ék} is a sequence of independently drawn samples.



Theorem 2 (complexity with unknown «). Suppose that Assumption 1 holds. Let fiow, L1, 0, and
a be given in Assumption 1, and define

Mg = 2(f(2°) = fiow + 0% + L1/2+3L),  Mia:=2((a = 1)(2/a)*@ D +20%). (1)

Let {xF} be generated by Algorithm 1 with input parameters {(ny,0;)} given by

1 b1
= ey T ke

Then, for any € € (0,1), it holds that E[||V f(z'%)||]] < € for all K satisfying

vk > 0. (12)

16M1,a | (16M1,a)>4 (804]14\1,(1 (804]/\/[\1704 >>2a/(a—1) 3}
n ) ) )

KZmaX{( (v —1)e (= 1)e

€ €

where v is uniformly drawn from {0,..., K — 1}.

Remark 2. (i) From Theorems 1 and 2, we observe that under Assumption 1, Algorithm 1 achieves
a first-order oracle complexity of (5(6_(30‘_2)/(5“_1)) for finding an €-SSP of problem (1) when the tail
exponent a is known, and (5(6_20‘/(0‘_1)) when a is unknown. These results match, up to logarithmic
factors, the best-known complexities for SFOMs with gradient clipping [5, 25, 36] and normalized SFOMs
without gradient clipping [14, 23, 34]. It is worth mentioning that these complezity results exhibit a
worse dependence on the Lipschitz constant and the noise bound than than that achieved by NSGD-M
[14, Appendiz D.2]. However, the latter method employs static parameters that require explicit knowledge
of both the Lipschitz constant and the noise bound, whereas Algorithm 1 uses two types of dynamically
updated parameters, as specified in Theorems 1 and 2.

(ii) As shown in Theorem 2, when o € (1,2) is unknown, the step-size and momentum choices—uwhich
coincide with those used in the case where « is known to be 2—still guarantee convergence of the algorithm.
However, these choices are considerably more conservative than those specifically chosen for the case
where a € (1,2) is known. In particular, they decay faster than the step-size and momentum sequences
designed for the known-a setting (see Theorem 1).

(iii) When the tail exponent o is unknown, Algorithm 1 with {(nk,0k)} specified by (12) resembles
the parameter-free SFOM with momentum proposed in [14, Appendix D]. Nevertheless, our complexity
analysis is fundamentally different from that of [14] and other existing works, as it is based on descent
properties of a novel potential sequence defined in (35). One key benefit of our analysis is that it naturally
provides a per-iteration descent property for Algorithm 1 as a byproduct (see Lemma 7). In contrast,
prior analyses under heavy-tailed noise often lack such a result, since a descent relation for the gradient
error sequence {m* — V f(x¥)} between two consecutive iterations is not established; instead, they bound
the accumulated gradient errors over all previous iterations (see, e.g., [4, Theorem 1]). Building on this
novel framework, we further analyze SFOMs with accelerated momentum schemes in Subsections 3.2
and 3.3, obtaining the first complexity results for SFOMs under higher-order smoothness and average
smoothness, respectively.

3.2 A normalized SFOM with multi-extrapolated momentum

In this subsection, we propose a practical normalized SFOM with multi-extrapolated momentum for
solving problem (1) and establish its first-order oracle complexity for finding an e-SSP of (1) under
heavy-tailed noise.

Specifically, our practical normalized SFOM with multi-extrapolated momentum generates three
sequences: {zF*}, {m*}, and {z*}. At each iteration k > 0, the points z*!,... 257 are computed by



extrapolating 2*~! and z* using a set of extrapolation weights. The direction mF is then formed as
a weighted average of stochastic gradients of f evaluated at the extrapolated points {zi’t}ogigk,lgtgq.

Finally, 25! is computed via a line search update at z* using a suitable step size and the normalized

direction —m* /||mF||. The detailed procedure is described in Algorithm 2, with the extrapolation weights,

momentum weights, and step sizes specified in Theorems 3 and 4.

Algorithm 2 A normalized SFOM with multi-extrapolated momentum

Input: starting point 2° € R™, step sizes {n;} C (0, +00), extrapolation count ¢ > 1, extrapolation
parameters {7} C (0,1), weighting parameters {6y} with Y 7, 0+ € (0,1) for all & > 0.
Initialize: 27! = 2% m™! =0, and (y_14,0-1¢) = (1,1/q) forall 1 <t < q.
for k=0,1,2,... do

Perform ¢ separate extrapolations:

1—vy._
Kb — b 2T RL Gk k1) g << g, (13)
Yk—1,t

Compute the search direction:?

q q
mk = (1 — Zﬁk_ljt)mk_l + ZQk_LtG(zk’t;gk). (14)
t=1

t=1
Update the next iterate:

k
k41 k m
S P

end for

It is worth mentioning that Algorithm 2 is a significant generalization of the normalized SGD with
implicit gradient transport (NIGT) proposed in [4]. When ¢ = 1, Algorithm 2 and NIGT share a similar
algorithmic framework, but they differ in their choices of algorithmic parameters. Specifically, NIGT
employs static parameters that require explicit knowledge of the Lipschitz constant and the noise bound,
whereas Algorithm 2 uses dynamically updated parameters that do not depend on such problem-specific
quantities. Moreover, when ¢ > 1, Algorithm 2 is entirely new to the literature and, to the best of
our knowledge, is the first method capable of exploiting arbitrary high-order smoothness to achieve
acceleration.

Before analyzing the complexity of Algorithm 2 for computing an approximate solution to problem (1),
we introduce an additional assumption regarding the high-order smoothness of the objective function f.

Assumption 2. The function [ is pth-order continuously differentiable in R™ for some p > 2, and
moreover, there exists some Ly, > 0 such that ||DP f(x) — DP f(y)|| < Lpl|lx — y|| for all z,y € R™.

The following theorem establishes a complexity bound for Algorithm 2 to compute an e-SSP of
problem (1) under the assumption that the tail exponent « is known. Its proof is deferred to Subsection
5.3.

2{5’“} is a sequence of independently drawn samples. Alternatively, one may draw g independent samples £, 1 <t < g,
at every kth iteration for computing G(z"; 5“)7 1<t<gq.



Theorem 3 (complexity with known «). Suppose that Assumptions 1 and 2 hold. Let fioy, L1, o,
o, p and L, be given in Assumptions 1 and 2, and define

My 1= 4(F(2°) = fiow +4'%0% + L1 /24301 (a = 1)(2/a)*/ ) + 306p>7 L} (p))°
+64(p — 1)%“). (15)

Let {z*} be generated by Algorithm 2 with input parameters ¢ =p — 1, and {nr} and {(k.t,0%1)} given
by

1
™= Gy peera-/GEatran P20 (16)
2
Yk ngsgp—l,s;ét(]‘ — 5% /)
Vet = 5 9]67: Vlgtgp_lakzov (17)
R ' (t%/k) ngsgpfl,syét((tZ — %) /%)
where
1
Vk > 0. (18)

Ve = (k + 4)pa/(p(2a71)+a71)
Then, for any € € (0,1), it holds that E[||V f(z*%)||] < € for all K satisfying

2(p2a—1) +a—1)M, 2(p(2a — 1) + a — 1) My, o\ \ (PRa=D+a=1)/(p(a=1))
“n ( “)) 5},
pla—1)e pla—1)e

szax{<

where v is uniformly drawn from {0,..., K — 1}.

The next theorem establishes a complexity bound for Algorithm 2 to compute an e-SSP of problem
(1) without requiring prior knowledge of the tail exponent a. Its proof is deferred to Subsection 5.3.

Theorem 4 (complexity with unknown «). Suppose that Assumptions 1 and 2 hold. Let fiow, L1,
o, a, p and Ly, be given in Assumptions 1 and 2, and define

Mp.a = 4(f (@) = fiow + 450" + L1 /2 + 306p° Ly / (p]) ), (19)
M, o :=8(30" D (a — 1)(2/)*/ @D 4+ 64(p — 1)%0%). (20)
Let {z*} be generated by Algorithm 2 with input parameters ¢ =p — 1, {ni}, and {(Vk.t,0%+)} given by

1
Nk = (k +4)(2p+1)/(3p+1)

Vk >0, (21)

2
Yk ngsgp—l,s#(l — 8% /7)
Vet = 735 Okt = Vi<t<p-1,k>0, (22)
t? (t2/vx) ngsgp—m#((tz — %) /)
where
1
W= Gy nwieen el (23)

Then, for any € € (0,1), it holds that E[||V f(z*%)||] < € for all K satisfying

K > max { (4(3p + 1) My . (4(3p n 1)]\7@&))(3%1)/17

)

pe pe

(2(3pa + o) My o I (2(3pa + a)Mpya))(3pa+a)/(2p(a—1)) 5
pla—1)e pla—1)e N

where v is uniformly drawn from {0,..., K — 1}.



Remark 3. (i) To achieve acceleration by leveraging the higher-order smoothness of f, the extrapolation
parameters v and the momentum parameters 0y ; must satisfy the following conditions:

1/')%,1 1/’)%,2 T 1/’Yk,q 011 1
U2, 1vE, - 12| |6k 1
bR R =L k>, (24)
1/713,1 1/’71?;,2 T 1/%37(1 Or.q 1
q
» bki€(0,1)  VE>0, (25)
t=1

where ¢ = p — 1. Note that the coefficient matriz in (24) is a Vandermonde matriz (see, e.g., [13, 15]).
As will be proven in Lemma 9 in Subsection 5.3, when choosing Vi = Yi/t2, the resulting O+ that
satisfy (24) takes the form given in (17) or (22).

(ii) From Theorems 3 and 4, we observe that under Assumptions 1 and 2, Algorithm 2 achieves
a first-order oracle complexity of (5(6_(p(za_1)+°‘_1)/(p(°‘_1))) for finding an €-SSP of (1) when the tail
exponent o is known, and (5(6*(31”0‘*0‘)/(27"(0‘*1))) when a is unknown. For p = 2, the complexity result for
known o« matches, up to a logarithmic factor, the bound established in [5], while the complexity result for
unknown « is new. Moreover, for p > 3, our results are entirely new and provide significantly improved
complexities over the case p = 2.

3.3 A normalized SFOM with recursive momentum

In this subsection, we propose a practical normalized SFOM with recursive momentum for solving
problem (1) and establish its first-order oracle complexity for finding an e-SSP of (1) under heavy-tailed
noise.

Specifically, our practical normalized SFOM with recursive momentum generates two sequences,
{mF*} and {z¥}. At each iteration k& > 0, the direction m” is computed as a weighted average of stochastic

k+1 is obtained by performing a

gradients of f evaluated at the iterates 2, ..., 2*. The next iterate x
line search update from z* along the normalized direction —m*/||mF¥||, using a suitable step size. The
detailed procedure is presented in Algorithm 3, with the specific momentum weights and step sizes

defined in Theorems 5 and 6.

Algorithm 3 A normalized SFOM with recursive momentum

Input: starting point 2° € R™, step sizes {1z} C (0, +00), weighting parameters {0} C (0, 1].
Initialize: 27! = 2% m™' =0, and 6_; = 1.
for k=0,1,2,... do

Compute the search direction:?

mP = (1 — Op_)m L+ Ga*; %) — (1 — 0,_1)G ("1 €. (26)

Update the next iterate:

k
k+1 _ k m
T T

end for

d{5’“} is a sequence of independently drawn samples.
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It shall be mentioned that Algorithm 3 adopts the recursive momentum technique developed in
STORM [6], but they differ in both the search direction and the choice of algorithmic parameters.
Specifically, this method employs a normalized search direction, whereas STORM uses the unnormalized
direction. Moreover, STORM relies on static parameters that requires explicit knowledge of the Lipschitz
constant and the noise bound, while Algorithm 3 uses dynamically updated parameters that do not rely
on such problem-specific quantities.

Before analyzing the complexity of Algorithm 3 for computing an approximate solution to problem (1),
we introduce an additional assumption regarding the weakly average smoothness of the stochastic gradient
estimator G(+;€).

Assumption 3. There ezists some L > 0 such that E[|G(z;€) — G(y; &) ||*] < LY||z — y||* holds for all
x,y € R, where o € (1,2] is given in Assumption 1(c).

Remark 4. (i) When a =2, Assumption 3 reduces to the standard mean-squared smoothness condition
commonly used in the literature (see, e.g., [1, 7, 19]). For o € (1,2), it is strictly weaker than the
mean-squared smoothness assumption, thereby holding for a broader class of stochastic gradient estimators
G(+€). In addition, if G(+;€) is almost surely Lipschitz continuous for all £ € E with a uniform Lipschitz
constant L, one can verify that it satisfies Assumption 3. Consequently, Assumption 3 is strictly weaker
than the almost sure Lipschitz condition stated in (4), which is adopted in [6, 22, 34].

(ii) It is reasonable to assume that the exponent a in Assumption 3 is the same as that in Assump-
tion 1(c). Indeed, if Assumptions 1(c) and 3 hold with different exponents ai,az € (1,2], then both
assumptions also hold with o = min{ay, as}.

The following theorem establishes a complexity bound for Algorithm 3 to compute an -SSP of
problem (1) under the assumption that the tail exponent « is known. Its proof is deferred to Subsection
5.4.

Theorem 5 (complexity with known «). Suppose that Assumptions 1 and 3 hold. Let fiow, L1, o,
«, and L be given in Assumption 1 and 3, and define

My :=2(f(2%) = fiow + 0%+ L1/2 4 2@ V(q —1)(2/a)¥ @Y £ 12(L + LY) + 120%).  (27)

Let {xF} be generated by Algorithm 8 with input parameters {(ny,0;)} given by

1

= 0, = FEiEE] vk > 0. (28)

Then, for any € € (0,1), it holds that E[||V f(z%)||]] < € for all K satisfying

2(2a — 1)M, In (2(2a - 1)Ma>)(20—1)/(a—1) 3}

VszaX{( (a—1)e (a—1)e

where v is uniformly drawn from {0,..., K — 1}.

The following theorem establishes a complexity bound for Algorithm 3 to compute an e-SSP of
problem (1) without requiring prior knowledge of the tail exponent «. Its proof is deferred to Subsection
5.4.

Theorem 6 (complexity with unknown «). Suppose that Assumptions 1 and 3 hold. Let fiow, L1,
o, a, and L be given in Assumption 1 and 3, and define

M, = 2(f($0) - flow +0% + L1/2)7 (29)
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—

M, =22 V(@ = 1)(2/a)® @D £ 12(L§ + L*) + 126%). (30)

Let {x*} be generated by Algorithm 3 with input parameters {(ny,0;)} given by

1

e = O =

Then, for any € € (0,1), it holds that E[||V f(z*%)||]] < € for all K satisfying

12Ma n (12Ma>>3’ ((604]/\4\(1 | <(6a]/\4\a6))3a/(2(a1))’3}’

KZmaX{( a—l)en a—1)

€ €

where v is uniformly drawn from {0,..., K —1}.

Remark 5. From Theorems 5 and 6, we observe that under Assumptions 1 and 3, Algorithm 3 achieves
a first-order oracle complexity of (5(6*(20‘*1)/(6“*1)) for finding an €-SSP of problem (1) when the tail
exponent a is known, and (5(6‘30‘/(2(0‘_1))) when « is unknown. The complexity bound for the known-«
case matches, up to logarithmic factors, the best-known results in [22, 34/, while the bound for the
unknown-a case is, to the best of our knowledge, new to the literature. Moreover, these are the first
complexity results established under the weakly average smoothness condition stated in Assumption 3.
This condition generalizes and relazes both the almost sure Lipschitz condition (see (4)) used in prior
works on SFOMs under heavy-tailed noise [22, 34/, and the commonly adopted mean-squared smoothness
assumption [6, 7, 19].

4 Numerical experiments

In this section, we present preliminary numerical experiments to evaluate the performance of Algorithm 1,
Algorithm 2 with ¢ = 1, and Algorithm 3, abbreviated as NSFOM-PM, NSFOM-EM, and NSFOM-RM,
respectively. We compare these methods with clipped SGD [29, 36] and the adaptive coordinate-wise
clipping algorithm proposed in [36], abbreviated as GClip and ACClip, respectively. The experiments
are conducted on three problem classes: a data fitting problem (Subsection 4.1), a robust regression
problem (Subsection 4.2), and a multimodal contrastive learning problem (Subsection 4.3). The first two
are run on a standard PC equipped with a 3.20 GHz AMD R7 5800H processor and 16 GB of memory,
while the last is executed on a server with an NVIDIA A100 GPU (80 GB). The code for reproducing
our numerical results is publicly available at: https://github.com/ChuanH6/SFOM-HT.

4.1 Data fitting problem

In this subsection, we consider the data fitting problem:

min {f(x) = Zm: (s(af z) — bi)2}7 (32)

z€eR™
=1

where s(t) = e'/(1 + €') is the sigmoid function, and {(a;,b;)}1<i<n C R" X R denotes the given
dataset. We simulate the noisy gradient evaluations by setting the stochastic gradient estimator as
G(x;€) = Vf(z) + &e, where e € R™ is the all-ones vector and £ € R is drawn from a heavy-tailed
distribution with density function p(t) = 3/(4(1 + [t|)®/?). One can verify that such G(-;€) satisfies
Assumption 1(c) for every a € (1,1.5), and that the ath central moment of G(-;¢) is unbounded for all
a > 1.5.
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For each pair (n,m), we randomly generate a;, 1 < i < m, with all entries independently drawn from
the standard normal distribution. We also generate a ground truth solution z* in the same manner and
set b; = s(aiTx*) + 107 %¢; for each 1 < i < m, where e;’s are independently drawn from the standard
normal distribution.

We apply NSFOM-PM, NSFOM-EM,NSFOM-RM, GClip, and ACClip to solve problem (32). All
methods are initialized at the zero vector. We compare them based on two metrics: the relative objective
value gap (f(z%) — f*)/(f(2°) — f*) and the relative gradient norm ||V f(z*)|/||V f(2°)||, computed over
the first 500 stochastic gradient evaluations. Here, f* denotes the minimum objective value found during
the first 600 stochastic gradient evaluations across all methods. The algorithmic parameters are tuned
according to the following strategy:

e For NSFOM-PM, NSFOM-EM, and NSFOM-RM, the step sizes and momentum parameters are
chosen according to Theorems 1, 3, and 5, respectively, with a = 1.5. For NSFOM-EM, the
extrapolation parameters are set equal to the momentum parameters in accordance with (24) with
qg=1.

e For GClip and ACClip, the step sizes and clipping thresholds are set as {(k+1) %1} and {(k+1)752},
respectively, where 51 > 0 and 32 € R are tuned to optimize the empirical performance of each
method. For ACClip, the momentum parameters are set as {(k + 1)7}, where 3 is likewise
tuned to optimize its empirical performance.

The tuned values of the algorithmic parameters are reported in Appendix A.

o (n,m) = (50,500) (n,m) = (100,1000) (n,m) = (200,2000)
o 10°: — NSFOM-PM E [
3 ; —— NSFOM-EM
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g
5 107!
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L
Q
o
]
2
T 1072
[ E ‘ i i = ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
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Figure 1: Convergence behavior of the relative objective value gap (first row) and relative gradient norm
(second row) for all the methods when solving problem (32).

For each pair (n,m), we plot the relative objective value gap and the relative gradient norm in
Figure 1 to illustrate the convergence behavior of all the SFOMs. As shown in Figure 1, SFOMs with
normalization (namely, NSFOM-PM, NSFOM-EM, NSFOM-RM) consistently outperform SFOMs with
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clipping (namely, GClip and ACClip) after an early stage of the iterations. This may be because gradient
normalization allows a larger step size than gradient clipping when the stochastic gradient norm is
below the clipping threshold. Furthermore, among the normalized variants, those using extrapolated
momentum and recursive momentum converge faster than the one using Polyak momentum. Notably,
the normalized SFOM with recursive momentum achieves the best performance, even outperforming the
extrapolated momentum variant. These observations are consistent with our theoretical results.

4.2 Robust regression problem

In this subsection, we consider the robust regression problem:

m N
min {0 = 323 elehie b)), 3)
where ¢(t) = t2/(1 + t2) is a robust loss function [3], and {(a, bix)}1<i<y CR® X R, 1 < k < m, is the
kth batch of the training set. We consider this problem on three real datasets, ‘red wine quality’, ‘white
wine quality’, and ‘covtype’ from the UCI repository.* For each dataset, we rescale both the features
and predictions to lie in [0, 1], and set the batch size N = 100.

We apply NSFOM-PM, NSFOM-EM, NSFOM-RM, GClip, and ACClip to solve (33). All methods are
initialized at the zero vector. Similar to Subsection 4.1, we compare these methods in terms of the relative
objective value gap and the relative gradient norm, defined respectively as (f(z*) — f*)/(f(z%) — f*)
and ||V f(2F)||/||V.f(x°)|, over the first 500 stochastic gradient evaluations, where f* is the minimum
objective value found during the first 600 stochastic gradient evaluations across all the SFOMs. The
algorithmic parameters are chosen according to the following strategy:

e For NSFOM-PM, NSFOM-EM, and NSFOM-RM, we choose the step sizes and the momentum
parameters as {(k 4 1)7%1} and {(k 4+ 1)752}, respectively, with £1, B2 > 0 tuned to optimize the
empirical performance of each method. For NSFOM-EM, the extrapolation parameters are set
equal to the momentum parameters, in accordance with (24) with ¢ = 1.

e For GClip and ACClip, the algorithmic parameters are chosen following the strategy described in
Subsection 4.1.

The tuned values of the algorithmic parameters are reported in Appendix A.

For each dataset, we visualize the distributions of gradient errors and Lipschitz constant estimates,
compared against a normal distribution (QQ-plot) in Figure 2, to illustrate their heavy-tailed behavior.
This visualizations partly justify the heavy-tailed noise condition in Assumption 1(c) and the weakly
average smoothness condition in Assumption 3 when solving the regression problem (33).

In addition, for each dataset, we plot the relative objective value gap and the relative gradient norm in
Figure 3 to illustrate the convergence behavior of all the SFOMs. From Figure 3, we observe that SFOMs
with normalization (namely, NSFOM-PM, NSFOM-EM, NSFOM-RM) consistently outperform SFOMs
with clipping (namely, GClip and ACClip) after an early stage of the iterations. This may be because
gradient normalization leads to a larger step size than gradient clipping when the stochastic gradient
norm is below the clipping threshold. We also observe that the normalized SFOMs with extrapolated
and recursive momentum are faster than the SFOM with Polyak momentum, while the SFOM with
recursive momentum outperforms the SFOM with extrapolated momentum. These observations align
with our theoretical results.

4see archive.ics.uci. edu/datasets
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Figure 2: Distributions of gradient errors |G (x; &) — V f(x)|| (first row) and Lipschitz constant estimates
|G (y; &) — G(x;€)||/lly — x| (second row) compared against a normal distribution (QQ-plot), when
solving (33). Here, the gradient errors are calculated for the first epoch of optimization, and the Lipschitz
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for all methods.
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4.3 Multimodal contrastive learning problem
In this subsection, we consider the multimodal contrastive learning problem (see [27]):
m N T , T ,
min _ZZ (hl ( I\?Xp(fxz(azk) fQJT(blk)/T) > +1n ( ]\Exp(fml (azk) flUT(bzk?)/T) ))7 (34)
RibereR™ i3 ijl exp(fu; (aix)T for (bjx)/T) ijl exp(fa; (@) fur (bik)/T)

where {(aik, bir) h1<i<n, 1 < k < m, denotes the image-caption pairs for the kth batch of training dataset,

€

fz, and fg, are the image and text encoders, respectively, and 7 > 0 is a temperature parameter. Here,
we consider problem (34) on three real text-image datasets, Flickr [26], MSCOCO [20], and CC3M [31],
and choose the network structure for image encoder f;, and text encoder f;, as ResNet50 [12] and
DistilBERT [30], respectively.

We apply NSFOM-PM, NSFOM-EM, NSFOM-RM, GClip, and ACClip to solve problem (34). We
use the same initial weights for all methods as those of the pretrained models ResNet50 and DistilBERT.
Similar to Subsection 4.1, we compare these methods in terms of the relative objective value gap and
the relative gradient norm, defined respectively as (f(z*) — £*)/(f(2®) — f*) and ||V f(2®)||/||V f(z°)],
over the first 50,000 stochastic gradient evaluations, where f denotes the objective function of (34) and
f* is the minimum objective value found during the first 60,000 stochastic gradient evaluations across
all the SFOMs. The other algorithmic parameters are chosen according to the strategy described in
Subsection 4.2. The tuned values of the algorithmic parameters are reported in Appendix A.

Flickr MSCOCO CC3M
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0.10- i
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. I N . P |
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s 0.125- 0.10-
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d*ll II % % alanm -1 r—— 1
15 20 0.00077 20 30 20 00077, 20 30 40
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Figure 4: Distributions of gradient errors ||G(x; &) — V f(x)|| (first row) and Lipschitz constant estimates
|G(xz;€) — G(y; )|/ |lx — y|| (second row) compared against a normal distribution (QQ-plot), when
solving (34). Here, the gradient errors are calculated for the first epoch of training, and the Lipschitz
constant estimates are taken over every two consecutive iterates within the first epoch of training for all
methods.

For each dataset, we visualize the distributions of gradient errors and Lipschitz constant estimates,
compared against a normal distribution (QQ-plot) in Figure 4, to illustrate their heavy-tailed behavior.
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These visualizations provide partial justification for the heavy-tailed noise condition in Assumption 1(c)
and the weakly average smoothness condition in Assumption 3 when solving the multimodal contrastive
learning problem (34).
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Figure 5: Convergence behavior of the relative objective value gap (first row) and relative gradient norm
(second row) for all the methods when solving problem (34).

In addition, for each dataset, we plot the relative objective value gap and the relative gradient
norm in Figure 5 to illustrate the convergence behavior of the SFOMs. From Figure 5, we observe
that the normalized SFOMs (namely, NSFOM-PM, NSFOM-EM, NSFOM-RM) outperform the clipped
SFOMs (namely, GClip and ACClip) after an early stage of iterations. This is likely because gradient
normalization allows a larger step size than gradient clipping when the stochastic gradient norm falls
below the clipping threshold. We also observe that the normalized SFOMs with extrapolated and
recursive momentum converge faster than the SFOM with Polyak momentum, while the SFOM with
recursive momentum slightly outperforms the one with extrapolated momentum. These phenomena are
generally consistent with our theoretical results.

4.4 Comparison over different algorithmic parameters of the normalized SFOMs

In this subsection, we investigate the performance of the normalized SFOMs (namely, NSFOM-PM,
NSFOM-EM, and NSFOM-RM) under different choices of algorithmic parameters.

We begin by comparing the performance of the normalized SFOMs under different algorithmic pa-
rameter choices for solving the data fitting problem (32). Specifically, we consider three parameterization
strategies. First, we apply the normalized SFOMs with a = 1.5, using the parameter settings specified
in Theorems 1, 3, and 5. Second, we artificially treat . as unknown and apply the normalized SFOMs
with the parameter settings given in Theorems 2, 4, and 6. Third, again treating « as unknown, we
apply the normalized SFOMs with the parameter settings specified in Theorems 1, 3, and 5, but with a
grid of trial values for a. We plot the relative objective value gap and the relative gradient norm in
Figure 6 to illustrate the convergence behavior of the normalized SFOMs under different parameter
choices. As shown in Figure 6, the parameter settings based on a = 1.5, as prescribed in Theorems 1,
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Figure 6: Convergence behavior of the relative objective value gap (first row) and relative gradient norm
(second row) for the normalized SFOMs when solving problem (32) with (n, m) = (200, 2000).
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Figure 8: Convergence behavior of the relative objective value gap (first row) and relative gradient norm
(second row) for the untuned normalized SFOMs and tuned SFOMs when solving problem (34) on the
Frlick dataset.

3, and 5, achieve the fastest convergence among all tested configurations. This result demonstrates
that aligning o with the gradient noise level leads to superior practical performance compared with
alternative parameter selections.

We next compare the performance of the tuned SFOMs (namely, tuned NSFOM-PM, NSFOM-EM,
NSFOM-RM, GClip, and ACClip) and the untuned normalized SFOMs (namely, untuned NSFOM-PM,
NSFOM-EM, and NSFOM-RM) for solving the robust regression problem (33) and the multimodal
contrastive learning problem (34). For the tuned SFOMs, algorithmic parameters are selected as described
in Subsection 4.2. For the untuned SFOMs, the parameters are chosen according to Theorems 2, 4,
and 6. The performance of the tuned and untuned methods on problems (33) and (34) is reported in
Figures 7 and 8, respectively. From Figure 7, we observe that when solving problem (33) on the White
Wine Quality dataset, the performance of the normalized SFOMs deteriorates when the algorithmic
parameters are untuned, and can even be inferior to that of the tuned GClip and ACClip methods.
Similarly, Figure 8 shows that for problem (34) on the Flickr dataset, the performance of the normalized
SFOMs also degrades when the parameters are untuned. In this setting, the untuned normalized SFOMs
perform worse than the tuned ACClip, while still slightly outperforming the tuned GClip.

Finally, we compare Algorithm 2 with ¢ = 1,2, and 3 for solving problems (32), (33), and (34),
respectively, under a fixed maximum computation time (in seconds). Specifically, for problem (32), we set
(n,m) = (100, 1000) and randomly generate instances in the same manner as described in Subsection 4.1.
For problems (33) and (34), we use the White Wine Quality and Flickr datasets, respectively. For
each value of ¢, we set the step sizes {n;} and the extrapolation parameters {7} of Algorithm 2 to
{(k+ 1)1} and {t~2(k + 1)~72}, respectively, where 31,32 > 0 are tuned individually to optimize
empirical performance. The tuned values of the algorithmic parameters are reported in Appendix A. In
addition, the weighting parameters ) ; are chosen by solving (24). The performance of Algorithm 2 is
reported in Figure 9. As shown in Figure 9, Algorithm 2 with ¢ = 2 or 3 generally outperforms the case
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Figure 9: Convergence behavior of the relative objective value gap (first row) and the relative gradient
norm (second row) for Algorithm 2 with different values of ¢ when solving problems (32), (33), and (34).

q = 1. Moreover, Algorithm 2 with ¢ = 3 often exhibits worse performance compared with ¢ = 2. This
phenomenon may be due to the fact that the per-iteration computational cost appears to increase more
rapidly than the acceleration gain provided by the extrapolation scheme when increasing ¢ from 2 to 3.

5 Proof of the main results

In this section, we present the proofs of the main results stated in Section 3, namely, Theorems 1
through 6.

5.1 Proof overview and technical lemmas

This subsection provides an overview of the proof strategy for the main results and introduces the
technical lemmas that will be used throughout the analysis.

We derive the complexity bounds of Algorithms 1, 2, and 3 in a unified manner by establishing the
descent of a potential sequence defined as

Pr = f(a) + pellm® — V) vk >0, (35)

where the sequence {(z*,m*)} is generated by the corresponding algorithm, and {p;} is a sequence
of positive scalars specified separately for each case. The descent of the potential sequence {Pj}
is established by combining the descent properties of the function value sequence {f(z¥)} and the
gradient estimation error sequence {|[m* — V f(2*)||*}. Specifically, the descent property of {f(z*)} is
derived in Lemma 4 by analyzing the update along a normalized direction. The descent property of
{||m* — WV f(2*)||*} is derived based on the choice of momentum scheme (see Lemmas 6, 11, and 15).
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The following lemma provides an expansion for the a-power of the Euclidean norm, generalizing the
well-known identity ||u+v||? = [Ju||? + 2uTv +||v]|? and inequality ||u+v|* < (1+¢)||lul|? 4+ (1+1/c)|jv||?
for all u,v € R™ and ¢ > 0. It will be used repeatedly to derive the descent properties of the gradient
estimation error sequence {||m* — V f(z*)||*}.

Lemma 1. For any o € (1,2], it holds that

lu+ ol < Jlull® + aful*"*uv + 20| Vu,v e R, (36)
Ju+o|* < (1 +e)|ull®+ 24+ (a—1)*"te =)o) Vu,v € R", ¢ > 0. (37)

Proof. Let a € (1,2] be arbitrarily chosen, and ¥ (w) = ||w|® for all w € R"™. It follows from [28,
Theorem 6.3] that

IVp(w') = Vi (w?)|| < 22 afw! —w?||*7 Vo' w® € R™
By this, one has that for any u,v € R”,
[h(u 4 v) — P(u) — Vip(u \/ (Vip(u + tv) = Vip(u)) T vdt
1
< /0 VY (u+tv) = Vi(u)||de - [v]] < 22_“@/0 [to]|*tde - o]l = 227 lo]|1*,

This along with o € (1,2] and the fact that (w) = ||w||* and Vi (w) = afw||* 2w implies that (36)
holds. We next prove (37). Let o/ = a/(a — 1). By the Young’s inequality, one has that for all ¢ > 0,

)t (allvll/(e)V) e (a= DA e
; + = c|lu||* + o ,
a a c

/
cx
a2y < L)

which together with (36) implies that (37) holds. O
The following lemma provides an estimation of the partial sums of series.

Lemma 2. Let ((-) be a convex univariate function. Then it holds that Zl;:a ¢(r) < fbjll//g C(r)dr for
any integers a,b satisfying [a — 1/2,b+ 1/2] C dom (. Consequently, one has
zb:1<{ln(b—l—%)—ln(a—%) if B =1,

B> 1— 1- .

P ()T (e 9)"7) e (0. U oo).

Proof. Let a,b be integers satisfying [a — 1/2,b + 1/2] C dom . Since ¢ is convex, one has ((1) >
C(r) +sT(r —r) for all s € 3¢(r) and r € [a,b]. It then follows that

(38)

r+1/2 r41/2
/ ((r)dr > / (Cr) + 57 (r — 1)) dr = (1),

—1/2 —1/2

which implies that Z?:a (r) < ZT u fT+11//22 = f;fll//j ¢(7)dr. By this and ¢(7) = 1/7°, one can

see that (38) holds. O
We next provide a lemma that will be used to derive complexity bounds subsequently.

Lemma 3. Let 8 € (0,1) and u € (0,1/e) be given. Then v™PInv < 2u/B holds for all v >
(w™ In(1/u))"/5.
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Proof. Fix any v satisfying v > (u~'1In(1/u))"/?. It then follows from u € (0,1/e) that
v > (u M n(1/u)/? > VP, (39)

Let ¢(1) = 77 In7. It can be verified that ¢ is decreasing on (e'/#,00). By this and (39), one has that

0P = 6(0) < o((u In(1/u) /%) = § (14 Sl ) < 2

where the last inequality follows from Inln(1/u) < In(1/u) due to u € (0,1/e). Hence, the conclusion of
this lemma holds. O

We next establish a descent property for f along a normalized direction.

Lemma 4. Suppose that Assumption 1 holds. Let x,m € R™ and n > 0 be given, and let x7 =
x —nm/||ml|. Then we have

Ly
F@) < f@) =l V@) + 20V F(z) = ml| + 5,
where Ly is given in Assumption 1(b).
Proof. Using (7) with y = 2™, we obtain that

Ly
2

= f(z) +m" (2" —2) + (Vf(x) =m)" (2" —2) + %Hf’ —z|?

lz7 — |

(
Fe) € )+ Vi) @ - a) +

= @) = nlmll = (V1) = m) T+ S < (@) = wllm] -+ 0]V @) = m] + G

< f(@) =l £ + 2V F (@) ] + 2

where the second equality follows from z+ = x — nm/||m||, the second inequality is due to the Cauchy-
Schwarz inequality, and the last inequality follows from the triangular inequality |m| > ||V f(z)| —
||V f(x) — m||. Hence, this lemma holds as desired. O

The following lemma provides an upper bound on the residual of the pth-order Taylor expansion of
Vf.

Lemma 5. Suppose that Assumption 2 holds. Let Ry(-,-) and L, be given in (6) and Assumption 2,
respectively. Then it holds that |R,(y, z)|| < Lplly — z||P/p! for all x,y € R™.

Proof. Fix any u € R™. Let ¢(x) = (Vf(z),u). By this and the definition of V"*! f(x)(h)", one has
D" p(z)[v]" = (V" f(z)(v)", u) Vi<r<p-1l,0eR" (40)
Using this and (5), we have
IDP " é(y) — Do)l < ullIDPf(y) = DPf(x)ll  Va,y € R™ (41)

Fix any z,y € R™. By Taylor’s expansion, one has

1
| = rpr ottty — )y — ot

p—2 1 1
oy) = d(x) + TZI Aol =l + oy
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1 1
)! /0 (1 — t)p_Q(Dp_ld)(x + t(y _ ZL‘)) _ po—ld)(x))[y B SU]p_ldt,

pil 1 Y T
= ¢(x) +T§:1HD o(x)[y — =" + TEN

Using this, (5), (40), and (41), we obtain that

p—1

(970) - 1) - 5 29 @0 - a7.) | 2 o) - o) — 5 L0otw)ly — a7

r=1 r=1

1 1
= oz [ -0 @ el + ty =) D ()l e

(5) 1

< ol [0 e sy ) - Dt
C Ly et /1<1 0P 2DP f(a + by — @) — DPf()|at
= (p oW I T v +ty—2)) -Df(x

1 ! 1
<—=L y—xpu/ 1— )P 2dt = = Ly|ly — z||P||ul|,
gl =Pl [ =) ~Lolly = =Pl

where the last inequality follows from Assumption 2, and the last equality is due to fol(l —t)P72tdt =
1/(p(p — 1)). Taking the maximum of this inequality over all v with [|u|| < 1, we conclude that this
lemma holds. O

5.2 Proof of the main results in Section 3.1

In this subsection, we first establish several technical lemmas and then use them to prove Theorems 1
and 2. The following lemma presents a recurrence relation for the estimation error of the gradient
estimators {m*} generated by Algorithm 1.

Lemma 6. Suppose that Assumption 1 holds. Let {(ack,mk)} be the sequence generated by Algorithm 1
with input parameters {(nk,0r)}. Then we have

Ece[[m* = V(@[] < (1= 6)m* = V(@) + BLEnR6,~ + 20707 VE>0,  (42)
where L1, o, and a are given in Assumption 1.
Proof. Fix any k > 0. It follows from (8) that
M v f (R ®) (1 — 0)mF + 0,.G (a1 M1y - v f(ah+)
= (1= 0p)(m" = Vf(@") + (1 = 0)(VF (") = V(") + 0,(G 651 — V(). (43)

Observe from Algorithm 1 and Assumption 1 that ||z —2¥|| = ng, Bgret [G(aP T M) =V f (28] = 0,
Eeen [|G(zF T €81 — U f (2FH1)||*] < 0, and |V f(2F) — V£ (2FT1)|| < Ling. Using these, (36), (37),
and (43), we obtain that for all ¢ > 0,

Egria[lm*™ ! — Vf(z*1)]|]
D Eqall (= 00" = VM) + (1= (V1) = VIEH) + 0G5 €5 = V@)
01— 0 — V) + (1 - 0)(V ) — T

+ 2Brin [[| 0 (G (21 1) — W f (2R 1)) ||
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7 (L+ o)L =) m" = Vf(@®)[* + (2 + (@ = D)) (L = )|V f(2¥) = VF()|* + 2067
< (L4 )L =) [m* = VF(@®)[* + LT (2 + (a = 1)* e m) (1 - 6) 1 + 20°6¢, (44)
where the first inequality is due to (36) and Egrs1 [G(zFHE; €FH) — ¥ f(271)] = 0, the second inequality
is due to (37) and Egeri [|G(zF T €F) — Vf(a511)[|*] < 0, and the last inequality follows from
2+ — 2| =y, and ||V f(2*) = Vf(@* )] < L.

When ), = 1, (42) clearly holds. For 6 € (0,1), letting ¢ = (1 — 0)!~% — 1 in (44), and using the
fact that a € (1, 2], we have

St Dl A (a—elk)a—l 1) (1_@1_1)@ -

(1= (a—=1)f\o1 a
= ((a——l)ﬁkk) < ((a = 1)),

where the first inequality follows from (1 — 7)? < 1 — 87 for all 7 € (—o00,1) and S € [0, 1]. Combining
this inequality with (44), one has

B [|mF = W (21| < (1= 0p)[|m* = V(@) | + L§ (2 + 6,7V (1 = 6x) g + 20767,
which together with 0 € (0,1] and « € (1, 2] implies that (42) holds. O
The following lemma establishes a descent property for the potential sequence {Py} defined below.

Lemma 7. Suppose that Assumption 1 holds. Let {(x*,m*)} be the sequence generated by Algorithm 1
with input parameters {(nk,0k)}, and L1, o, and « be given in Assumption 1, and let {Py} be defined in
(35) for {(z*,m*)} and any nonincreasing positive sequence {py}. Then it holds that for all k > 0,

(a — 1)(2n/r)®/ (@D
(Opr) '/ (@1

L
Ecks1[Pri1] < P — e[V F (@) + Zonf +

5 + 3150, 0 pr + 20%00p. (45)

Proof. Fix any k > 0. By Lemma 4 with (2,2, m,n) = (¥, 2%, mF, 1), one has

FE) < f@) = V()| + 20|V f (@) — m|| + %ni- (46)

Combining this with (35) and (42), we obtain that

35 a
Egens [Prsn] 2 Benn[F(251) + pya [mH = V £(aH )]
(42)(46) L
< S@R) =l VF @)+ 2] VS () ]+ g

+ (1= )piral[m® = V(@) + BLEG, 11 + 200 iyt

L
< f@®) =l F @)+ 2061V F () = m"| + 7177;3

+ (1= G)pellm® — V(2| + 3L, “nipy + 206} pr., (47)

where the last inequality follows from the fact that {py} is nonincreasing. In addition, letting o/ =
a/(a — 1) and using the Young’s inequality, we have

(@) V[V 1) = mH)* - (20/(abgi) /)™

2 By —mF| <
||V f(x") —m™|| < 5 o

24



_ B ke, (= 1))
= Owpr||V f(27) — m™[|* + Oéa/(a_l)(ekpk)l/(a_l)‘

This together with (47) implies that

L
Egu [Pria] < f(2¥) + pellm® = 95(N)|° = |V £ )| + o

(a — 1)(2ng)~/ @D
@/ @=1) (G, p) /@D

+ 3L50, 0 pr, + 20°07 pi.

The conclusion (45) then follows from this and (35). O
We are now ready to prove Theorem 1.

Proof of Theorem 1. Let {(z¥, m")} be generated by Algorithm 1 with {(nx,0%)} given in (10), and
{P..} be defined in (35) with such {(z*, m*)} and the following {py}:

Dy = (k + 1)(01 —3a+2)/(3a—2) Yk > 0. (48)

Since « € (1, 2], one can see that {py} is nonincreasing. Also, observe from (10) that {n} C (0, +00) and
{0r} C (0,1]. Hence, {(nk, Ok, pr)} satisfies the assumptions in Lemma 7 and Algorithm 1. In addition,
by (35) and (48), one has that

E[Po] = f(2°) + poE[|m® — Vf(2°)[*] = f(2°) + E[|G(2"€") = V()| < f(”) + 0%, (49)
E[Pk] = E[f(z") + pc|[m™ = V(@ )||"] > E[f @")] > fiow- (50)
Taking expectation on both sides of (45) with respect to {§i}fiol, we have
9 a/(a—1)
B{Prsr) < B{P = (V£ ) + G+ R L6l e+ 2070 V>0,

Summing up this inequality over k = 0,..., K — 1, and using (49) and (50), we obtain that for all K > 1,

0)
flow >~ [pK]
K-1 K—1
(o — 1)(2my)/ (@1 -
Z BV F ()l + o Ty + 3Ly, “nipr + 20%0; py
k=0 =0 ( T ol D (Orpy) /(@) )
(49) 0 N K-1 i
< f@®) + 0% —nx-1 Y EIVF(")]]
k=0
K-l a/(a—1)
2 a_l)(an) a apl—a o apa
* “ < T el ) (g ey T 3Lk kP 20 9kPk>7 (51)

where the last inequality follows from (49) and the fact that {nx} is nonincreasing. Rearranging the
terms in (51), and using (9), (10), and (48), we obtain that for all K > 3,

1 K-1

K& E[||V f(z")]]

(51) f(:UO) — frow + 0 K-1 a_l)(an)Oé/(oc—l) -

T Kinxa K77K : ko( 0o/ (Gppp) i) 210k TP 20 )
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10)48) f(2°) = fiow + o
- K(a—l)/(3a—2)

(o —1)(2/a)*/ @~V 4 31§ + 20
+ /(3a—2) Z < ]{7+ 1 2(2a 1)/(3a—2) - kE+1 )

< 20/(@°) — frow + 0%+ L1 + (a - D)(2/a)*/@) £ 3L¢ +20°)In K () MoInK
= K(a—1)/(3a-2) K(a—1)/3a=2)’

Where the second inequality follows from Z 1 /(k+1) < 2InK due to (38) and K > 3, and
o 1/(k+1)2Ce-1D/Ba=2) < (30— 2)20/(Ba=2) /a < 4 due to (38) and (3 —2)/a € (1,2]. Recall that
LK is uniformly selected from {0, ..., K — 1}. It then follows from this and the above inequality that

K-1
1 Mi,In K
[va LK H § E va || = m VK > 3. (52)
k:O

In addition, by Lemma 3 with (5,u,v) = ((o« — 1)/(3a — 2), (o« — 1)e/(2(3cc — 2) M ), K'), one can see
that

K—(a—l)/(Ba—Z) nK <

Y

230 — 2)Miq . /2(30 — 2)Mya\\ Ba—2)/(a—1)
> ) )
VK ( (a—1)e n < (a—1)e ))

1,
which together with (52) implies that Theorem 1 holds. O
We next prove Theorem 2.

Proof of Theorem 2. Let {(z¥, m")} be generated by Algorithm 1 with {(nx,0%)} given in (12), and
{P:} be defined in (35) with such {(z*, m*)} and the following {py}:

pi = (k 4 1)@ 00t0/M0) g >, (53)

Since « € (1,2], one can see that {p;} is nonincreasing. Also, observe from (12) that {n} C (0, +00)
and {0} C (0,1]. Hence, {(n, Ok, px)} defined in (12) and (53) satisfies the assumptions in Lemma 7
and Algorithm 1. By (12), (53), and similar arguments as those for deriving (51), one has that for all
K>1,

K-1

frow < f(2°) + 0% —nx 1 Z E[||V £ (*)]]

K—
—1)(2m, )/ (@)
o5 (g 200w

T R 1) (Gpp) /@D

H

+ 3LE0 Oy + 2aae;§pk).
k=0

Rearranging the terms of this inequality, and using (11), (12), and (53), we obtain that for all K > 3,

1 K-1
= 2 BV

k=0
o @) = fow +0 KZl( (= D)™ o agicaar L gsage )
B Knr—1 K77K 1= t el D (0p) /(@1 1Y% "k Pk T 20Uk Pk
(12)(53) f(2°) = fiow +0°

- K1/4
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(o —1)(2/)/(@=1) 4 25> 3L¢
K1/4 Z ( k+ 1 3/2 (k_‘_ 1)(5&*2)/(4&) + (k._|_ 1)(704—012—2)/(404))

< F(2%) = flow + 0@ R L1/2+ 3L+ (o — 1)(2/04)04/(04*1) 4 20"‘)[((2*01)/(404)
< T I b4 )

2(f(2°) = fiow + 0 + L1/2+ 3L In K 2((o — 1)(2/)®/ (@) 4+ 26 In K
K1/ + K(a—1)/2a)

1) MioInK M ,InK

- T K4 Ka—1)/(2a)

<

where the second inequality follows from (5a 2)/(4a) <1 and (Ta—a? —2)/(4a) > 1 due to a € (1,2],
and the last inequality follows from Zk '1/(k+1) <2In K due to (38) and K > 3. Recall that ¢ is
uniformly selected from {0, ..., K — 1}. It follows from this and the above inequality that

K-1 -~ -
. 1 o MiaginK  MiaInK
E[|Vf ()] = 2 Y BV < = o VK > 3. (54)
k:()

K1/4 K (a=1)/(2a)

In addition, by Lemma 3 with (8,u,v) = (1/4, e/(lGMLa),K) and (B,u,v) = ((a — 1)/(2a), (v —
1)e/(8al o), K), one can see that

16 M, 16 M0\ \ 4
K Vimk < —< VK2< 0 l’aln< 0 M)) ,
2M17a € €
K (a=1)/Q2) 1y K < _ VK > ( 8aMi,q ( 8aM o ))205/(06_1)7
T 2M, ~ \(a—1)e (v —1)e
which together with (54) imply that Theorem 2 holds. O

5.3 Proof of the main results in Section 3.2

In this subsection, we first establish several technical lemmas and then use them to prove Theorems 3
and 4.

Before proceeding, we present the well-known Weierstrass product inequalities (see, e.g., [17]). For
any given {a;};"; C (0,1), it holds that

1Zat§H(1at)§1+z§ni- (55)

We next present an auxiliary lemma that will be used subsequently.
Lemma 8. J] o (1 — t2/s%) = (—1)!=1/2 holds for any positive integer t.

Proof. Fix any positive integer ¢. Let ¢(a) = [[5 54(1 — a®/s?) for any a > 0. Observe that the
sequence {u,} is decreasing and u, > 0 when r > a + 1, where u, = [[,1c5c 50 (1 — a?/s%). This
implies that ¢(a) is well-defined for all @ > 0. In addition, it is well-known that the normalized sinc
function sin(ry)/(my) can be represented as the infinite product [[22,(1 — y?/s?) for all y € R. By this,
one can see that

[122,(1 —a?/s?) sin(ma)

¢la) = 1—a?/t? B ma(l — a?/t?) va#t
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It then follows that

sin(ra) .. cos(ma)  (—1)"!
i ola) = lim ) T T e T g (56)

where the second equality is due to L’Hopital’s rule. Thus, to prove this lemma, it suffices to show that
¢(a) is continuous at a = t. To this end, we define a sequence of functions {¢,} as follows:

o= J[ (-d*/s*) Vazo0

1<s<r,s#t

for each r > 1. We next show that ¢, converges uniformly to ¢ on [0,2¢t]. Indeed, let R € [4t,00) be
arbitrarily chosen, and fix any 71,y satisfying 79 > r; > R. Observe that

o) = dn@ = (1- T 0-as))| [ -a¥d| vacho2. (57

r14+1<s<rg 1<s<ry,8#t
In addition, one has
(55) e s a2 a2 a2
2/.2 2/.2 _
I a-d%s) >1- > @/sH=1- > T =l-—z1-3 Ya € [0, 21],
r1+1<s<rg s=ri+1 s=ri1+1
which, together with (57) and ro > r1 > R, implies that®
a®|1 (1—a?/s?)]

60, (0) — ) < TS

< a? Hlﬁsﬁ[a}—l,s¢t(a2/52 —-1) < 4t H1§s§2t71(4t2/82 —1) Va € [0, 21]

— R — R ) )

where the second inequality follows from (1 — a?/s?) € [0,1] for all s > [a], and the last inequality is
due to a < 2t. By this and the choice of r1, ro, and R, one can conclude that {¢,} converges uniformly
to ¢ on [0, 2t], which together with the continuity of ¢, for each r > 1 implies that ¢ is continuous on
[0, 2t]. Hence, one has ¢(t) = lim,—; ¢(a), which along with (56) and the definition of ¢ implies that
this lemma holds. 0

The following lemma provides a set of choices for (yy ¢, 0k,¢) that satisfy (24) and (25).

Lemma 9. Let {v} C (0,1/2] and a positive integer q be given, and

ngsg%s;&t(]‘ - 82/’}//{})

Vet = W/t?, Ot = VI<t<qhk>0. (58)
(t2/x) H1§sgq,s¢t((t2 —52) /%)
Then {(Vkt,0kt)} satisfies (24). Moreover, it holds that
Ay
< — <t< > 0.
EWMG(L+2m2%>CmJ%’%H 2 VI<t<qk>0 (59)

5H1§Sga]71’s#( 2/s% — 1) is set to 1 if a € [0, 1].
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Proof. Fix any k > 0. We first prove that {(yx+,60k+)} satisfies (24). For convenience, we denote the
coefficient matrix in (24) as

Vven Yz - 1/kg
2 2 2
_ Yk Wee o Yka| g

1/7}3,1 1/7)3,2 T 1/7]3711
In addition, we define a matrix V' € R9*?, whose t-th row [vy; - - vy consists of the coefficients of the
polynomial

a a—1/%
hi(a) = ngsgq’sﬂ( [hs) = Va4 vpa® 4+ vggr? V1<t<g,

(1/7%,t) H1§s§q,s¢t(1/%,t —1/9%,s)

which satisfies h¢(1/7v,+) = 1 and h(1/vk,s) = 0 for all s # ¢. By the definitions of hy, I', and V', one has

D1 013/7271 Dt ”18/72,2 Zgzlvls/’Yfz,q

VT — > 023/%‘271 D1 U2s/71§,2 ERD D U2s/7}3,q

_Zgzl qu/%i,l > “qs/’Y}zQ D D qu/’Yiz,q

[h1(1/vk1) P11/ vk2) - hi(1/Ykg)
ho(1/vk1) ho(1/vk2) -+ ho(1/Vkq)

i

a(Ues) ho(Ums) - ho(L/7)

where I is the ¢ x ¢ identity matrix. Hence, we have V = I'"!. In view of this and the definition of V/,
one can see that the solution to (24) is unique and can be written as

O 1 hi(1)
0 1 ho(1
2yt 2 ) (60)
Hk,q 1 hq<1)

which together with the definition of h; implies that {(V+, 0k )} satisfies (24).
To prove the first relation in (59), we first establish the following equality:

4q q
1 -1
D Oy=1- Ht:lq( [t = 1) (61)
1 [Ty 1/ ke
Notice from (60) that 0y, = he(1) for each 1 <t < q. Let h(a) = 37, ht(r). Tt then follows that
q
D 0= he(1) = h(1). (62)
t=1 t=1

Also, observe that hy(0) = 0 for 1 <t < q. By this, hy(1/7%:) =1 and hy(1/7;s) =0 forall 1 <s <gq
and s # t, one can see that h satisfies h(0) =0 and h(1/v;,:) =1 for all 1 <t < g. Using these and the
fact that 1/, 1 <t < g, are distinct, we conclude that h is uniquely given by

[T (1t — @)
Hg:1 1/%,7&
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which along with (62) implies that (61) holds as desired.
We are now ready to prove the first relation in (59). Substituting the definition of {7} given in
(58) into (61), we obtain

q 2
58 I1 (/v —1)
BUTREREE =e =1- 11 (1-%). (63)
til ngtﬁq( /’Yk) 1StSf1

It follows from (55) that

1—’7192 H( ) 1+’ykzl 1 (1/82)

1<t<q

Using these, (63), and the identity Y 52, (1/¢?) = 72/6, we obtain that

(1/t?) - 1
’Yk2 < 71<:Zt1 /) 2 SZ Zigﬂ%
1+72/6 1+, >.1,(1/t2) p

where the first inequality is due to v Yt (1/t?) < 72/6 and > 7_,(1/t?) > 1. The above inequalities
along with ~, € (0,1/2] implies that the first relation in (59) holds. In addition, by (58), 7% € (0,1/2],
and Lemma 8, one can see that for all 1 <t < g,

]._[1<s<q( %y — 1) . H1§s§q,s¢t(32/%) ' 1
ngsgq(32/’7kz) ‘ H1gsgq,s;ét((t2 —s2) /)| 2/ —1
ngsgq(l — /5%) 1 H1gs§q(1 — /5%) 1

a | ngsgq,s;ét(t2/$2 -1} /e —1"| Hle,s;ﬁt(t2/82 -] 2/ -1
. 2H1§s§q(1 - ’Yk/SQ) < 2 < 4&
tz/'yk—l _t2/’}/k—1 - 27
where the first inequality is due to [[] . +1(752 /s? —1)| < 1, the third equality follows from Lemma 8,

the second inequality is due to [[; ., (1 — Yk/8%) € (0,1), and the last inequality is due to v € (0,1/2]
and ¢t > 1. Hence, the second relation in (59) also holds, which completes the proof of this lemma. [

The next lemma shows that {(v,0k¢)} satisfying (24) can lead to the following important identity
that will be used for the subsequent analysis.

Lemma 10. Suppose that Assumptions 1 and 2 hold. Let R,(-,-) be defined in (6), and {z*} and {z**}
be generated by Algorithm 2 with input parameters ¢ =p — 1 and {(Vi¢, Ok,t)} satisfying (24), where p is
given in Assumption 2. Then it holds that for all k > 0,

Vi) = (1~ Zekt)w )+ Zektw (M) 4 Ry (2P o Zakﬂz FELE 2F). (64)
Proof. Fix any k > 0. It follows from (13) with ¢ = p — 1 that
1
DAL L (L)) Vi<t<p-1. (65)
Ykt
By this and (24), one has that

V(i) @ (24 sy zp: <<

r=2 t= 17

p—1

) A -ty )
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p p—1 p
1 — 0 r r—
= VI =3 a1 30 e V) @ ety
r=2 =1 s (1= Dy
() @ £k +1 - 1 r k1 _ kyr—1 < Okt or g ky( bttt yr—1
F) =Y =V f(b)( D D) D e AU ")
r=2 (T 1) t=1 r=2 (T 1)
P
1 —
(1 _ Zth)Vf i ng V(R 4 (vf(xk—i-l) _ Z = 1)'vrf(xk)( kL gkyr 1)
=1 t=1 r=1 ’
1 p
_Zek,t<vf k41t k)( k+1,t .Tk)r—l)’
1 r=1
which along with the definition of R, in (6) implies that (64) holds. O

The following lemma presents a recurrence relation for the estimation error of the gradient estimators
{mF} generated by Algorithm 2.

Lemma 11. Suppose that Assumptions 1 and 2 hold. Let {(xk,mk)} be the sequence generated by

Algorithm 2 with input parameters ¢ = p — 1, {nr}, and {(Vrs, Ok)} satisfying (24) and (25). Then we
have

p—1
Egen[m™! = Vi@ )] < (1= 3 01y )Im* = Vf (b))
t=1

alLa(_

Zekt) ne? ( Z' ’”' ) p—1)°"10" Y |orel® Yk >0, (66)
P t=1

where Ly, o, «, p, and L, are given in Assumptions 1 and 2, respectively.

Proof. Fix any k > 0. It follows from (14), (64), and ¢ = p — 1 that

p—1 p—1
VI @) = m = (1= 37 000 ) (V(F) = mb) + 3 0 (VS () = G145 ehe)
t=1 t=1

p—1
+ Ry (zF 1 2k) — Z O Rp(2T10 by, (67)
t=1
Observe from Algorithm 2 and Assumption 1 that [z*+1 — 2F|| = ng, [|2M*5 — 28 = /e

Eeir1 [G(2FT R -V f(2MH10] = 0, and Egen [||V f(2FHH) — G(AEE M) [9] < 0@ forall 1 <t <
p — 1. Using these, (36), (37), (43), (67), and Lemma 5, we obtain that for all ¢ > 0,

Egrrt [ Vf(251) = m* o]

@ ‘(1—29,”) (Vf(z +ngt (VI = G )

]Eék+1 [

+ Ry (P 2%) — Z O Ry (241, xk)H }

«

2 (1= S0 8 a1 S 058
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+ 2E§k+1 [

]

p—1
’ Z Qk,t(Vf(Zk-&-l,t) N G(zk+1’t; §k+1))
t=1

(37) pl

< (140 (1= 300 IV ) — e
t=1

«

+ 24 (=12 )R

k+1 x ZektR k+1,t T )

+ 2E£k+1 [

’pzl O (V F(FF10) — G, gkﬂ))Ha}
t=1

p—1 a
< (40 (1=30000) IV ") = |
t=1
p—1

F 072 (o= D)) (R @ )| 4 Y [0l IRy (5, ) )

t=1

p—1
+2(p = D7 S ral B [V F (1) — GRS e o)
t=1

p—1 o
< (1 0)(1= D 0ha) IV F(F) = mp°
t=1

a—1l1a p—1 p—1
pi a— AT 4 ) “ a—1_«a «
P t=1 Tt t=1

where the first inequality is due to (36), and the fact that Egrsr [G(2FT1E ¢FF) — W f(2FH11)] = 0 for all
1 <t < p—1, the third inequality follows from || Y} w[|* < m* 1371 |lw||* because of the convexity
of || - ||, and the last inequality follows from Lemma 5, ||2¥+t1 — 2k|| = ny, ||2FF5 — 2F|| = g /954, and
Eeen [|Vf(2FT1) — G(FHE bt o] <o forall 1 <t < p— 1.

Letting ¢ = (1 — Zf;ll 0r+)' ™ — 1 in (68), and using Zf;ll Ot € (0,1) (see (25)) and « € (1,2], we
obtain that

S Ty R (e = vl A

t=1 ek,t
1= (a - )T et IR S PR
- ( (o= 1) 207 O ) = ((a 1);9’”) ’

where the first inequality follows from (1 —7)? <1 — 37 for all 7 € (—o0,1) and 3 € [0, 1]. Combining
the above inequality with (68), one can obtain that

p—1
Egent [V /(@) = m* o] < (1= 3 01 ) IV (@¥) = m¥|°
t=1

pa—lLoc p—1 _ | A t|a p—1
+ ‘)ap (2"‘ (Zek’t> ) ap( +Z > l)a_lgaz‘(gk,trxa
p t=1 =1 t=1
which together with ?;11 Ot € (0,1) and « € (1,2] implies that (66) holds. O

The following lemma establishes a descent property for the potential sequence {Py} defined below.
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Lemma 12. Suppose that Assumptions 1 and 2 hold. Let {(z*,m*)} be generated by Algorithm 2 with
input parameters ¢ =p — 1, {ng}, and {(Vr+,O0k)} satisfying (24) and (25). Let Ly, o, and « be given
in Assumption 1, p and L, be given in Assumptzon 2, and {Py} be deﬁned in (35) for {(z*,mk)} and
any positive sequence {py} that satisfies (1 — thl Ort)prs1 < (1=, t9k7,5/10)p/1€ for all k > 0. Then
it holds that for all k > 0,

— 1)(2n;,)*/ (@Y
E < o v k 1 2 (a
ék'H[Pk-FI] > Pk 77kH f(JZ‘ )” + ) U aa/(a—l)( p—l Hk t/lO)l (a—1)
3 o— 1La 1—a ’ kt‘ 1 p—1 .
+ Pk+1< E 9kt> <1+ E ) — 1) 0% g E 0k.|. (69)
t=1

Proof. Fix any k > 0. By Lemma 4 with (z7,2,m,n) = (.I'k+1, x*, m* n;), one has

FE*) < f@) =l V(@) |+ 20|V f (@) — m|| + 77719 (70)
Combining this with (35) and (66), we obtain that

35 )
Egrt1[Pr1] e Eerr1 [f(a"1) 4+ prga [[VF (2T = m* )

(66)(70)
< Fak) — mell V£ + 207 () — ]+ g+

p—1

1- Zek,t)pmnw(a:’f) —mt

3 a— lLa 1—a p—1 Hk
IV U R ( Z Or t) n;?p(l +> ,y(fp
t=1

)

[e%
)+2(p )t O‘101@+12|9kt|o‘

< SR = ml VIR + 2 VT — ¥+ a4 (1 Zek,t/lo)pk\\Vf<:ck> —mb|e
t=1

3a lLa

—a p—!
—+ pk+1(20k t) ( + Z | kt| ) ]-)ailo-apk—i-l Z ’9k,t‘a7 (71)
t=1 t=1

where the last inequality is due to (1 — Zf;ll Or.t)pK+1 < (1 — f;ll 01,/10)ps. In addition, letting
o = a/(a— 1) and using the Young’s inequality, we have that

(e S04 00 /L0 V I () = ) (2o ep X0 10/ 10))°

« o

(0= 129D
O (i 34 B [10) VD

21|V f (") — mF|| <
_ Pk Zt 1 9kt

IV f(2*) —m®)|* +

This together with (71) implies that

(o — 1) (2n)>/ @~ 1)
ac/(e=1)(p,, zf:—ll Or.1/10)1/(@=1)

L
Egr1 [Prep1] < f(2") + prllm® — V(@)% — ||V f ()] + 7177;3 +

3a lLa

p—1 p—1
l—a Or.t|* _
+ pk+1<29kt> n;‘;"’(l +> | ~aP ) +2(p— 1) 0% pryr Y [0kl
t=1 t t=1

The conclusion (69) then follows from this relation and (35). O

We next establish some properties for a specific choice of {(yx¢,0k¢)} and {px}, which will be used
to prove Theorem 3 subsequently.
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Lemma 13. Let {(Vr+,0k:)} be defined in (17) and (18), and let {py} be defined as
i = (k—+ 4)(p(afl)z*a+1)/(p(2a*1)+a*1) Vi > 0. (72)

Then (24) and (25) hold for such {(Vikt,0k+)}, and moreover, (1—2%:11 Ort) Pkt < (1— f;ll Or.t/10)pg
holds for all k > 0.

Proof. Fix any k > 0. Notice that pa/(p(2a — 1) +a —1) € (1/2,1) for all p > 2 and « € (1,2]. It then
follows from (18) that , = 1/(k + 4)Pe/(PRa=D+a=1) ¢ (0 1/2). By this, (17), and Lemma 9, one can
see that (24) and (25) hold for {(y,0k+)} that is defined in (17) and (18). In addition, observe that

_ 5yl p—1
1 Zt:{(glk,t/lo =1+ Qthl igllct > 1 4 Lt=1 7kt 92 ekt Z 1+ Ik -
1= 3707 Ot 10(1 = 3772 Ok,e) 10 10(1 + 72/6)
(18) 9 9
1 1 1 73
* 10(1 + 72/6)(k + 4)pa/ (p(2a—1)+a—1) s 10(1 +72/6)(k + 4) Z i 3(k+4) (73)

where the first inequality follows from Zf;ll Ok € (0,1), and the third inequality is due to pa/(p(2a —
1)+ a—1)<1forall p>1andac (1,2]. Also, note that

<

Pt 1\ (pla—1)2—a+1)/(p(2a—1)+a—1) 1 \1/3 1
Prrl - < -
(1 753) <( i) Ssae

Pk k+4
where the first inequality follows from (p(a —1)? —a +1)/(p(2a — 1) + a — 1) < 1/3 for all p > 1 and

a € (1,2], and the last inequality is due to (14 7)? <1+ 78 for all 7 > —1 and 8 € [0, 1]. The above
relation together with (73) implies that (1 — Ef;ll Or.t)Pr1 < (1 — f;ll 01.+/10)py, holds. O

We are now ready to prove Theorem 3.

Proof of Theorem 3. Let {(z*,m"*)} be generated by Algorithm 2 with {(nx, V¢, 0k:)} defined in
(16) and (17), and let {Px} be defined in (35) with such {(z*, m*)} and {p;} given in (72). By Lemma
13, one can see that such {(ng, Vi, Ok ¢, Dr)} satisfies the assumptions in Lemma 12 and Algorithm 2. In
addition, by (35) and (72), one has that

E[Po] = f(2°) + poE[[|m° — V £(2°)[|*]
< f(@) + 4PV et/ Rem e DR[| G (2% ¢0) - Vf(2°)[°] < (@) + 40, (74)

E[Px] = E[f(«") + px|m®™ = Vf(@™)|] 2 E[f(z")] 2 fiow, (75)
where the inequality in (74) is due to (p(a —1)? —a +1)/(p(2a — 1) + @ — 1) < 1/3 for all p > 1 and
a € (1,2], and E[||G (2% €°%) — V£(22)||*] < 0 for all 1 <t < p — 1. Taking expectation on both sides of
(69) with respect to {£'}o<i<kt1, we have

(o — 1)(2%)‘“/(“*1)
aa/(a—l) (pk Qk t/lO) -1

E[Pr11] < E[Py] — mE[|V f ()] + =

3a lLa

Cu p-1
+ ——Lpr ( Z O t) (1 + Z 19 t| ) —1)* 0% Z 0k:|* VEk > 0.
=1 =1

Summing up this inequality over k = 0,..., K — 1, and using (74) and (75), we obtain that for all K > 1,

)

a— a/(a—1)
flow < E[Pk] < E[Py] — Z neE[||V f(z H 4 Z ( ( 1)(2ny)

T el Dy Y1 O /10)1@
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p—1

1= Ort|” Jogo
+ pk+1< § 9k,t> (1+ E |7§% )+2(p— Lo pr i1 E |6k,¢|* )
t 1 b

( K- K-1

74) Ly (Oé _ 1)(2nk)cx/(a—1)

€ e + 450 ey SB[V Lig s d

k=0 k=0 ( 2 aa/(afl)(plc S 0;..4/10)1/ (@=1)
6 oa— 1La p—1

n(Su) (S H;gg“)w- o S )
t=1

K-1 K-1 1/ (a—1)( _ a/(a—1),,e/(e—1)
o Ly 30 (a—1)(2/a) U
< J@) + 40" — i YO BV + Y (S + o
‘ Pt PKVk)

k=
< |91€t| _ 1\a.o a
1—1—2 +64(p — 1)%0“pryi;
Vex
k

3a lLa

«

;_-

18 o— 1La
O PR

K-1 K—-1 <L1 ), 301/(0171)(0( . 1)(2/a)a/(a71)ng/(a—1)

0 1/3
< 1@+ 450" — ey 2 (preye) /oD

[e=]
il
[e=]

18 a— 1La -1
Py P (1 + 1670‘_0") £20=1)) 4 64(p — 1) ppy?
(p ) k k k
’ t=1

K—1 K-1 1(a—1)(, _ a/(a—1)0/(a=1)
N 30 (a—1)(2/e) n
< f(xo) + 434 —NK-1 E[[[V f(=")][] + ( 7713 1/(a—1) -

. (Pr k)

Lok PP + 64(p — 1)“0‘“pk7;?), (76)

o

k=

o

306p%7 LY
(ph)>

where the third inequality follows from (74), pr+1 < 2py for all & > 0 due to (72), and the fact that
{nk} is nonincreasing, the fourth inequality is due to Y 7_ 711 Ot € (Vi/3,2vk) and |0k 4| < 41/ 2 < 4,
for all 1 <t <p—1 because of (59), the fifth inequality follows from |6y ,|* /7" < 4%y “Pg2a(p=1) <
1675~ “P¢22(P=1) because of (59) and (17), and the last inequality is due to 1 + 16+, P Zlel t2ep=1) <
17707 S L2alp—1) < 17p20p—2041,079  Rearranging the terms in (76), and using (15), (16), (18),
and (72), we obtain that for all K > 5,

1 K-1
% 2 BV
k=0
9 $0) ~ fiow + 4% 1 AR (L 20l 1)(2/a)/ D/
N Kni-1 Knk-1 o 2 'k (pkﬁk)l/(afl)

306p20‘pLa o o o o
+Tpk’7; P p—|—64( )O‘ pk7k>

(16)(18)(72) (f(a: )_ flow +41/3O.a)(K+3)(pa+a—1)/(p(2a—1)+a—1)

K
(K + 3)pata=1)/(p2a-1)+a-1) L ( L
2(pa+a—1 20—1)4+a—1
K = \2(k+4) (pa+a—1)/(p(2a—1)+a—1)
+ 301/(CM71) (Oé — 1)(2/04)01/(0171) + 306p2apLg/<p')a + 64(p _ 1)a0_a)
kE+4
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2(f(2°) = fiow + 41/30%) 2 1 ( L,
2

-  Kp(a=1)/(p(2a—1)+a-1) Kr(a=1)/(p(2a—1)+a—1) — 2(pat+a—1)/(p(2a—1)+a—1)

301/(“1)(0&—1)(2/04)“/(0‘*1)+306p2°‘pL2/(p')“ 64(p — )
+ )
k44
< 2(f(2°) = fiow +4/30%) 2
= Kpla=1)/(pa—1)+a=1) " gpla—1)/(p(2a—1)+a-1)
R 1(L1/2+301/<a U(a —1)(2/a)*/=1) + 306p>*P LS/ (p!)™ +64(p—1)°‘00‘>
X
k=0 k+4

306p2P L&

4(f(x0 — fiow + 4130% 4 B 301/ (0N (o — 1)(2)0/(e=t) 4 T TLE 4 Ga(p) 1)%&) In K

Kp(a=1)/(p(2a—1)+a—1)

(15) M, oIn K
~ Kple=1)/(pRa—1)+a-1)’

where the second inequality follows from (K + 3)Pate—1)/(pRa-Dta-1) < 9 ¢ (pata-1)/(pRa—1)+a=1) for
all K > 5, the third inequality is due to 2(pa+a—1)/(p(2a—1)+a—1) > 1 forall p > 1 and a € (1, 2],
and the last inequality follows from Zf;ol 1/(k+4) <In(2K/5+1) < 2InK for all K > 5 due to
(38). Recall that ¢k is uniformly selected from {0,..., K — 1}. It then follows from this and the above
inequality that

K-1
M, In K
ElIVfEII = me/eeanian YK 25 (77)
k=0

By Lemma 3 with (8,u,v) = (p(a —1)/(p(2a —1) + a —1),p(a — 1)e/2(p(2ac — 1) + o — 1) M o), K),
one can see that K—Pl@—1/(pRa-D+a=1) 1, ¢ < €/M, o for all K satisfying

B[V ()] =

N\H

KZ(

)

2(p2a—1) +a—1)M, o 2(p(2a — 1) + a — 1) M), o\ | (PRa—1D)+a=1)/(p(a—1))
“in “))
pla—1)e pla—1)e

which together with (77) implies that Theorem 3. O

The following lemma establishes some properties for a specific choice of {(y, 0k,)} and {py}, which
will be used to prove Theorem 4 subsequently.

Lemma 14. Let {(Vkt,0k:)} be defined in (22) and (23), and let {pi} be defined as
o= (k+ 4)(2P(a*1)2*a)/(3pa+a) VEk > 0. (78)

Then (24) and (25) hold for such {(kt, 0rt)}, and moreover, (1 —Zf;ll Ort)pr+1 < (1 —Ef:_ll O1.1/10)pg
holds for all k > 0.

Proof. Fix any k > 0. Notice that 2p/(3p + 1) > 1/2 for all p > 2. It then follows from (23) that
i = 1/(k +4)%/Grt1) € (0,1/2). By this, (22) and Lemma 9, one can see that (24) and (25) hold for
{(Vk,t,0k)} that is defined in (22) and (23). In addition, observe that

L= Y0 06e/10 _ 0 9 Oy 9N Ok B0 9
_ vyl N _ vyl - 10 = 10(1 + 72/6)
1 t—1 Okt 10(1 — >421 Okt)
(23) 9 9
=1 >1 >1 79
* 10(1 + 72/6) (k + 4)2p/(3p+1) * 10(1 + 72/6)(k + 4) * 3(k+4) (79)
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where the first inequality follows from Zf:—ll 0kt € (0, 1), the third inequality follows from 2p/(3p+1) < 1
for all p > 2. Also, note that

% (1+ 1 )(2p(a1)2a)/(3pa+a)§<1 1 )1/3§ N 1

=\ T rr4 3(k 1 4)’
where the first inequality follows from (2p(a—1)? — )/(3pa+ ) < 1/3 for all p > 2 and « € (1,2], and

the last inequality is due to (14 7)% <14 74 for all 7 > —1 and 8 € [0, 1]. The above relation along
with (79) implies that (1 — f;ll Or.t)Pr1 < (1 — f;ll 01.+/10)p, holds. O

We are now ready to prove Theorem 4.

Proof of Theorem /4. Let {(z*,m"*)} be generated by Algorithm 2 with {(nx, V&1, Ok)} defined in (21),
(22), and (23), and let {Px} be defined in (35) with such {(z*, m*)} and {px} given in (78). By Lemma
14, one can see that such {(9x, Vrt, Okt Dr)} satisfies the assumptions in Lemma 12 and Algorithm 2.
Using this and similar arguments as those for deriving (76), we obtain that for all K > 1,

K—1 K-1 (a=1)(n _ a/(a—1),a/(a=1)
Ly 5 30 (a—1)(2/a) Mk

fiow < f(2°) +430% — i SB[V + D (S +

1 (z7) NK-1 2 IV £ ()] 2 ( 5 Tk (peve) @)

306p%7 LY
(ph)>

Rearranging the terms in this inequality, and using (19), (20), (21), (23), and (78), we obtain that for
all K > 5,

vy, PRt + 64(p — 1)° Oo‘pmz‘i‘)-

K—

1 f(@°) = fiow + 430" 1 Ly ,
Vv < + E —

301/(a—1)(a o 1)(2/0[)04/(04—1)7]?/(«171) 306p2apLa - o, p oo o
" (P /@D e P +04(p— )% p’”’“>
e1E)(T8) (f(2°) = fiow + 4130 (K + 3) @D/ @or1)
K
(K + 3)@+D)/Gp+1) K Ly

2(2p+1)/(3p+1
K — <2(k+4) (2p+1)/(3p+1)

301/ (@D (q — 1)(2/a)*/ (@D 4 64(p — 1)% 306p*PLg /(p!)™
(k, 4 4)(2p(2a—1)+a)/(3pa+a) (k 4 4)(p(6aa22)+a)/(3pa+a))

,_.

O

o K—1
< 2f(@°) = fiow + 43 ) Z (
- Kr/Bp+1) K;D/ 3p+1 Pt 2(k +4) 2(2p+1)/(3p+1)

301D (q —1)(2/a)*/ @D 4 64(p — 1)%0 + 306p*P L/ (p!)™ )
(k} 4 4)(2p(2a 1)+a)/(3pata) (/{: +4)(p(6a7a272)+a)/(3pa+a)

2(f(2%) — fiow + 4Y/30%) 2 Klr 2+ 306p2 L2/ (p!)®

K0/ Gt D) T XplGorD) -~ i+ 4

IN

??‘

+

2§ (301D (o - 1)(2/0)" 7D + Gd(p = 1)) + 80/ Gt
Kp/(Bpt+1) k+4

o 20G0) ~ fiow +41P0%) 2 S Ly/2+306p% L/ (ph)°
- Kp/Bp+1) Kp/(p+1) £ kit 4

o
[en]
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-1 01/ a— 1)(a o 1)(2/04 a/ a—1) + 64( o 1)aaa)Kp(27a)/(3pa+a)
Kp/ 3p+1) Z

k+ 4
_ 4(f(2°) = fiow + 1/300‘ + L1/2 4 306p** LS/ (p)*) In K
= K /Gt
8(301/ (@D (o — 1)(2/)*/ @D 1 64(p — 1)%0*) In K (19)(20) My In K MyoIn K
K2p(a—1)/(3pata) T Kp/Bpt+l)  K2p(a—1)/@Bpa+ta)’

where the second inequality is due to (K 4 3)p+D/Gp+1) < 9 g@r+1)/Br+l) for all K > 5, the third
inequality follows from 2(2p+1)/(3p+1) > 1, (p(6a—a?—2)+a)/(3pa+a) > 1, and (2p(2a—1)+a)/(3pa+
o) < 1forallp>1anda € (1,2], the fourth inequality is due to (K 4 3)P(2~®)/Bpata) < 9 gp(2—a)/(Bpate)
for all K > 5, and the last inequality follows from Zi(:_ol 1/(k+4) <In(2K/5+1) <2InK forall K > 5
due to (38). Recall that ¢x is uniformly selected from {0, ..., K — 1}. It then follows from this and the
above relation that

_ MyalnK M, InK
S Kp/Gr D T Fapie-1) Gpata)

1 K-1
E[IVf ()] = Z E[IVf(z VK > 5. (80)
k=0

By Lemma 3 with (8,u,v) = (p/(3p + 1), pe/(4(3p + I)Mp@),K) and (5,u,v) = (2p(a — 1)/(3pa +
a),p(a — 1)e/(2(3pa + a) My, o), K), one can see that

KP/GrD) 1 i <

Mp,q Myq\\ 31/

€ VK > <4(3p +1)M, In (4(3p +1)M,, )> p+1)/p

2M, pe pe

2(3pa + oz)]/W\p@ I (2(3pa + a)ﬁp,a))(3pa+a)/(2p(a1))
pla—1)e

)

K—2p(a—1)/(3pa+a) nK <

)

VK >
oM, 0 > ( pla—1)e

which together with (80) implies that Theorem 4 holds. O

5.4 Proof of the main results in Section 3.3

In this subsection, we first establish several technical lemmas and then use them to prove Theorems 5
and 6.

The next lemma presents a recurrence relation for the estimation error of the gradient estimators
{mF} generated by Algorithm 3.

Lemma 15. Suppose that Assumptions 1 and 3 hold. Let {(z*,mF)} be the sequence generated by
Algorithm 3 with input parameters {(ng,0x)}. Then we have

Ee[[m* = V(")) < (1= 6p)[[m* = V(@) + 6(LF + L) + 6067 VE >0, (81)
where L1, o, a, and L are given in Assumptions 1 and 3, respectively.

Proof. Fix any k > 0. It follows from (26) that

VAT = =0 (m" = V") + Gt - VT
+ (1= 06)(VF (") = Gt €4). (82)

Observe from Algorithm 3 and Assumptions 1 and 3 that [|z* ™ — 2| = n, Eger [G(aP T M) —
V("] =0, Egen [Ga*€51) = Vf(ah)] = 0, Egena [V f(2*) — G2 €1))[1°] < 0%, [V f(a*) —
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Vf(@F || < Ling, and Egen [[|G (a7 €541 — G(aF; ¢541)(|*] < Lng. Using these, (36), and (82), we
obtain that

Egiri [ — V()]

F Ben (1 = 0)(m" = V() + G165 = VM) + (1= 00(V (") = Glahs )]

< (1= 6)[m* =V f(z")°
+ 2B [ G €Y — V(@) + (1= 04)(Vf (2%) — G®; 6571)1]
= (1= ) — VFER) | + 2B |G €571) — Glaks €441 4V (a) — T f (b )
— O (Vf(z") = G(a";€M))||]
< (1= 00 m* — VAR 4 6Egeon [| G €5 — Gl €571 + 6]V Fh) — V() o
+ 60 B ||V f(a*) — G(a®; €541)) 1]
< (1= 6)%lm" = Vf(=")|* + 6(L + L) + 6067,
where the first inequality is due to (36), Egrs1[G(aP T €M) — Vf(2#1)] = 0, and Egra [G(aF; €8T —
V f(2%)] = 0, the second inequality follows from [la+b-+c||* < 3(||a||®+]||b]|*+||c||*) for all a, b, c € R™ due
to a € (1,2] and the convexity of ||-||*, and the last inequality is due to Egr1 [[|V f (2¥) - G(2F; €6H1))[|*] <
o®, IV f(a*) = Vf(@" )| < Link, and Egen [|G(a*T M) — G(aF; €511 (|*] < Long. The above
relation together with 6 € (0,1] and « € (1, 2] implies that this lemma holds. O

The following lemma establishes a descent property for the potential sequence {Py} defined below.

Lemma 16. Suppose that Assumptions 1 and 3 hold. Let {(xk,mk)} be the sequence generated by
Algorithm 3 with input parameters {(nk,0r)}. Let L1, o, and o be given in Assumption 1, L be given in
Assumption 3, and {Py.} be defined in (35) for {(x¥,m*)} and any positive sequence {py} that satisfies
(1 = 6k)pr+1 < (1 —6/2)pi for all k > 0. Then it holds that for all k > 0,

Ly 5 (a—1)(2np)* Y

5t Salta (g 2y T ST+ P + 607G .

(83)

E£k+1[Pk+l] < Pr— 77k||Vf(xk)H +

Proof. Fix any k > 0. By Lemma 4 with (2,2, m,n) = ("1, 2%, m¥ 1), one has
Ly
F@) < F@®) = ml V@) |+ 20|V £ (27) — mP)| + 77713- (84)
Combining this with (35) and (81), we obtain that

35
Bkt [Prer] Z Egena [ (@) + prga [m* — V£ (4[]
(81)(84) L
F@®) =l V£ @)+ 20|V () = |+
+ (1= Op)prar [mF = V()| + 6(LS + L*)ngprsr + 6005 s

L
< £ =l VI @) |+ 2]V F (@) — |+ Znd

+ (1= 0/2)pr[[m® — V(@) + 6(L§ + L) prsr + 6067 prt, (85)

where the last inequality follows from (1 — 0 )pry1 < (1 — 0;/2)pk. In addition, letting o' = o/ (v — 1),
and using the Young’s inequality, one has that

((aBkpr/2)"/ ||V f () — m*]) n (2m1/ (apr/2)" )

o o

20|V £ (") = m"| <
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(a — 1)(2n;,)*/ (@D
o/ (@=1) (Gpy /2)1/ (=)

_ Orpr

DV (at) - mb +

This together with (85) implies that

(o — 1) (2n,)*/ 0~
)

L
k k. ko k
Egens [Proa] < Fa®) + pel| V(@) — mb|* — mel|V £ )] + AT (g TG

1
77713 +
+6(LT + LY)nipre1 + 6008 pry1

(a = 1)(2n;,)*/ (@D
@ ) (G [2) @)

Ly
< P, — || V£ (@) + 7771% + +6(LT + LY)nppr+1 + 6008 prg1.-

By this and (35), one can see that (83) holds. O

The following lemma establishes some property for a specific choice of {(0x, px)}, which will be used
to prove Theorem 5 subsequently.

Lemma 17. Let {0} be given in (28), and {py} be defined as

pe = (k + 1)(a*1)2/(2a*1) VEk > 0. (86)
Then (1 — 0k )pr+1 < (1 — 0 /2)px holds for all k > 0.
Proof. Fix any k > 0. It follows from (28) that

1-— Hk/Q Gk Hk (28) 1 1
=0,  21-6p- T2 Tk e < T )

where the last inequality is due to o/(2a — 1) < 1 for all a € (1,2]. In addition, notice from (86) that

Pt 1\ (e—1)?%/(2a-1) 1 \1/3 1
CIA - < I < -
D (1+k+1> —<1+k+1) —1+3(k:+1)’

(87)

where the first inequality is due to (o — 1)2/(2a — 1) < 1/3 for all o € (1,2], and the last inequality is
due to (14 7)% <1478 for all 7 > —1 and 3 € [0,1]. The above relation along with (87) implies that
(1 = Ok)prt1 < (1 — 0x/2)py holds. O

We are now ready to prove Theorem 5.

Proof of Theorem 5. Let {(z*,m*)} be generated by Algorithm 3 with {(n, 0x)} defined in (28), and
let {P1.} be defined in (35) with such {(z*,m*)} and {py} given in (86). By Lemma 17, one can see that
such {(nx, 0, pr)} satisfies the assumptions in Lemma 16 and Algorithm 3. In addition, by (35) and
(86), one has that

E[Po] = £(2°) + poE[[[m® — V£(2°)|*] = £(2°) + E[|G(2°:€") — V£(2°)[|*] < f(2°) + 0*,  (88)
E[Pk] = E[f(z") + px||m" = Vf(2™)|*] > E[f(2™)] > fiow- (89)

Taking expectation on both sides of (83) with respect to {§i}fjl, we have that for all £ > 0,

(o — 1) ()@Y
o) (G py /2)1/ @)

L
E[Pir1] < E[Py] —mE[| V£ (2*) ] + 717713 + +6(L7 + L) prs1 + 600 pry1.-
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Summing up this inequality over k = 0,..., K — 1, and using (88) and (89), we obtain that for all K > 1,

(89) K-1 K=o, (a — 1)(2n;)2/(@=D
fiow < E[Pk] < E[Py] — mE[||V f(z H] + 772
) k:Z:O v ( 2 ac/(@=1)(gpy /2)1/(@=1)
+ 6(LT + LY)ngprtr + 60 Qkpk+1>
(88) K-1 K-1 (o — 1)(20)°/ @)
< f@) 40" — o1 Y B[V +
kZ:O k:0< aa/(a D (Oppr/2) 1/ (=)
+ 12(L§ + L) e + 12aa9,3pk), 90)

where the last inequality follows from (88) and the fact that {7} is nonincreasing and pr41 < 2py for
all k£ > 0. Rearranging the terms in (90), and using (27), (28), and (86), we obtain that for all K > 3,

lK 1EHVf )f(xo)_flow+0'a
K~ K1
K-1
1 Ly 2 (a_ 1)(27716)&/(0{71) @ ay, o apa
T Kok kzzo (St 00/ @) gy j2y D) T 12T+ Lipe + 120 iy

28)(86) f(2°) = fiow + 0
- K(a—l)/(Qa—l)

T (ol 2 e ey D 122 4 1) ¢ 120
K (a=1)/(2a—1) ~ 2(k + 1)2a/(2a—1) k+1

G = fiow 0 L1/24+ 2V D (a = 1)(2/)*/ D + 12(L5 + L) +120° 21

=T g(a-1)/(a-1) K (a=1)/(2a-1) k1

2(f(2°) = flow + 0% + L1/2 + 2@ D(a —1)(2/a)/ (@1 4 12(L§ + L) + 120%) In K
K(a—l)/(2a—1)

<
2  MylnK
T K(a=1)/(2a-1)’

where the second inequality follows from 2a/(2a — 1) > 1, the third inequality follows from Zf:iol 1/(k+
1) <In(2K+1) < 2In K due to (38) and K > 3. Recall that ¢x is uniformly selected from {0,..., K —1}.
It follows from this and the above relation that

N

L Ma In K
E[|Vf(2")||] = Z [V f(x W VK > 3. (91)
k:

By Lemma 3 with (5, u,v) = ((a —1)/(2ac — 1), (« — 1)e/(2(2a — 1) M,,), K), one can see that

2200 — 1) M, (2(2a - 1)Ma))(2a—1)/(a—1)

—(a=1)/(2a-1) < _c >
K an_M VK_( (a—1)e (v —1)e

07

)

which together with (91) implies that Theorem 5 holds. O

The next lemma establishes some property for a specific choice of {(0, pr)}, which will be used to
prove Theorem 6 subsequently.
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Lemma 18. Let {0} be given in (31), and {py} be defined as
pr = (k+ 1)20D/Ga)  yp > (92)
Then (1 — 0r)pr+1 < (1 — 0 /2)px holds for all k > 0.

Proof. Fix any k > 0. Observe that

1-— Hk/2 05 0 (31) 1 1
_=1lt—-->1 4= =1+ ——->14+ — 93
-0, 20 -6n- 2 Ty AT TaGkriy (93)

In addition, notice from (92) that

Pl < 1 ) 2(a—1)%/(3a) ( 1 >1/3 1
P T Er A T

where the first inequality is due to 2(a — 1)2/(3a) < 1/3 for all a € (1,2], and the last inequality is due

to (1+7)? <1+ 7B forall 7> —1and 8 € [0,1]. The above relation together with (93) implies that

(1 = Ok)prt1 < (1 — 0x/2)py holds. O

We are now ready to prove Theorem 6.

Proof of Theorem 6. Let {(x*,m*)} be generated by Algorithm 3 with {(ny, %)} defined in (31), and
let {P;} be defined in (35) with such {(z*,m*)} and {py} given in (92). By Lemma 18, one can see
that such {(nx, Ok, pr)} satisfies the assumptions in Lemma 16 and Algorithm 3. Using this and similar
arguments as those for deriving (90), we have that for all K > 1,

K-1

fiow < f(@%) + 0% =1 Z E[[|V £ ()]
=0

K—-1
Ly 2, (a — 1)(2n;,)/ (@D
+ Z (

aa/(a D (Oppr/2)Y/ (@1 + 12(LY + L*)npe + 120 Qkpk). (94)

=0

Rearranging the terms in (94), and using (29), (30), (31), and (92), we obtain that for all K > 3,

LS gty 2 L) S o
K= Knk 1
K-1
1 Ly (o = 1)(2mp,)*/ (@D
— 12(LY 4+ L)y 12070
+ K77K—1 kz ( 2 M + aa/(a_l)(gkpk/z)l/(a_l) + ( 1 + )nkpk + g kpk)

31)92) f(2°) = fiow + 0
o K1/3

Z ( L2 (@ = 1)(2/a) D £ 12(L8 + L) + 120“)
K1/3 k: + 1 4/3 (k + 1)2(2a—1)/(3a)

< f( ) — flow + 0
— K1/3
= L 2V (=D (q — 1)(2/a)* @D 4 12(LY + L) + 120%) K (2=)/(3a)
K1/3 Z ( kE+1 )

2(f(z%) — flow + 0% + L1/2) In K 2(21/(0‘_1)(a —1)(2/a)®/(@=D) £ 12(Lg + L*) + 120%) In K

< Kl/S K2(a71)/(3a)
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(20030 MoInK ~ MyInK
= TRB T R2eD/Ga);

where the second inequality follows from 2(2c — 1)/(3a) < 1 for all v € (1,2], and the last inequality
follows from Z o 1/(k+1) <2In K due to (38) and K > 3. Recall that ¢ is uniformly selected from

{0,..., K —1}. It follows from this and the above relation that
15 _MynK | MylnK
LK « «
VA = e S BIAON S YK 28O9

By Lemma 3 with (8, u,v) = (1/3, 6/(12Ma),K) and (8,u,v) = 2(a—1)/(3a), (o — 1)6/(6&]/\Za),K),
one can see that

12M,, | (12Mg\\3
K V3mK < = VKZ( 1n( )) ,
2M,, € €
M, M. \\30/(2(a—1
K—2e=1)/B) 1y < f\ VK > ( 6a M, ( 6aM, >> /(2( ))’
2M,, (a—1)e (a—1)e

which together with (95) implies that Theorem 6 holds. O
Appendix

A Tuned hyperparameter values

In this part, we provide Table 2, which reports the tuned values of the algorithmic hyperparameters for
all methods used in the numerical experiments in Section 4.

Table 2: Tuned hyperparameter values for all methods in Section 4. For GClip and ACClip, we use {7},
{0}, and {7} to denote the step sizes, momentum parameters, and clipping thresholds, respectively.

Problem Method Hyperparameters
GCl = (k+1 —1/20 k41 1/10

Data fitting (Fig. 1) P = (k+1) 1/20 = k+1) 110 110
ACClip = (k+1)7Y ek (k+1)7Y10 m = (k+ 1)V
NSFOM-PM me=(k+1)"%5 0 = (k+1)7%/°
NSFOM-EM (¢ = 1) =(k+1)" 7/9, Y1 = (k+1)72/3

Robust regression (Fig. 3) NSFOM-RM = (k+1)73% 0y = (k+1)~%/*
GClip nkf(k+1) 1/5, e = (k+1)Y°
ACClip ne = (k+1)~" =(k+1)7"V 1 = (k4 1)/
NSFOM-PM = (k+ 1)~ ek = (k+1)7%°
NSFOM-EM (q=1) | = (k+ 1)~ 7/9,%1 =(k4+1)"%3

Contrastive learning (Fig. 5) | NSFOM-RM me=(k+1)734% 0y = (k+1)"%/*
GClip me = (k+1)7%4 7, = (k+1)Y/1°
ACClip =+ 0= (k+1)"V4 7 = (k+1)Y/1O
NSFOM-EM (g = 2 = (k+1)710/13 =t 2(k41)7%/13

Robust regression (Fig. 9) (g=2) | me = (k+1)7 13 17’ Vet 2( + )712 1
NSFOM-EM (¢ =3) | mp = (k+1)"*%/ =t 2(k+1)"¥
NSFOM-EM (¢ = 2 = (k+1)710/13 (k4 1)1

Contrastive learning (Fig. 9) (4=2) (k+1)7 13/17’ Tt 2( + )712 1
NSFOM-EM (¢ =3) | m = (k+ 1)~ =t 2(k+1)7'¥
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