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A NOTE ON THE LOCAL CONVERGENCE OF
A PREDICTOR-CORRECTOR INTERIOR-POINT ALGORITHM
FOR THE SEMIDEFINITE LINEAR COMPLEMENTARITY
PROBLEM BASED ON THE ALIZADEH-HAEBERLY-OVERTON
SEARCH DIRECTION*
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Abstract. This note points out an error in the local quadratic convergence proof of the predictor-
corrector interior-point algorithm for solving the semidefinite linear complementarity problem based
on the Alizadeh-Haeberly—Overton search direction presented in [M. Kojima, M. Shida, and S. Shin-
doh, SIAM J. Optim., 9 (1999), pp. 444-465]. Their algorithm is slightly modified and the local
quadratic convergence of the resulting method is established.
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1. Introduction. Let S denote the set of all n x n symmetric real matrices.
Given matrices X and Y in RP*9, the standard inner product is defined by X e Y =
tr(XTY), where tr(-) denotes the trace of a matrix. The Euclidean norm and its
associated operator norm, i.e., the spectral norm, are both denoted by || - ||. The
Frobenius norm of a p x g-matrix X is defined as | X||r = (X « X)V/2. If X € S
is positive semidefinite (resp., definite), we write X > 0 (resp., X > 0). The cone
of positive semidefinite (resp., definite) matrices is denoted by Sy (resp., S14). The
identity matrix will be denoted by I.

Let F be a n(n + 1)/2-dimensional affine subspace of S x S, and

Fr={(X,Y)eF:X =0,Y = 0}.
We are concerned with the semidefinite linear complementarity problem (SDLCP):
(1.1) find a (X,Y) € F; such that X ¢ Y = 0.

We call a (X,Y) € F a feasible solution of the SDLCP (1.1). Throughout this note
we assume the monotonicity of the affine subspace F:

(U —=U) e (V' =V) >0 for every (U, V'), (U, V) € F.

Kojima, Shida, and Shindoh [3] have proposed a globally convergent Mizuno—Todd—
Ye-type predictor-corrector infeasible-interior-point algorithm (Algorithm 2.1 of [3]),
with the use of the Alizadeh—Haeberly—Overton (AHO) search direction, for the mono-
tone SDLCP (1.1), and demonstrated its local quadratic convergence under the strict
complementarity condition.
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This note has two purposes. One is to point out an error in the proof of the local
quadratic convergence of the algorithm presented in [3]. The other is to describe a
modified variant of this method and establish its local quadratic convergence.

This note is organized as follows. In section 2, we describe the algorithm presented
in [3] and point out an error made in [3] on the proof of its local quadratic convergence.
In section 3, we describe a slight modification of this algorithm and establish the local
quadratic convergence of the resulting method.

1.1. Notation. Given functions f : @ — E and g : Q@ — R, 4, where Q is
an arbitrary set and E is a normed vector space, and a subset Qc Q, we write
f(w) = O(g(w)) for all w € Q to mean that there exists a constant M > 0 such that
| f(w)] < Mg(w) for all w € Q; moreover, for a function U : @ — S;,, we write
U(w) = O(g(w)) for all w € Q if U(w) = O(g(w)) and U(w)~* = O(1/g(w)) for all
w € Q. The latter condition is equivalent to the existence of a constant M > 0 such
that

1 1

— I <X —U(w) X MI Ywe.
! = gy’

2. A predictor-corrector interior-point algorithm. In this section, we de-
scribe the predictor-corrector infeasible-interior-point algorithm using AHO search
direction (Algorithm 2.1 in [3]) for monotone SDLCP (1.1), and point out an error in
the proof of its local quadratic convergence in Theorem 5.1 of [3].

Throughout this note we use the same notation as in [3],

¢ : a constant not less than 1/y/n,
Fo = {(U/7V/) - (U7 V) : (Ulvvl)v (U7 V) € f}v
(XY +YX)/2> (1—)71,
X o ¥/n< (147

N(’Y,T) = {(X,Y) ES.;,_ X8+I

for each v € [0,1] and each 7 > 0.
Before describing Algorithm 2.1 of [3], we recall Hypothesis 2.1 of [3].
Hypothesis 2.1 of [3]. Let w* > 1. There exists a solution (X*,Y™*) of SDLCP
(1.1) such that

w* X% = X* and w*Y? = Y*.
For notational convenience, we introduce one operator as follows:

M+ MT

Hi(M) 5

VM € R"*™.

We are ready to describe Algorithm 2.1 of [3] as follows.

ALGORITHM 2.1 OF [3].

Step 0. Choose an accuracy parameter ¢ > 0, a neighborhood parameter v €
(0,1), and an initial point (X°,Y°) = (/u0I, /p°I) with some p° > 0. Let 6° = 1,
o=2w"/(1-7)+1,9° =0, and k = 0.

Step 1. If the inequality

0F(X° e Y+ XF o Y') <o XF 0 Y*

does not hold, then stop.
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Step 2 (predictor step). Compute a solution (dXF,dY,F) of the system of equations

Hy(X*dY}F +dXFY*) = —H (X*Y'F),
(XF+dX}), YF+dY)) e F.

Let
s — [dX I lldY,) ||
P T ghe
2
~k _
T it 4k DESE
V85 (= %) +
(X* + adX}, Y* 4 adY})

Cy’; =max] o’ €[0,1]: € N(y, (1 — a)d*u)

for every « € [0,¢/]
Choose a step length o € [&F, aF]. Let
(XEYF) = (XFY%) + ok (dX],dY)F) and 081 = (1 — af)6".
Step 3. If 951 < ¢, then stop. If the inequality
(2.1) (X0 e YF + XF 0 VO) <o XF o Y

does not hold, then stop.
Step 4 (corrector step). Compute a solution (dX*, dY¥) of the system of equations

(2.2) Hp(XFdY} +dXFY}) = %107 — Hi(XEYY),
: (dXF,dYF) e F.
Let
w_ 1dXE||FlldYE]F
(2.3) oo = W7
k[ /(268) ify <267,
%71 if v > 26",
S V(1 —/(46)) if v < 26F,
K sk if v > 26k,

(XéC + ade, Yck + achk)
fyk‘*‘l =min{ vy €[0,1]: € N(’y’,@kJrluO)

for some « € [0, 1]

Choose a step length o € [0,1] and v**! such that

,3/k+1 S ,yk?+1 g ,?k+1’ i
(X + agdXEYE + afdYr) € N(y*F1,05F10).
(It has been shown in Lemma 3.8 of [3] that the pair of af = &% and v**!
satisfies the relation above.) Let (X*+1 Y*+1) = (X* YF) + ok (dXF dY}F).
Step 5. Replace k by k + 1. Go to Step 1.

I
X
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Before ending this section, we remark that the proof of Theorem 5.1 (local con-
vergence theorem) of [3] is not correct since it is based on the claim that 6% = O(1),
which in turn was incorrectly established in the proof of this result. Indeed, in
the first two lines of the proof of Theorem 5.1 of [3], the authors claimed that
6% = O(1) holds by (iii) of Lemma 3.1, the definition of &*, and the fact that
2081 — (X*Y* + YEXF®) = O(6%). However, from those arguments we can only
conclude §¥ = O(g4+). Let us investigate this proof in more detail. From Step 2 of
Algorithm 2.1 of [3], we see that

(2.4) (XE,YF) e N(y,0"10),

which, together with (2.1) and Lemma 3.4 of [3], implies that (X*, Y*¥) = O(1). Also,
by (2.4) and Lemma 3.1 (i) of [3], we have H;(X*Y¥) = O(6**+1), which implies that

(2.5) OF 10T — Hi(XEYF) = O(9* ).

Now, using (2.4), (2.2), (2.5); Lemma 3.1 (iii) of [3]; and the fact (X*, Y¥) = O(1),

we have

2| XE|lp 10"+ u — Hi (XEYS)||F
(=0

(2.6) laXZ|r < =O(1).

Similarly, we have ||dY||z = O(1), which together with (2.6) and (2.3) implies that
¥ = O(3=)- Due to this and [2], we believe that the claim 6% = O(1) does not hold
for general SDLCPs, even though it holds under a suitable nondegeneracy assumption
on the SDLCP, namely Condition 6.1 of [3] (see the proof in section 6 of [3]). Hence,
Algorithm 2.1 of [3] can only be claimed to be locally quadratically convergent for
nondegenerate SDLCPs. In the next section, we will describe a slight modification of
Algorithm 2.1 of [3] which is locally quadratically convergent.

3. Slightly modified algorithm. In this section, we describe a slight modifi-
cation of Algorithm 2.1 of [3] and establish its local quadratic convergence.

The modified algorithm is the same as before except that the definition of 6% in
(2.3) is replaced by

k_ dXEAY ||
(3.1) (SC —_ W.

Accordingly, we refer to the modified algorithm as Algorithm 2.1’. Our main effort
from now on will be to establish that the quantity 6%, as defined in (3.1), has the
property that 68 = O(1).

First, we will argue that Algorithm 2.1’ is globally convergent. It can be shown
that Lemmas 3.1-3.7 of [3] also hold for Algorithm 2.1’. The next result shows that
Lemma 3.8 also holds for Algorithm 2.1" if { > 1//n.

LEMMA 3.1. For Algorithm 2.1', if { > 1/y/n, Lemma 3.8 in [3] holds, where
is a constant defined at the beginning of section 2 of [3].

Proof. Using the fact that H;(dX*dYF) > —||dXFdYF||rI and dX* e dY} <
Vn||dXkdYF||F, and the condition ¢ > 1/y/n, we can show that the conclusion holds
in a similar way as the proof given in Lemma 3.8 of [3]. 0

Using Lemmas 3.1-3.7 of [3] and Lemma 3.1 and following the same proof as the
one given in Theorem 2.1 of [3], we see that Theorem 2.1 (global convergence theorem)
in [3] also holds for Algorithm 2.1’; namely, Algorithm 2.1’ is globally convergent.
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We will now show that Algorithm 2.1" is locally quadratically convergent under
the following standard condition commonly used in the local convergence analysis of
interior-point algorithms for SDLCP.

Condition 5.1 of [3] (strict complementarity). There is a solution (X*,Y™*) of
SDLCP (1.1) such that X* 4+ Y™ > 0.

We next state and prove some technical results. The first one is due to Monteiro
and Tsuchiya [4].

LEMMA 3.2 (Lemma 2.1 of [4]). For every A € Syy and H € S, the equa-
tion AU + UA = H has a unique solution U € S. Moreover, this solution satisfies
|Vl < | H|l#/V.

Under Condition 5.1 of [3], we have a solution (X*,Y™*) of the SDLCP (1.1)
satisfying X* + Y™ > 0. Since X* and Y* commute, there exists an orthogonal
matrix @ such that

axa=( "y o). @ve=(g 4 ).

where A and Ay are positive diagonal matrices with dimension m and n — m for
some m € {0,1,2,...,n}, respectively. For each (X,Y) € § x S, define the following
optimal partition:

TxQ=x=( 27 o’ YyQ=v={( 5 o |-
Q"xQ Yo%) @ve -
LEMMA 3.3. Assume that (X,Y) € N(v,7). Let (dX(7),dY (7)) be a solution

of the system of equations

(3.2) Hi(dX Y + X dY) =71 — H(XY), (dX,dY)€ F,

X = QTdXQ and ay = QTdY Q. Under Condition 5.1 of [3] and ( > 1/\/n, there
then holds

(3.3) dXp(r) = 0(1), dXn(r)=0(r),
dY p(r) = O(r), dY n(r)=0O(1).

Proof. For notational convenience, we will use dX and dY to denote dX (1) and
dY (1), respectively. Using Lemmas 5.3 and 5.5 of [3], we have

59 w=omwe= (50 o))
69 reame=(of) o )

This immediately implies that X = O(1) and Y = O(1). In view of Lemma 3.1 (i)
of [3] and the definition of H;(-), we immediately see that

(3.7 7l — Hi(XY) = O(1).
Letting C' = 2(7] — H;(XY)) and using Lemma 3.1 (iii) of [3], we obtain that

% [ X £ [ICl#
[dX||F = [[dX||F < d—)r o)
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Hence, dX = O(1). Similarly, we can show that dy = O(1). Note that the system
(3.2) can be written as

(3.8) Hi(dX Y+ X dY) =711 - H(XY), (dX,dY)e F,

where Fo = {M = QTPQ : P € F}. From (3.7), we easily see that

(3.9) 71 — Hi(XY) = O(7).

Using this fact and (3.8), we obtain that

(3.10) Hi(dX gV + dX, VT + XpdVp + X,dY ) = O(r).

Using (3.5), (3.6), (3.10), and the fact that X = O(1) and dy = O(1), we have
Hy(XpdY p) = O(r),

which together with (3.5) and Lemma 3.2 implies dYp = O(7). We can show that
dXy = O(7) in a similar way. d

LEMMA 3.4. Assume that (X,Y) € N(v,7). Let (075((7)7(1/}\/(7)) be defined in
Lemma 3.3. Under Condition 5.1 of [3] and ¢ > 1/+/n, there then holds

Y 5(7)|| = ©([[dX s(7)]|) + O(7),
—dX () & dY ;(r) = O([|dX 5 (7)[|?) + O(7[|dX s (7)]]).

Proof. For notational convenience, we will use dX and dY to denote dX (1) and
dY (1), respectively. Using (3.9) and (3.8), we obtain that

dX pY; +dX ¥y + XpdY ; + X,dV y

+dY p Xy +dY Xy + VpdX y + VydX x = O(1).
This identity together with (3.5), (3.6), (3.3), and (3.4) implies that
(3.11) dX ¥y + XpdY ; = O(7).
Using this identity, we obtain that
(3.12) dY ; = — X3 (dX ;YN — O(7)).

Using this identity ((3.5) and (3.6)), we see that the first conclusion follows. Using
(3.12), (3.5), and (3.6), we obtain that

— — —~T A N —
dX ;e dY ;= —tr(dX ; X5'dX ;Yn) + O(7]|dX ;)
= —[(Xp)"2dX 5 (Yn) 2|I% + O(7[1dX ),

which together with (3.5) and (3.6) implies the second conclusion. d
LEMMA 3.5. Assume that (X,Y) € N(v,7). Let (dX(7),dY (7)) be defined in
Lemma 3.3. Under Condition 5.1 of [3] and ¢ > 1/+/n, there then holds

d_/)\(](”r) = O(r), d/}\/J(T) = O(r).
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Proof.  Suppose that ||d/)\(J(T)H = O(r) does not hold. Then there exists a

sequence 7 | 0 as k — oo such that 7, = o(||dX j(7%)||). For convenience, we omit
the index k from 75 throughout the remaining proof. Then the above identity can be
written as 7 = o(||dX s(7)]|), which together with Lemma 3.4 implies that

(3.13) sl = e(ldX (),
(3.14) —dX ;(1) @ dY (1) = O(||dX ;(7)||*).

For any 7 > 0, consider the linear system

(dX,dY) — (dX(1),dY (1)) € Fo,
(3.15) dX; —dX (7)) = —dX ; (1),
(3.16) dX N — dX n(7) = —dX n(7),
(3.17) dY ; —dY ;(7) = —dY 4(7),
(3.18) dYp — dYB(T) —dYB(T)

We see that any (ﬁ( LAY ) = (0,0) is a feasible solution to this system. Hence, by
Hoffman lemma [1] (see also Lemma A.3, p. 248 of [5]), there exists a sufficiently large
constant C (independent on 7) such that for any 7 > 0, this system has a solution
(dX,dY) € S x S (dependent on 7) such that

(3.19)
|(dX,dY) — (dX (r),dY (7))|| < C(|dX x ()] + |dY 5 ()| + [dX 1 (7)]| + [|dY 1 (7)])).

Obviously, the monotonicity holds for Fo due to the monotonicity of Fy. Hence, we
have

(dX — dX (7)) e (dY —dY (7)) > 0.
Hence, it follows that
(3.20)
—(dXp —dXp(r)) ® dY 5(7) + 2dX (1) @ AY (1) — dX n(7) ® (Y x — dY (7)) > 0.
Note that |dX 5 —dX p(r)|| < [[dX —dX (r)]| and ||dY y —dY y(7)|| < [[dY —dY ()]

Using this fact, (3.20), (3.15)—(3.18), (3.19), (3.13), (3.14), (3.3), and (3.4), we obtain
that, for all 7 > 0 sufficiently small,

10X (7) 0 AV 4(7)| < 5 [(@X 5 — dXp(r) « dV5(7) + dXn(7) & @V = AV (7))

A

Cr(|ldX — dX(7)|| + [dY — dY (7))

COT(|dX n ()| + |dY 5(r)|| + |dX s (7)]| + |dY 5(7)l)
Cr (7’ +\ldX (7)o d’f/J(T)O ,

where C' and C are some constants and the last inequality follows from (3.13) and

(3.14). Let ¢ = \/\dXJ J}\/J(T)\ From the last inequality above, we have

IN

IN
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€2 < Cr(r + €), which together with the fact € > 0 implies ¢ < (C' + V/50)7/2.
Hence, £ = O(7). Using this result and (3.14), we obtain ||d/)\(J(T)|| = O(7), which
contradicts with the assumption 7 = 0(||d/)\(1(7')||) Therefore, ||d/)\(J(T)|| = O(r)
holds. The proof of ||cf§\/J(T)H = O(r) immediately follows from Lemma 3.4. d

We are now in a position to state the main result of this section, which establishes
the local quadratic convergence of Algorithm 2.1’

THEOREM 3.6. Assume that Hypothesis 2.1 and Condition 5.1 of [3] hold. If
¢ > 1/y/n, Theorem 5.1 (local convergence theorem) of [3] holds for Algorithm 2.1’.

Proof. Since (dXF,dY}F) satisfies (2.2), it implies that (dX*,dY}F) also satisfies
the system (3.2) with 7 = 6510, We also know that (X*,Y*) € N'(v,7). Hence, in
view of Lemmas 3.3 and 3.5, we have

d/)\(f _ ( 00(1) gge’fﬂ) )

(gk+1) 9k:+1)
—k B O(@k-H) 0(9k+1)
ch - ( O(gk+1) 0(1) ) .

It implies that

—~k ~k
s S D :

The remaining part of the proof is based on similar arguments as the ones used in the
proof of Theorem 5.1 of [3]. d
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