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Abstract

Distributionally robust optimization (DRO) is a powerful technique to train robust models against
data distribution shift. This paper aims to solve regularized nonconvex DRO problems, where the
uncertainty set is modeled by a so-called generalized Sinkhorn distance and the loss function is
nonconvex and possibly unbounded. Such a distance allows to model uncertainty of distributions
with different probability supports and divergence functions. For this class of regularized DRO
problems, we derive a novel dual formulation taking the form of nested stochastic optimization,
where the dual variable depends on the data sample. To solve the dual problem, we provide the-
oretical evidence to design a nested stochastic gradient descent (SGD) algorithm, which leverages
stochastic approximation to estimate the nested stochastic gradients. We study the convergence
rate of nested SGD and establish polynomial iteration and sample complexities that are indepen-
dent of the data size and parameter dimension, indicating its potential for solving large-scale DRO
problems. We conduct numerical experiments to demonstrate the efficiency and robustness of the
proposed algorithm.

Keywords: Distributionally Robust Optimization; Lagrange Duality; Nested Stochastic Optimiza-
tion; First-order Algorithm; Adversarial Robustness.

1 Introduction

In classic machine learning, the primary goal is to achieve good predictive performance in the
test set after training the model on a designated training set. The training problem is typically
formulated as an empirical risk minimization (ERM) problem (Vapnik and Chervonenkis, 2015).
However, empirical risk minimization assumes that the training set and the test set follow the same
underlying data distribution, which is often unrealistic and may result in poor test performance when

data distribution shift exists.
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Data distribution shift is prevalent in real-world scenarios. It can be caused by many factors
such as sampling bias, presence of anomalies, data merging and change of measurements, etc. To
tackle this challenge, distributionally robust optimization (DRO) (Herbert, 1957) was proposed,
which formulates the objective function as a min-max problem. DRO aims to learn a robust model
by minimizing the expected risk over the worst-case data distribution within a predefined ambiguity
set. This formulation offers a principled framework to learn the optimal resilient solution in the face
of distribution uncertainty.

One key factor in DRO is the selection of an appropriate divergence measure for modeling the
ambiguity set. Specifically, the divergence measure should not only be computationally tractable
but also yield a solution that avoids excessive conservatism. In the existing literature, various
divergence-based ambiguity sets have been studied. In Pflug and Wozabal (2007); Wozabal (2012);
Shafieezadeh Abadeh et al. (2015); Esfahani and Kuhn (2018); Gao and Kleywegt (2023); Luo and
Mehrotra (2019); Blanchet et al. (2023), the authors focused on reformulating the expressions of
objective functions under the worst-case distributions into a tractable form and exploring possible
algorithms to tackle DRO problems under Wasserstein-type ambiguity sets. For more information,
we refer the readers to Kuhn et al. (2019) for a comprehensive survey on Wasserstein DRO. In Hu
and Hong (2013); Bayraksan and Love (2015); Levy et al. (2020); Duchi and Namkoong (2020); Liu
et al. (2023), the authors analyzed alternative expressions of objective functions under the worst-
case distribution, developed algorithms to solve DRO problems under Kullback-Leibler (KL) and
f-divergence based ambiguity sets. However, the aforementioned divergence measures have certain
limitations. For example, it is known that DRO with Wasserstein distance requires high computa-
tional complexity (Pele and Werman, 2009; Ba et al., 2010). Also, both KL and f-divergence are
not symmetric when assessing distributions. Furthermore, these two divergence measures require
that the distributions share the same probability support, a strong condition that may fail to cap-
ture extreme distributions at certain points. We refer readers to check Examples 1 and 2 for some
concrete applications.

The Sinkhorn distance, first introduced in Cuturi (2013), was designed to address the aforemen-
tioned limitations. Sinkhorn distance is symmetric and allows distributions from the same sample
space to have different probability supports. Furthermore, Sinkhorn distance is a convex function
with respect to distributions, ensuring computation tractability and efficiency for large-scale prob-
lems. In Wang et al. (2023); Blanchet et al. (2023); Azizian et al. (2023), constrained Sinkhorn
DRO was initially investigated. Specifically, Wang et al. (2023) derived the equivalent formula-
tion of constrained Sinkhorn DRO problem and solved it via stochastic mirror descent algorithm,
marking the first work to solve constrained Sinkhorn DRO using first-order optimization methods.
However, the convergence analysis conducted in their work assumed that the loss function is convex
and bounded, which may not hold in practical modern machine learning applications. Furthermore,
the log-exponential compositional structure induced by the conjugate dual of the KL-divergence
makes the objective function difficult to optimize and hinders convergence.

In this work, we develop and study dual formulations of generalized Sinkhorn-distance regu-
larized DRO problems (see formulation (1)). The problem takes the form of a nested stochastic
optimization with a contextual variable. Unlike traditional stochastic optimization problems, our
formulation makes dual decision variable dependent on data sample following distribution P. Hu
et al. (2023) studied contextual bilevel optimization, which can be applied to solve such problem.
However, their convergence analysis is not directly applicable to proposed Sinkhorn DRO dual for-
mulation (3). Specifically, their convergence guarantee relies on the strong convexity of the inner ob-



NEST-SGD FOR SINKHORN-REGULARIZED DRO

jective, a condition that does not hold in our setting. Moreover, from algorithmic perspective, while
Multi-level Monte Carlo (MLMC) significantly improves the per-iteration sample complexity for
computing a variance-reduced stochastic gradient estimator, it still requires storing a non-constant
number of samples that scale with the target error, and second-order information remains unavoid-
able under bilevel optimization framework, leading to increased computational cost and unnecessary
overall sample complexity for our problem. To tackle aforementioned challenges, based on tractable
expression of gradient proved in Jin et al. (2021) (see Lemma 1) and structural relationship between
outer problem’s gradient and inner problem’s gradient, we establish controllable approximation er-
ror of outer objective’s gradient given the inner objective’s gradient satisfying mild conditions (see
Theorem 2). This observation enables us to further utilize sample-average approximation (SAA)
to estimate stochastic gradients, solve dual problem efficiently via Nested SGD algorithm (see Al-
gorithm 2) and establish convergence analysis without requiring large batch size of samples and
additional assumptions including convex loss and strong convexity for inner-objective assumed in
Wang et al. (2023); Hu et al. (2023). Finally, we train several models including logistic regression,
LeNet (LeCun et al., 1998) over CIFAR-10 (Krizhevsky, 2009) and MNIST (Deng, 2012) dataset,
and conduct experiments to evaluate test performance of proposed Sinkhorn DRO dual formula-
tion (3) with other baseline methods over perturbed test dataset. Our results demonstrate that the
Sinkhorn DRO formulation (3) and our proposed nested algorithm successfully improve models’
robustness against distribution shift.

1.1 Summary of Contributions

» To preserve the advantages of Sinkhorn distance while broadening the class of divergence
measures used to model the ambiguity set, we consider a generalized Sinkhorn distance based
on the family of f-divergences. Building on this formulation, we transform the primal prob-
lem using inverse CDF sampling and derive the dual form of the regularized Sinkhorn DRO
problem via Lagrangian duality, under which strong duality holds. The resulting dual problem
takes a novel form of contextual nested stochastic optimization problem, where the variable
of the inner stochastic sub-problem depends explicitly on the data samples.

* To solve the contextual nested stochastic optimization problem, we begin by reviewing the ex-
plicit gradient formula of the proposed Sinkhorn DRO objective. By exploiting the structural
relationship between the objective and its sub-problem, we derive conditions under which
the gradient approximation error can be made arbitrarily small. This insight motivates the
development of a practical Nested-SGD algorithm (Algorithm 2), which simplifies the ap-
proach taken by the research community to solve contextual nested problems within the gen-
eral bilevel optimization framework. To establish convergence guarantee, we further analyze
the smoothness properties and derive second-moment upper bounds. Our convergence anal-
ysis reveals a standard sample complexity of O (¢~*) for each loop of the algorithm, result-
ing in a total sample complexity of O(¢~%) for non-convex loss. However, considering the
one-dimensional nature of the sub-problem of the proposed Sinkhorn DRO formulation and
by appropriately adjusting the batch size, the overall problem can be efficiently solved with
O(e~*) iteration complexity.

* To justify the efficiency of our proposed formulation and algorithm, we evaluate their practical
performance on real-world datasets. The results, under distribution shifts simulated by various
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adversarial attack methods, demonstrate that our approach not only improves the robustness
of diverse machine learning models but also scales effectively to large models and datasets.

2 Related Work

DRO. The DRO framework shares strong connections with contrastive learning (Wu et al.,
2023), multiple instance learning (Sapkota et al., 2021), AUC maximization (Zhu et al., 2022),
anomaly detection (Chen and Paschalidis, 2018a), and self-supervised learning (Qiu et al., 2024;
Wei et al., 2025). The key challenge in modeling lies in transforming the problem into a tractable
formulation given the chosen ambiguity set. The first stream focuses on using information diver-
gence to construct ambiguity set. Commonly employed divergence measures include the Wasser-
stein metric (Shafieezadeh Abadeh et al., 2015; Esfahani and Kuhn, 2018; Gao and Kleywegt,
2023; Luo and Mehrotra, 2019; Liu et al., 2022; Zhu et al., 2024); KL divergence (Hu and Hong,
2013; Shapiro et al., 2023; Kocuk, 2020); f-divergence (Levy et al., 2020; Lam, 2019; Duchi and
Namkoong, 2020; Jin et al., 2021; Namkoong and Duchi, 2016; Liu et al., 2023); Sinkhorn distance
(Wang et al., 2023; Azizian et al., 2023) and its variants (Wang et al., 2024). Recently, Blanchet
et al. (2023) further proposed a framework to unify aforementioned constrained DRO problem based
on optimal transport theory with conditional moment constraints. Another stream for constructing
ambiguity set is using special statistics, such as geometry shape constraints (Chen et al., 2021) and
statistical moments (Herbert, 1957; Delage and Ye, 2010; Cheramin et al., 2022) etc.

Sinkhorn Distance. Sinkhorn distance has successful applications in areas like generative
models (Patrini et al., 2020; Genevay et al., 2018), matrix factorization (Qian et al., 2016), image
segmentation (Rabin and Papadakis, 2015) etc. In Cuturi (2013), Sinkhorn matrix scaling algo-
rithms was proposed to compute optimal transport map under Sinkhorn distance objective. Later, in
Altschuler et al. (2018); Aude et al. (2016), greedy and stochastic variants of Sinkhorn scaling algo-
rithms were proposed to clarify relationship between algorithm convergence and input dimensions.
Some works also study Sinkhorn distance computation over data samples with special structures. In
Tenetov et al. (2018); Altschuler et al. (2019), they propose variant algorithms specially applying to
data samples over compact Riemannian manifolds and Euclidean balls respectively.

Algorithms for Solving DRO. For Wasserstein metric ambiguity set, several works reformu-
late primal problem into tractable forms such as convex programming (Shafieezadeh Abadeh et al.,
2015), semidefinite programming (Luo and Mehrotra, 2019) and mixed integer programming (Sap-
kota et al., 2021). Subsequent works (Shafieezadeh Abadeh et al., 2015; Sapkota et al., 2021) trans-
form problems into the form which is directly solvable using software toolbox. In Luo and Mehrotra
(2019), they use cutting-surface method to solve semi-definite programming for general nonlinear
objective and branch-and-bound algorithms for bilinear objective. Another common technique to
transform DRO is using duality theory (Gao and Kleywegt, 2023; Levy et al., 2020). Through this
way, computation of shifted distribution can be avoided. In Qi et al. (2023), projected SGD and
acceleration is used to solve the dual form of KL divergence constrained DRO. In Jin et al. (2021),
normalized SGD with momentum is used to optimize the dual of f-divergence regularized DRO.
Later Zhang et al. (2025) revisits f-divergence regularized DRO and propose double SGD with
clipping to solve it. In Zhang et al. (2024), stochastic Frank-Wolfe method is used to solve ap-
proximation for the dual of general Cressie-Read family divergence constrained DRO. Wang et al.
(2023) used stochastic mirror descent to solve the dual form of Sinkhorn distance constrained DRO
and Wang et al. (2024) used a projected sub-gradient method to solve the dual form of unbalanced
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Wasserstein distance constrained DRO. Hu et al. (2023) empirically applied contextual bilevel opti-
mization methods to solve the primal formulation of Wasserstein DRO with side information.

3 Notations

Throughout this work, we denote ¢ ~ Q as data drawn from the underlying distribution Q,
¢ ~ P as data drawn from the nominal distribution P, and their corresponding reference mea-
sures are denoted by p (for P) and v (for Q). We denote N (-, -) as normal distribution following
certain mean and variance. For the primal problem (1), we denote ¢(x;&) as the loss function
associated with sample ¢ and parameter z € R? (i.e., the weights of a linear model or neural net-
work), A\ as the regularization coefficient. For generalized Sinkhorn distance used to model the
ambiguity set (see Definition 1), we denote c(-,-) as the cost metric for measuring proximity be-
tween samples ¢ and £, 3 as the regularization coefficient, D as the f-divergence. In primal-dual
problem reformulation, we introduce 7 as Lagrange multiplier and f*(-) as the conjugate dual func-
tion induced by the chosen information divergence. For the proposed dual formulation (3), when
n5(¢) = argmin L¢(x,n), we denote V(x) = L¢(x,13(()) for simplicity, and use V¥(z) to de-
note the gradient with respect to . For functions including L, L¢ ¢ : R? x R — R, which takes
two arguments = € R%, 1 € R, we use V1, V5 to denote the gradient with respect to « and 7. For
Algorithm 1, which optimizes the inner objective (5), we denote g as the learning rate, v(-) as the
stochastic gradient estimator with respect to 7, d as the output index, B as the batch size, and & as
the scaled target error. For Algorithm 2, which optimizes the dual formulation (3), we denote ; as
the learning rate, g7 (-), g (-) as inexact, exact stochastic gradient estimator of dual formulation (3)
with respect to x, ¢ as the algorithm’s output index, B as the batch size, and ¢ as the target error
passed to Algorithm 2. Through this work, we denote || - ||, || - ||1, and || - || oo @s €2, ¢1, and £+, norms
over Euclidean space, respectively.

4 Regularized Nonconvex DRO with Generalized Sinkhorn Distance

In this section, we first introduce a class of regularized nonconvex distributionally-robust op-
timization (DRO) problems, where the data distribution uncertainty is quantified by generalized
Sinkhorn distance. We then study its strong dual formulation in Theorem 1 and compare it with
the strong dual formulation of constrained DRO quantified by Sinkhorn distance obtained in Wang
et al. (2023).

4.1 Problem Formulation

In distributionally-robust optimization (DRO), the goal is to learn a model which achieves good
and robust performance when the underlying data distribution is uncertain. Specifically, consider
a machine learning problem with the nonconvex loss function denoted by /(z; &), where z € R
denotes the collection of model parameters and £ corresponds to a data sample that follows an
underlying data distribution Q. Then, with a regularization parameter A > 0, we study the following
regularized DRO problem, which is a popular formulation in robust machine learning (Chen and
Paschalidis, 2018b; Gao et al., 2022; Sagawa et al., 2019).

xrélli:{ld S%p{ngQ [0(z;€)] — AW5(P, Q)}v D
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where W3 (P, Q) denotes a certain function (with parameter 5 > 0) that measures the distance
between a nominal data distribution [P and the underlying data distribution Q. In particular, the
operation min; supg aims to optimize the model = under the worst-case data distribution Q to en-
hance model robustness against the distribution shift from the nominal distribution P. In the existing
literature, many studies have considered KL-divergence (Hu and Hong, 2013; Shapiro et al., 2023),
f-divergence (Levy et al., 2020; Duchi and Namkoong, 2020; Jin et al., 2021; Namkoong and Duchi,
2016; Liu et al., 2023) and Wasserstein distance (Shafieezadeh Abadeh et al., 2015; Esfahani and
Kuhn, 2018; Gao and Kleywegt, 2023; Luo and Mehrotra, 2019; Blanchet et al., 2023) to quan-
tify the above distribution shift. However, both the KL.-divergence and the f-divergence require Q
and PP to have the same probability support, which is restrictive and undesirable for many machine
learning applications. The following two examples illustrate the limitations of f-divergence.

Example 1 In robust Markov Decision Process (MDP) (Wang et al., 2022), denote the underlying
environment’s transition kernel as Q. Then, robust reinforcement learning aims to optimize the
following robust state value function over the policy .

V7T(s) := inf [ Yy | w, 80 = 8,
)= on, Bipr<o ; ¢!

where v is a discount factor, s corresponds to the state and ry represents the reward obtained after
the t-th state transition. Here, the robust value function V' (s) considers the worst-case environment
transition kernel Q over the uncertainty set defined by the f-divergence, i.e., {Q : D(Q[P) <
p}. In this setting, if the nominal transition kernel P cannot visit a certain crucial state s, then
neither can the transition kernels Q from the uncertainty set visit that state s. This indicates that
f-divergence does not handle “unknown” uncertainties (e.g., states that never visited by P).

Example 2 Consider the following f-divergence-regularized DRO problem.

min sup {EgN@[ (z;8)] — )\Df(QUP’)},
zeR? Q

where the distribution shift on data is characterized by the f-divergence. Suppose we want to train

a face detection model. If the nominal data distribution P only covers face images collected from

the majority group and excludes the minority groups, then the f-divergence DRO cannot yield a

robust model over all the groups.

On the other hand, the classic Wasserstein distance does not require the distributions P, Q to have
the same probability support. However, it is known that Wasserstein distance suffers from compu-
tational intractability for high-dimension data (Pele and Werman, 2009; Ba et al., 2010), and hence
is not suitable for large-scale problems in machine learning.

To tackle these challenges, inspired by the Wasserstein distance, Sinkhorn distance (Cuturi,
2013; Wang et al., 2023), we consider the following generalized Sinkhorn distance to quantify the
data distribution shift. To elaborate, we consider a sample space €2 associated with o-algebra F.
Furthermore, for distributions Q, P over a measurable subset of F, we assume they are absolutely
continuous with regard to some reference measures v and u, i.e., Q < v, P < p.

Definition 1 (Generalized Sinkhorn Distance) Consider probability distributions Q and P over
(Q, .7-“) and let v and p be reference measures satisfying Q < v,P < p. Denote I'(P, Q) as the
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set of joint distributions that have marginal distributions P, Q. For a fixed regularization parameter
B > 0 and a cost metric ¢ : Q) x Q0 — R, the generalized Sinkhorn distance is defined as

WoQ) =it {Eicem[e(¢6)] +5Df<vm®u>},

vel'(P,Q
where D corresponds to the f-divergence, that is, Dy(y|P @ v) = [ f ( ) v(&)dP((),
where the function f : [0,400) — [—00,400] is convex and satlsﬁes f@ ) nd f(0) =

limy_04 f(t), and % represents the density ratio of v with respect to P ® v.

Remark 1 The absolute continuity condition Q < v, P < u is crucial to guarantee that the
generalized Sinkhorn distance is well-defined. Typical choices of the reference measure v include
the Lebesgue measure or the Gaussian measure. In addition, when Q < v, D¢(y|P ® v) and
D¢ (v|P ® Q) are equivalent up to a constant, which does not affect the optimal solution in the
regularized setting. Thus, we consider the former term for simplicity.

The considered generalized Sinkhorn distance is regularized by the f-divergence , which general-
izes the KL-divergence regularization adopted in the definition of the standard Sinkhorn distance
(Wang et al., 2023). Such generalization still allows the distributions P and Q to have different
probability support. By adding f-divergence regularization, it preserves the joint convexity with
respect to the probability distributions and thus guarantees the uniqueness of the optimal solution,
which helps reduce the computation complexity. Moreover, the generalized Sinkhorn distance pro-
vides more flexibility to model data distribution uncertainty compared to other divergence-based
measures (Levy et al., 2020; Jin et al., 2021).

4.2 Dual Formulation

With generalized Sinkhorn distance, the regularized DRO problem (1) can be rewritten as

minsup {Beo[((w: 0] = inf (B [Me(€. O] +ASDIGIP O} @

The primal Sinkhorn distance regularized DRO problem (2) is hard to solve, since it is challenging
to obtain an analytical form of the worst-case distribution Q. However, the generalized Sinkhorn
distance involves special structures that can transform the primal regularized DRO problem (1) into
a simpler dual form. The following theorem deduces an equivalent dual formulation (See Appendix
E for proof details).

Theorem 1 (Dual formulation) The DRO problem (2) has the following equivalent dual formula-
tion

(£($7€> — AC(Cvﬁ) -
B

Le,c(zm)

min Eqop[We(x)], where V¢ (x) = ;1&1& EgN,,[)\ﬁf* 77) + 77}, 3)

zeRd

and f* denotes the conjugate function of f.



YANG, ZHOU, LU

Remark 2 (Technical Novelty) Proving the equivalence between the primal problem (2) and the
dual problem (3) is crucial. To elaborate, we first decompose the joint distribution as v((,§) =
e (&)P(C), where ~y¢ corresponds to the conditional distribution over &. Then, by the principle of
interchangeability (Theorem 7.92, Chapter 7.3.2 in Shapiro et al. (2021)), we are able to swap the
order between E¢.p and sup, ¢ without changing the optimal value, which yields

min Bp [Ue(a) = sup {Eee 1 (03 €) = 2l 8)] = 9Dy (EO(9)}]

Then, by utilizing techniques of data processing inequality, we show that V¢(x) is equivalent as
follows auxiliary function

V(@) = sup{Ey [(:€) = Ael(C,€)] = ABDy (taycliun)}-
Hyi¢

where sup ol corresponds to the supremum over all possible distributions (¢ induced by (& [€).

Last, by utilizing inverse c.d.f sampling on \Tlg(x) introduced in Levy et al. (2020); Duchi and
Namkoong (2020), we are able to derive equivalent formulation V¢ (x) = min,cr fol SUP,cR
[rF‘l (u)—n(r—1)— )\Bf(r)] du, apply Lagrange duality and definition of convex conjugate dual
transforming W (x) into desired formulation.

We notice that in Wang et al. (2023); Azizian et al. (2023), the authors also present strong dual
formulation for the constrained Sinkhorn DRO problem with Dy being the KL divergence and
constraint radius p. Specifically, they showed the following equivalent formulation of the problem

U(z;6) — Ae(§0) )])} }

min {)\p + ABE¢p {log (ngy [exp( Ve

“)
z€RI A>0
Such dual formulation takes a compositional structure of the form E. log(IE¢(exp(t))), where con-
trolling the variance and bias of its stochastic gradient estimator is challenging. To elaborate, Wang
et al. (2023) demonstrates that sample-average estimation of gradient leads to a suboptimal con-
vergence rate under mild assumptions. Such limitation motivates them studying variance reduction
technique-multilevel Monte Carlo method (MLMC), to improve the sample complexity thereafter.
As a comparison, for proposed Sinkhorn DRO dual formulation (3) derived using Lagrange
duality, it involves nested minimization structure, where the inner minimization problem is with
respect to the dual variable and sample (. Such nested structure is challenging as most nested
problems are solved by using bilevel optimization frameworks, where computing hyper-gradient
estimation is known to be time-consuming due to the requirement of second-order information
(Franceschi et al., 2018). Moreover, the dependency between the inner minimizer 7 and { motivates
us to reduce the number of sampled ¢ to O(1)-level per iteration. Thanks to Lemma 1 proved by
Jin et al. (2021), which provides a tractable expression for evaluating gradients without requiring
second-order information. As we later demonstrate in Theorem 2 and 4, one can efficiently control
the gradient approximation error and establish convergence of nested SGD for solving proposed
dual formulation (3) without querying a large batch of ¢ and £ per iteration.
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5 Solving the Dual Problem via Nested SGD

To minimize optimization problem with contextual nested structure, Hu et al. (2023) studied
bilevel SGD framework and attained near optimal sample complexity @(5*4) when lower level
problem is strongly convex and MLMC is used for hyper-gradient estimation. However, their anal-
ysis is not directly applicable to proposed Sinkhorn DRO dual formulation (3), as their framework
assumes dependency between £ and (, but does not account for the dependency between the dual
variable 77 and the sample (. Additionally, most conjugate dual functions f* for information di-
vergences are not globally strongly convex, which further limits the applicability of their analysis.
As we mentioned before, Wang et al. (2023); Hu et al. (2023) showed that MLMC requires storing
multiple samples of ¢ up to O(log(e~ 1)) to construct a stochastic estimator with O(¢)-level ap-
proximation error, and second-order derivative remains unavoidable for evaluating hyper-gradient
in contextual bilevel objective.

Motivated by these bottlenecks, in this section, we present a tractable expression for comput-
ing the gradient of proposed Sinkhorn DRO dual formulation (3) and we then find, by exploring
the structural relationship between the inner and outer objective gradients, that the requirements
of strong convexity assumption and sampling multiple ¢ can be eliminated to control the approxi-
mation error between VE [V, ()] and V1E¢[L¢(z,12(¢))] given n¢(¢) is an output of stochastic
oracle satisfying mild conditions. Recall that the dual formulation (3) consists of two stochastic
optimization problems. Throughout, we denote the objective function of the inner problem in (3) as

U(z;6) — Ae(G,€) —
AB

For simplicity, we denote 7 ({) = arg min, L¢(x,7) to highlight its dependence on the fixed pa-
rameter = and data sample (. We also denote E, [\Ilc(a:)] as the objective function of the outer
problem.

To analyze the problem structure, we adopt the following standard assumptions on the loss
functions and convex conjugate dual of chosen f-divergence.

Le(z,m) =Een [MBF( )]+ S

Assumption 1 The functions in Sinkhorn DRO dual formulation (3) satisfy:
Ua;€) — L(y; €)|| < Gz —y]|.
Vi(a;6)=VL(y; )| <

 Forevery &, £(+;€) is G-Lipschitz continuous. i.e.,

o Forevery&, ((-; ) is continuously differentiable and L-smooth. i.e., |
Lz =y

» The conjugate function f* is continuously differentiable and M -smooth.

* The objective function E¢p [ (-)] is bounded below.

Remark 3 Note that the loss function ((x;€) is generally nonconvex. Regarding the smooth as-
sumption on f* in the third item, some typical examples of f-divergence include the x?-divergence,
smoothed CVaR divergence (Jin et al., 2021), where their corresponding conjugate functions are
givenby f*(y) = —1—|—%(y—i—2)%r and f*(t) = L log(1—a+aexp(t)). To analyze the dual formula-
tion (3) with KL-divergence, we need to adopt assumption sup,, exp((¢(x; &) —Ae((,€) —n)/AB) <
oo holds almost-surely for every & given (. Under these assumptions, one can ensure that the con-
vex conjugate dual f*(t) = exp(t) — 1 is locally M-smooth within a bounded domain. We will
later demonstrate in our ablation study (Appendix D) that the f* induced by the KL-divergence
yields similar convergence behavior when optimizing dual formulation (3), compared to choices of
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[ that satisfy the M -smoothness property, suggesting that this assumption does not limit practical
applicability.

Since the dual problem takes a nested form, we need an efficient way to compute the gradient of
the objective function. The following lemma, proved by Jin et al. (2021), provides an analytical
formula for computing the exact gradient. (See Lemma 2.6 in Jin et al. (2021) for proof details)

Lemma 1 (Computation of V¥ (z) (Jin et al., 2021)) Let Assumption | hold and consider fixed
x and given (. Then, the function ¥ :(x) is differentiable and satisfies V¥ (x) = V1L (x,75(C)),
where 13;(¢) € arg min, L¢(x,n).

This lemma shows that, given the exact minimizer 7} (¢) of the inner problem, one can directly
evaluate the gradient of dual formulation (3). Notably, it eliminates the need to acquire second-
order derivatives for computing V17%(¢), which are typically required under bilevel optimization
framework (Franceschi et al., 2018; Ghadimi and Wang, 2018; Hu et al., 2023). Motivated by
Lemma 1, we aim to develop conditions and algorithms to estimate 77 (¢) with arbitrarily small
error, thereby enabling the construction of an inexact gradient estimator for proposed Sinkhorn
DRO dual formulation (3) with an e-level approximation error. The following theorem shows that,
for any fixed « and ¢, the approximation error in estimating VW (z) can be made arbitrarily small

by querying an inner solution 7¢(¢) that is accurate on average. (See Appendix G for proof details)

Theorem 2 (Gradient approximation error bound) Consider a stochastic algorithm minimizing
(5). If the stochastic oracle outputs an 1%(C) converging to VoL (x4, n%(C)) with scaled small
target error € = /G, i.e.,

7 2
E, | VaLelw,ni(Q))]” <&, (6)
ng(C)
then the gradient V1L (z, nﬁ(()) approximates full gradient V'V (x) with error up to ¢, i.e.,

V() = B, gy [ViLe (@, nd ()] < €2, 9¢ ~ P. %)

Remark 4 (Technical Novelty) The novelty of our proof lies in the usage of the monotonicity prop-
erty of (f*), which enables us to perform an equivalence transformation by moving the expectation
E¢~ into the norm H : H Thanks to special structure of formulation (3), such operation swap doesn’t
change its value since each inner problem min, L:(x,1) depends on a fixed (. In the proof, we also
Z(¢;§)*}\¢ﬁ(<;£)*ﬁ>

utilize the convexity of the conjugate function f*( in 1, albeit the loss function {(z; )

is generally nonconvex.

Note that Theorem 2 requires an algorithm capable of generating an 1¢(() that satisfies condition
(6), which can be achieved by the vanilla SGD algorithm (Ghadimi and Lan, 2013) under mild
assumptions. And the condition (6) cannot be further reduced to other forms, as the second-order
condition (6) will be reused when estimating the second moment of the inexact gradient (See Lemma
5).
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Additionally, condition (7) characterizes the relationship between the gradients V¥ (z) and
ViE i) [L¢(z,m3(¢))] when the inner problem (5) is solved approximately by an inexact mini-

mizer ng(( ). This observation motivates the design of a nested-type stochastic algorithm (detailed

in the next subsection), in which the inner algorithm computes an inexact minimizer ng(c ) for
L¢(x,n), and the outer stochastic algorithm subsequently optimizes min, E¢p[L¢ (2, n)]. This ap-
proach is justified by taking the expectation over ( ~ P and applying Jensen’s inequality to (7),
which further implies

V1B p i [ £l n Q)] = VEcp [We(@)] |
< Eeop|| V1Ll nd(0)) = V()| < &2 ®)

Through condition (8), we conclude that one can establish bias and variance guarantee with respect
to the true gradient || VE¢p[¥¢(2)]|| by sub-sampling O(1)-batches of (.

6 Algorithm design and convergence analysis

In this section, we propose a nested procedure composed of Algorithm 1 and Algorithm 2 to
sequentially optimize x and estimate 7} (¢) via SGD-type algorithms. To facilitate the convergence
analysis of these algorithms, we impose the following bounded variance assumptions on the loss
function £(x; §) and the cost metric ¢((; ). Through the work, to account for randomness arising
from high-dimensional data, we use the variance definition Var(p(w)) = E[p(w) — E[p(w)]] 2
in our assumption, where p(-) : R? — R denotes a function mapping a random variable = € R
to a scalar.

Assumption 2 There exists 0,6 > 0 such that:

* For every x, the variance of {(x; -) over £ is bounded by o2, i.e., Varg (E(:U, 5)) < 02.
§) <
§)

e For every (, the variance of c(C, ) over £ is bounded by 82, i.e., Vary (C(C,
* For every &, the variance of c(-,€) over ¢ is bounded by 62, i.e., Var¢(c(¢,€)) <

6.1 Inexact Estimation of Inner Minimizer via SGD

Recall that the inner problem of the dual problem (3) takes the following form.

U(z;§) — Ae(G,€) —
L Eew [ ABf* ’ ’ )
%Iéln C(.T??) ﬁl’[ ﬁf( )\5 )+T]]
which is a stochastic optimization problem. Inspired by condition (6) stated in Theorem 2, we utilize
a SGD-type algorithm (Algorithm 1) for computing an inexact estimation of 7% ({). Specifically, for
fixed = and sample ¢, we compute the mini-batch stochastic gradient estimator of VoL (x,7) at
each iteration as follows

©)

7<

AB

O:J \

B
Z i) — (&) —my 10

For simplicity, we simplify notation vf c(n) as vB (n) when the dependence on x and ( is clear from
the context.

11
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Algorithm 1 SGD for estimating 7 (¢)

Input: Initialization 170; sample (; number of iteration D); batch size B.
while d < D do
Draw samples {{} 5z ~ v with batch size B.
Compute v(ngt (¢)) via (10).
Update ¢, (¢) = ng,(¢) — aqv® (n, (€))-
end while
Output: 7%(¢), where d uniformly sampled from {0,1,2,....D — 1}.

To analyze the convergence of the inner Algorithm 1 based on Assumptions 1 and 2, we first
obtain the following expected smoothness property (See Appendix H for proof details)

Lemma 2 (K’-smoothness of inner objective (5)) Ler Assumption I hold and denote L ¢(x,n) =
ABE¢y [f*(%)] + 1. Then, for any n and /', we have
2 2
B¢ ||VoLeg(x,m) = Valeg(z )| < (K2 |ln =o',
where K' = M(\B)~1.

We then obtain the upper bound estimate for second moment of VoL¢(x,7n) as follows (See Ap-
pendix I for proof details).

Lemma 3 (Second moment bound for VoL ¢(x,n)) Let Assumption 2 hold. Then, vB (n) is the
unbiased estimator for VoL (x,n), and the second moment of VoL ¢(x,n) satisfies

Eeww [|[VaLeg(z, )| < Ra + | VaLe(z,n)|?, (11)
where Ry = 2M?(\B)~2(a? + \262).

Based on K’-smooth and affine bounded second moment shown above, we establish the follow-
ing convergence result of Algorithm 1 (See Appendix J for proof details).

Corollary 3 (Convergence of Algorithm 1) Let Assumptions I and 2 hold, denote A= supg{ L¢ (o, n%)

—W¢(z¢)}. Apply Algorithm 1 to solve the innerproblfm (5) with learning rate ag = min{%’ %}
and batch size B = 1, then Algorithm 1 outputs an 77;[(( ) satisfying
N .
E, 0 |V2Lel@ 1g(Q))]" < &% 1)

In particular, it takes D = O(AK'Ryé=%) = O(AK'RyG**) number of iterations to obtain an
&-stationary point, and the stochastic gradient oracle complexity is O(AK'RyGe™4).

Remark 5 Notice that solving the inner optimization problem (5) to obtain an ng(g ) only requires
solving a one-dimensional optimization problem, where evaluating its stochastic gradient does not
require expensive tensor computation or backpropagation. Consequently, employing a large batch
size can substantially reduce the iteration complexity without significantly increasing computational

overhead. For example, by selecting batch size as B = O(G~2672) = O(c2) and setting the

learning rate ag = min{%, m}, Algorithm 1 generates an n%(¢) satisfying condition (6)
after D > SRyAK'GYe™2 = O(RQAK,G4€_2) iterations.

12
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6.2 Nested SGD and its convergence analysis

The previous section has shown that SGD-type algorithms can successfully generate an n%(()
satisfying the conditions required by Theorem 2. In this section, we introduce the nested SGD
algorithm (Algorithm 2) and establish its convergence guarantees. Specifically, at each iteration,
Algorithm 2 samples a single ¢ along with a mini-batch {{} 5, and obtain an inexact estimate of
n:(¢) by calling Algorithm 1. It is worth noting that the sampled ¢ from Algorithm 1 can be
reused to save computation overhead. Algorithm 2 then evaluates a mini-batch gradient estimator
of VE¢[W(x¢)] as follows

B
9z G:6B) = Z Hoide) = (fﬁg’) (C))W@:t &) (13)

Remark 6 In the stochastic gradient estimator (13), note that we only apply mini-batch sampling
over £. This is because the inexact minimizer n%(¢) explicitly depends on  and thus can vary over
different (. We notice that Wang et al. (2023) proposes RT-MLMC estimator, which is specifically
designed to reduce the upper bound of the second moment using fewer samples. In our setting, their
RT-MLMC gradient estimator can be rewritten as

1 — 1
RT-MLMC Li .l h
g (z¢) = TLg ;1: Pl =) L,)A (w45 ¢"), where

1

|_|

A (z;¢") =g(x45 ¢ §1.0) — 29 G(we; ¢ 1) — 29 g(we; ¢ Er141.0), (14)
where ny denotes the randomly sampled levels Ll, oy lng,s where each level 1; is sampled indepen-
dently following the distribution P(1 = ;) = 2 5—a> forl =0,...,q. To ensure convergence, Wang

et al. (2023) demonstrates that by choosing hyper-parameters ny = O(1),q = O(log(¢1)), RT-

MLMC estimators ensures SGD achieving (7)(8_2) near-optimal convergence when loss function
0(x; &) is convex and bounded. However, due to the nested structure of proposed Sinkhorn DRO
dual formulation (3), we find that the RT-MLMC estimator is not well-suited for our setting, as (14)
requires storing ¢ = O(log(e™1)) samples of (. This, in turn, simultaneously increases the number
of calls to Algorithmn 1 per iteration within Algorithm 2 to obtain corresponding ngt (C*). The nested
structure of the problem limits the effectiveness of variance reduction typically offered by the mul-
tilevel Monte Carlo method and fails to significantly improve the convergence order. Furthermore,
it may even introduce additional challenges in sampling and computational efficiency, particularly
when applying estimator (14) within the backpropagation process of deep neural networks. As we
show later in Theorem 4, our proposed Algorithm 2, which employs gradient estimator (13) and
requires only a single sample of  and & (namely B = 1) per iteration, achieves a convergence rate
of T = O(e~%) in standard nonconvex setting.

At each iteration, Algorithm 2 then uses SGD-algorithm with respect to £ to update x; iteratively.
For simplicity, in the following article, we use the simplified notation §” to denote expression (13)
when the dependence on z;, ¢ and {p is clear from the context.

Next, we analyze the convergence of Algorithm 2. We first study the smoothness property of
the objective function E¢p [¥¢(x)]. We note that the bi-variate function Ecp[L¢(x,7)] has been

13
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Algorithm 2 Nested SGD for optimizing x
Input: Initialization x¢; number of iteration 7'; learning rate -y;; batch size B.
while ¢ < T do
Draw samples ( ~ [P and { 13 } 5 ~ v with batch size B independently.

Apply Algorithm 1 to compute estimator n%(().
Compute g via (13).
Update Tiy1 = T — ’)/tggg
end while
Output: z;, where ¢ sampled uniformly from {0,...,7 —1}.

shown to satisfy a generalized-smooth condition (Zhang et al., 2020; Chen et al., 2023c). However,
if n is chosen to be the minimizer 7 (¢), we show that the objective function satisfies the following
directional smoothness property (Mishkin et al., 2024) (See Appendix K for proof details).

Lemma 4 (Directional Smoothness) Let Assumption 1 hold. For any x and @', we have
Ecp||VUc(2) — Vile(@, ni(O)|)? < K2||a — 2|, where K = G*(A8) 'M + L. (15)

Recall that ni (¢) is inexact estimation of 1% (() obtained from Algorithm 1. To analyze conver-
gence of Algorithm 2, we obtain the upper bound of the second moment for ¢, which is stated in
next lemma (See Appendix L for proof details).

Lemma 5 (Second moment bound of §”) The second moment of the mini-batch gradient estima-
tor GP with batch size B defined in (13) is upper bounded as follows

R; + 10&2
B

where Ry = 8G? + 24G? M?(\B)~20? + 24G2 M2 37252

9P)” < VB i [Lclenn . (6)

B pnd(0) 5w

Based on the above lemma, we obtain the following convergence result of Nested-SGD for
minimizing E¢p[V¢(x)] (See Appendix M for proof details).

Theorem 4 (Convergence of Algorithm 2) Let Assumptions I and 2 hold. Denote A = E¢p[V(x0)] —
inf, Ecop [\I’C(az)], apply Algorithm 2 to solve the outer objective in (3) using a constant learning

. 2 . . . .
rate vy =y = mm{ﬁ, ﬂi—&} and set the batch size B = 1. At each iteration, query Algorithm

1 to obtain an estimator n%(C) for sampled C. Then, the output x; of Algorithm 2 satisfies
2
By [VEcop (W] | < 722 an
after T > max{96AKe=2 SAKRie~*} = O(AK R1e=*) number of iterations.

This theorem indicates Algorithm 2 takes O(s~*) iterations to obtain an O(e)-stationary point,
which implies the inexact minimizer 1% (¢) has minor effects on the worst-case sample complexity
of Algorithm 2 for solving proposed Sinkhorn DRO dual formulation (3). Next, we summarize the
overall sample and iteration complexity, as well as the per-iteration sample and memory complexi-
ties of Algorithms 1 and 2 (See Appendix N for proof details).
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Corollary 5 (Complexity Bound for min, Eqp[V¢(x)]) Let Assumptions I and 2 hold. Then, the
Nested-SGD algorithm (Algorithm 2) returns an e-stationary point with a total sample complexity
of O(e~®) for sampling & and (. Furthermore, by setting the batch sizes B, B ~ ©(e~2), the total
iteration complexity becomes T x D ~ O(e~*). At each iteration, Algorithms 1 and 2 incur memory
complexities of O(1) and O(d), respectively.

Compared with existing stochastic bilevel methods—e.g., Hu et al. (2023); Kwon et al. (2023);
Chen et al. (2023a); Huang (2023)—that study bilevel optimization framework, our nested-SGD
Algorithm 2 attains a moderate overall sample-complexity bound. However, the tighter bounds in
those works highly rely on additional regularity assumptions that are incompatible with proposed
dual formulation (3). Specifically, Hu et al. (2023) establish a sample complexity of @(5_6) for
mini-batch SGD under a strongly convex lower-level problem. Huang (2023); Chen et al. (2023b)
obtain sample complexity of O(¢~*) and O (=), respectively, by assuming the lower-level objec-
tive satisfies the Polyak—t.ojasiewicz (PL) condition. Finally, Chen et al. (2023a); Kwon et al. (2023)
report sample complexity of O(¢~4) and O (=) for (i) a jointly convex upper—lower structure and
(i1) a non-convex setting satisfying small-error proximal error-bound (EB) condition. Except Hu
et al. (2023), none of these studies incorporate an in-context variable in the lower-level problem.
Later through numerical experiments in section 7, We show that Algorithm 2 enables proposed dual
formulation (3) to achieve performance comparable to that of Wang et al. (2023), while requiring
only a small number of queries to ¢ and £ under the same iteration budget 7" and a small inner-loop
depth D. Moreover, it remains scalable to large-scale problems, such as training robust deep neural
networks under distribution shifts.

6.3 Proof Sketch of Theorem 4

Based on directional smooth property stated in Lemma 4, we obtain the similar descent lemma
as L-smooth function along the direction x;,1 — x; when 73 (¢) is fixed (See (57) in Appendix
M.1). By replacing x;41 — x; with biased gradient estimator, §;, one can obtain

K~?
2

Ecop[We(we41)] < Eep [Ue(ar)] — (VEcop[We ()], i) + g

When P is used, it induces randomness from xy, C, {5 } 5 and 175(( ). Taking expectation condi-

tioned on x; over (, nﬁ Q), {f }  on both sides of above inequality, we have

B¢ pd ©enmw (Pe@er)lze] SBe poi o) e [We(@o)lae]

K2

- ECNRW%(CLEBNV[(VECNP [We(@e)]snear’) e + ECNP,ni(C)éBw[ 2 gf;HQ"’Et} '

second moment

For upper bounding term “second moment”, one can utilize (16) stated in Lemma 5, which leads to

K~2(Ry + 10€?)
B pnd (0o Ve@erDlze] S B p g o) e [Pel@olze] + 5

. K,YZ -
_ECNP,ngt(g),ggw [(VE¢p[T¢(@t)], 7t9t3> |2¢] + TtHV]chvP,ngt ©) [Lc (e, ngt ()] H2

/

Term 1 Term 2
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For “Term 1”, we expand this term as _ECNPmi(C)éBNV [Ve(VEcp[We (1)), 67 — 9P + gP) 2.

]
Since VEE;p¥(z¢) is independent from randomness induced by £z and ng ,(¢), we move expecta-

tion over £ ~ v and ngt (¢) into inner product. For —E¢p [ (VE¢p[W¢ (24)], E.i SBNV[gtB —
Ty ’

v |xt] , we first apply Cauchy-Scharwarz inequality and then use condition (7) stated in Theorem 2
to obtain upper bound v,cEy, || VE¢p [ ()] ||. For _EC~P,n§t () g (Ve (VEcp[¥e(z0)], 9P ) |34,
it is equivalent to rewrite as —|| VE¢p[¥¢ (z¢)]]?.

Similarly, For “Term2”, by plus and minus an additional term VE p[¥(z;)] in squared norm,
utilizing inequality (a + b)? < 2a? + 2b* and condition (8) stated in Theorem 2, we can upper
bound “Term2” by K~7e? + K~2||VE¢p[¥¢(z¢)]||?. Re-arranging above inequality and applying

. 2
fact v, = v = min{ 5], Rt < 77> We have

S B (IVEee [We(n)] | — 2| VEop [¥ca)] )

2
Kleyz 9 9
S By pind, (06 (W) = V(@) + 5 L+ 6Ke™y.

Summing above inequality from 0 to 7" — 1, applying v, = v = min{ﬁ, %} and
T > max{96AKe~2 8AK R1c~*}, we further conclude

AN 24KePT  2KR?T 46T
A | UKSYT | 2KRT | 4Ty

< 7€
Ty T T Ty — c

I

Eo, [IVEcwp[Te(zp)]||7] <

7 Experiments

In this section, we evaluate the performance of proposed Sinkhorn DRO dual formulation (3)
in comparison to other baselines, including (constrained) Sinkhorn DRO dual formulation (4) from
Wang et al. (2023), regularized f-divergence DRO from Jin et al. (2021); Duchi and Namkoong
(2020), and empirical risk minimization (Vapnik and Chervonenkis, 2015) under distribution shifts’.
To elaborate, we train logistic regression and LeNet (LeCun et al., 1998) for classification tasks on
real-world datasets, where we simulate distribution shifts by applying adversarial attacks on test
dataset. To align with assumption 1, for proposed Sinkhorn DRO dual formulation (3), we choose
f* to be the conjugate dual of the x2-divergence, which satisfies the M -smoothness property. We
unify the training procedure across all formulations using vanilla SGD (Ghadimi and Lan, 2013),
implemented via PyTorch’s autograd toolbox (Paszke et al., 2019), without employing additional
heuristics such as random shuffling, learning rate scheduling, or weight decay. Test results are re-
ported using the model parameters obtained at the last epoch, rather than the uniform averaging
over iterates used in theoretical analysis. Additionally, for gradient estimator (13), we evaluate the
expression using the sampled ¢ and 17%(() obtained from Algorithm 1 to reduce computational over-
head. To make a fair comparison between proposed Sinkhorn DRO dual formulation (3) and dual
formulation from Wang et al. (2023), we generate sample £ following same distribution. Due to page
limitation, we refer readers to check Appendix B and C for more details on model initialization and
algorithm hyper-parameter settings. We also conduct linear regression experiment over synthetic
data and ablation studies of proposed Sinkhorn DRO dual formulation (3), where we present the

1. Code available at: https://github.com/ynyang94/GeneralSinkhorn-Regularized-DRO
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corresponding results in Appendix A, D respectively. All the previously mentioned experiments
were conducted on a PC computer with 32GB memory, 24 cores CPU running Python 3.8.

7.1 Logistic Regression on CIFAR-10

FGSM (Logistic) Sinkhorn DROT  f-DRO  ERM | Sinkhorn DRO?
ergsm = 0.00 77.07% 77.00% 73.26% 75.27%
ergsm = 0.01 65.60% 63.80% 60.73% 67.13%
ergsm = 0.02 54.0% 46.07% 45.67% 58.13%

{+o-PGD (Logistic) Sinkhorn DROT  f-DRO ERM | Sinkhorn DRO?
epgp = 0.01, iter = 20 66.93% 66.0% 62.2% 68.2%
epgp = 0.02, iter = 20 57.93% 53.27% 51.0% 60.47%
epgp = 0.03, iter = 20 45.47% 37.93% 38.07% 50.60 %

Table 1: Test classification accuracy of logistic regression.

In this section, we apply the proposed Sinkhorn DRO dual formulation (3) and other baselines
on logistic regression over CIFAR-10 (Krizhevsky, 2009), and test the classification accuracy on
adversarial samples generated by the fast gradient sign method (FGSM) (Goodfellow et al., 2015)
and /-PGD (Madry et al., 2018) attacks utilizing model parameters obtained at last epoch. Table
1 reports the test accuracy under different perturbation magnitudes, where Sinkhorn DRO" refers
to formulations (4) from Wang et al. (2023) and Sinkhorn DRO? refers to proposed Sinkhorn DRO
dual formulation (3). The corresponding test loss curves are plotted in Figure 2. We found that
when the test data are clean, the proposed Sinkhorn DRO dual formulation (3) achieves performance
comparable to other baselines. However, as attack level increases, the model obtained via proposed
Sinkhorn DRO formulation (3) is more robust than others, which demonstrates the advantage and
effectiveness of Sinkhorn DRO and proposed Nested SGD Algorithm 2.

7.2 LeNet Classification on MNIST

In this section, we apply proposed Sinkhorn DRO dual formulation (3) and other baselines to
train a LeNet (LeCun et al., 1998) over MNIST (Deng, 2012), and test the classification accuracy on
adversarial samples generated by FGSM (Goodfellow et al., 2015), £, £2-PGD (Madry et al., 2018)
and momentum iterative method (MIM) (Dong et al., 2018) attacks utilizing model parameters ob-
tained at last epoch. Table 2 reports the test accuracies under different perturbation magnitudes and
the corresponding test loss curves are plotted in Figure 3, 4, 5 and 6. Specially, we found f-DRO
is vulnerable against FGSM and PGD attacks. This might be due to the generalized-smoothness
property of f-DRO objective (Jin et al., 2021; Chen et al., 2023c), which makes it hard to optimize
using vanilla SGD. As for the proposed Sinkhorn DRO dual formulation (3), we find that it achieves
higher classification accuracy than the Sinkhorn DRO dual formulation (4) from Wang et al. (2023)
across most attack magnitudes, and exhibits a smaller drop in accuracy as the attack strength in-
creases. This demonstrates the effectiveness of our proposed Sinkhorn DRO dual formulation (3)
and supports the validity of our algorithmic analysis.
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FGSM (LeNet) Sinkhorn DRO'  f-DRO  ERM | Sinkhorn DRO?
ergsm = 0.00 95.89% 94.60% 95.50% 96.80%
ergsm = 0.02 83.10% 60.30% 79.20% 89.80%
ergsm = 0.05 52.50% 16.90% 40.0% 65.60%

PGD /, (LeNet) Sinkhorn DROT  f-DRO ERM | Sinkhorn DRO?
€pGD., = 0.01, iter = 20 91.50% 84.0% 90.80% 94.30%
€pGD., = 0.02, iter = 20 85.10% 62.30% 81.20% 91.30%
€pGD., = 0.05, iter = 20 46.60% 790% 34.30% 66.20%

PGD /5 (LeNet) Sinkhorn DROT  f-DRO  ERM | Sinkhorn DRO?

€pGD, = 0.5, iter = 30 87.10% 71.39% 85.30% 92.50%
epGD, = 0.8, iter = 30 74.20% 46.20% 73.50% 87.10%
€pGD, = 1.2, iter = 30 55.50% 18.90% 51.40% 74.00%
MIM (LeNet) Sinkhorn DRO'  f-DRO  ERM | Sinkhorn DRO?
emmv = 0.01, iter = 30 83.20% 4250% 20.20% 80.60%
emmv = 0.02, iter = 30 76.60% 31.90% 15.20% 76.20%
emmv = 0.05, iter = 30 52.10% 10.60% 4.80% 57.99%

Table 2: Test classification accuracy of LeNet under different adversarial attack methods.

8 Conclusion

In this paper, we investigate generalized Sinkhorn distance-regularized distributionally robust
optimization. By deriving a new dual formulation with strong duality guarantee, we show that the
resultant Sinkhorn DRO problem has nested stochastic optimization structure, which enables us to
design a Nested SGD algorithm with convergence guarantee under mild assumptions. Numerical
studies demonstrate that our Sinkhorn DRO formulation is applicable to large-scale problems and
can attain stronger robustness against distribution shifts through multiple datasets and tasks.
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Appendix A. Regression over synthetic data

Through this section, we use synthetic training and test data. We generate the input samples
with 3k measurements and dimension d = 10 from a multivariate normal distribution, where the
mean vector and covariance matrix are 0.5e and 0.11, respectively. Ground-truth model parameters
x* are sampled from N (0, 96_2), and the corresponding output data Coupue € R3#%10 follows the
rule Coutput = Cirain* ¥+ €noise> Where €ngise ~ N(0, 2.5¢72). For synthetic test data, we generate 500
measurements following the same way as training data, we normalize all the data, apply Gaussian
and Laplacian attack over test data to compare their performances. For primal parameters, we
initialize them as g ~ N(z* + 5e¢72,1e72). For dual variable 7 used in proposed Sinkhorn
DRO dual formulation (3) and f-DRO, we initialize them as 79 € R3* ~ N (5,2.25), nop = 0.8
respectively.
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We fine-tuned the hyper-parameters for all models. The detailed formulation and algorithm
settings are as follows. The loss function £(.) is set to quadratic loss through all formulations. For
proposed Sinkhorn DRO dual formulation (3) and Sinkhorn DRO dual formulation (4) from Wang
et al. (2023), we set the reference measure v as Gaussian measure following &ain ~ N (Cirains 46_2)
for every (. The cost metric and f* are setas ¢(¢, &) = || —£|[3 and f*(¢) = %(t+2)2 — 1, which
corresponds to the dual function of y2-divergence. For regularization parameter A and 3 used in
generalized Sinkhorn distance (see Definition 1), we set them as A = 0.8, 5 = 1.0. We trained all
formulations using vanilla stochastic gradient descent (SGD) (Ghadimi and Lan, 2013). For f-DRO
and ERM, we set the learning rates as 5e~*, 1e~3 respectively, and we optimize primal and dual
variable of f-DRO in parallel following conclusion drawn from Jin et al. (2021). For Sinkhorn
DRO formulation (4) from Wang et al. (2023), we set the learning rate as 1e > and subsample & B
with B = 8 at each iteration. For proposed Sinkhorn DRO formulation (3), we subsample &z with
B =8, run algorithm 1 with 5 steps to minimize (5) at each iteration, and set the learning rates for
algorithm 2 and 1 as 5e~2, 8¢~2 respectively. For all algorithms (except inner SGD algorithm 1),
we set batch size for sub-sampled ¢ as 32 and ran SGD for 80 epochs. Figure 1 plots the training
and test loss according to recorded checkpoints every 8 epochs.

We evaluate our proposed Sinkhorn DRO dual formulation (3), f-DRO and ERM on regression
task over synthetic data. We plot test (quadratic) loss on the test data in log-log scale at Figure
1, where the left shows the loss value obtained from the test data under gaussian attack; the right
shows loss value obtained from the test data under Laplacian attack. SDRO1 refers to the Sinkhorn
DRO dual formulation from Wang et al. (2023) and SDRO? refers to proposed Sinkhorn DRO dual
formulation (3). Different marks represent different perturbation magnitudes p. As we can see, our
proposed Sinkhorn DRO dual formulation (3) attains comparable performance under distribution
shifts with Sinkhorn DRO dual formulation from (Wang et al., 2023). Additionally, we found f-
DRO difficult to optimize using SGD with sample-average approximation. This observation is
consistent with the findings of Jin et al. (2021); Chen et al. (2023c), where the f-DRO formulation
satisfies a generalized smoothness condition and requires advanced optimization algorithms (Zhang
et al., 2025; Cutkosky and Mehta, 2020) to ensure convergence.
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Figure 1: Test performance of linear regression under Gaussian and Laplacian attack.
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Appendix B. Detailed settings for training logistic regression over compressed
CIFAR-10

Through this section, we use CIFAR-10 (Krizhevsky, 2009) as our train and test data. We pre-
process the dataset by resizing images, normalizing and utilizing pre-trained ResNet-50 (He et al.,
2016) over ImageNet (Deng et al., 2009) to compress each image into a vector with feature dimen-
sion d = 250. For test data, we subsampled 1500 samples from compressed CIFAR-10 test data,
generating adversarial examples utilizing model parameters obtained at last epoch to evaluate test
performances through all methods. For proposed Sinkhorn DRO dual formulation (3), we initial-
ize the primal and dual parameters as 2o ~ N(0,4e72), 7o € R ~ N(1,1e72) respectively.
For Sinkhorn DRO dual formulation from Wang et al. (2023), f-DRO and ERM, we adopt same
initialization for primal parameters and set the dual variable 7 for f-DRO as 1y = 1.5.
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Figure 2: Logistic Regression Test Loss under FGSM (top) and PGD (bottom) attack

We fine-tuned all hyper-parameters for each baseline methods. The detailed formulation and
algorithm setting are as follows. The loss function £(.) is set to cross-entropy (CE) loss through
all formulations. For proposed Sinkhorn DRO dual formulation (3) and formulation (4) from Wang
etal. (2023), we set reference measure v as Gaussian measure following &ain ~ N (Cirain, 4e*2) and
keep c(-,-), f*(+) to be £3-norm and conjugate dual of y2-divergence. We trained all formulations
using vanilla stochastic gradient descent (SGD) (Ghadimi and Lan, 2013). For f-DRO and ERM,
we set their learning rates as 8¢ 2, 3e~? respectively, and we optimize the primal and dual variable
of f-DRO in parallel following conclusion drawn from Jin et al. (2021). For Sinkhorn DRO dual
formulation (4) from Wang et al. (2023), we subsample £z with B = 2 and set learning rate as
8e~2. For proposed Sinkhorn DRO dual formulation (3), we also subsample ¢ 5 with B = 2, run
algorithm 1 with 5 steps to minimize inner objective (5) at each iteration and we set the learning rates
for algorithm 2 and 1 as 8¢~2,1e~! respectively. For all SGD algorithms (except inner Algorithm
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1), we set batch size for sub-sampled ( as 64, ran algorithms for 80 epochs and plot the test CE loss
every 10 epochs. Figure 2 plots the test loss in log-log scale, where the first row represents the CE
loss of test data under FGSM attack and the second row plots the CE loss of test data under ¢,,-PGD
(Madry et al., 2018), where we set {-,-PGD attack iterations to be 20 and step size &« = epgp/4
through all perturbation magnitudes.

Combined test accuracy reported in Table 2, although every model’s accuracy is affected when
varying perturbation, we found our proposed Sinkhorn DRO dual formulation (3) achieves highest
test classification accuracies across most scenarios, and exhibits smallest accuracy drop the attack
strength increases, which demonstrates the effectiveness of proposed Sinkhorn formulation (3) and
Nested-SGD algorithm (Algorithm 2).

Appendix C. Detailed settings for training L.eNet over MNIST data

Through this section, we use MNIST (Deng, 2012) as our train and test data. We preprocess
them by resizing images into 32 x 32, normalizing them with mean and standard derivation, all equal
to 0.5. For the test data, we randomly subsampled 1000 samples from MNIST test data, and gen-
erate adversarial test samples utilizing model parameters obtained at the last epoch. For proposed
Sinkhorn DRO dual formulation (3) and other baseline methods, we initialize the primal param-
eters using kaiming initialization (He et al., 2015). For the dual parameters utilized in proposed
Sinkhorn DRO dual formulation (3) and f-DRO, we initialize them as gy € RS% ~ N (0.5, 16*2)
and 19 = 1.0 respectively.
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Figure 3: Test loss curves of LeNet under FGSM attacks with different perturbation levels.
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Figure 4: Test loss curves of LeNet under £,,-PGD attacks with different perturbation levels.
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We fine-tuned all hyper-parameters for each method. The detailed formulation and algorithm
settings are as follows. The loss function £(.) is set to cross-entropy (CE) loss through all formu-
lations. For proposed Sinkhorn DRO dual formulation (3) and formulation (4) from Wang et al.
(2023), we set their reference measure v as Gaussian measure following &yain ~ N (Crain, 2.256_2)
and keep c(-,-), f*(-) to be £-norm, conjugate dual of y>-divergence. For regularization param-
eter A\, J used in objective formulation and Sinkhorn distance, we set them as A = 0.5, 5 = 0.8
respectively. We trained all formulations using vanilla stochastic gradient descent (SGD) (Ghadimi
and Lan, 2013). For f-DRO and ERM, we set their learning rate to be le ™3, optimize primal and
dual variables of f in parallel according to conclusion drawn from Jin et al. (2021). For Sinkhorn
DRO dual formulation (4) from Wang et al. (2023), we subsample &z with B = 5 and set learning
rate as 1e~3. For proposed Sinkhorn DRO dual formulation (3), we subsample & 5 with B = 4, run
algorithm 1 with 20 steps for minimizing inner objective (5), and set the learning rates for algorithm
2 and 1 as 5e~3 andle~! respectively. We set the batch size for sub-sampled ¢ as 128 and ran SGD
for 100 epochs and record the loss every 10 epochs.
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Figure 5: Test loss curves of LeNet under ¢5-PGD attacks with different perturbation levels.
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Figure 6: Test loss curves of LeNet under MIM attacks with different perturbation levels.

Figure 3, 4, 5 and 6 plot the test loss in log-log scale, where the first to last row represents test
CE-loss under FGSM, /., ¢2-PGD attack (Madry et al., 2018) and MIM attack (Dong et al., 2018)
respectively. For /., £2-PGD attack, we set their learning rates as apgp.,, = €pcp.. /10, apep, =
€pGD, /10; For MIM attack, we set the moving-average parameter 1.0 and its learning rate apim =
€mim/15. From above results, we conclude Sinkhorn DRO dual formulation in general is more robust
against distribution shifts. Compared with Sinkhorn DRO dual formulation (4), our method attains
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smaller accuracy drop and better classification accuracy in most scenarios, which demonstrates the
effectiveness of proposed Sinkhorn DRO dual formulation (3) and its convergence analysis.

Appendix D. Ablation Study

In this section, we conduct ablation studies for our proposed Sinkhorn DRO dual formulation (3)
over linear and logistic regression, where we focus on components of (3) having potential effects of
model robustness performance, including regularization parameter A, the cost metric c(-, -) and the
choices of information divergence conjugate dual f*(-). For linear regression, we slightly modify
the training data generation and model initialization procedures as follows. The optimal model
parameters x* are sampled from N(0,2.25¢72), and the corresponding output training data are
generated according to Couput = Cirain * % + €noises Where enoise ~ N(0, le=2). In addition to
normalizing the training and test data as described in Appendix A, we also normalize the initial
parameters after sampling them from zop ~ N (z*, 1). We apply gaussian attack on subsampled test
dataset to evaluate the robust performance of linear regression trained by proposed Sinkhorn DRO
dual formulation (3). For logistic regression, we adopt the same setup as described in Appendix B,
except that we increase the iteration number of Algorithm 1 from 5 to 8. And we vary FGSM attack
(Goodfellow et al., 2015) strength €fgsy Over subsampled test data to evaluate the robust performance
of logistic regression trained via proposed Sinkhorn DRO dual formulation (3).

D.0.1 EFFECTS OF REGULARIZATION A

In this section, we vary A over the set {0.01,0.1,1.0,10}. We fine-tune the learning rates for
algorithm 2 and algorithm 1 to be le=2 and le™!, respectively, for all models. Figure 7 (left)
plots the test (quadratic) loss for linear regression under different gaussian attack levels, where
the numbers in the legend indicate the corresponding value of \. We observe that using a smaller
regularization parameter improves the model’s robustness against distributional shifts. In particular,
when A = 0.01, the green curves exhibit smaller shifts relative to others, which aligns with classical
insights on the effect of regularization (Bishop, 2006). However, from optimization perspective,
a small A makes the proposed dual formulation (3) more difficult to train with promising accuracy
guarantee. We also conduct the same experiments for logistic regression, where the learning rates of
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Figure 7: Effects of Regularization A
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algorithm 2 and algorithm 1 are fine-tuned to 8¢ 2 and 1e ™!, respectively. Figure 7 (right) plots the
test loss curves for logistic regression under different FGSM attack levels. We observe that when
A = 0.01 or 10, the proposed dual formulation (3) fails to train a valid model, with the resulting
classification accuracies dropping below 10%. In contrast, for A = 0.1 and 1.0, the test losses
converge to similar scales across different attack levels. These results suggest that a proper choice
of the regularization parameter lies in the range around [0.1, 1.0].

D.0.2 EFFECTS OF COST METRIC (-, -)
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Figure 8: Effects of cost metric c(, -)

In this section, we vary the cost metric c(-,-) among the {1, {2, {~ }-norms to examine the
impact of cost metric choices. Specifically, for the f2-norm, we set ¢((,&) = || — £||2; for the
¢1-norm, we set ¢(¢, &) = 0.2 - [¢ — £]1; and for the foo-norm, we set ¢((, &) = 2 ||¢ — £]|oo- TO
ensure a fair comparison, we fix the regularization parameter at A = 0.8 and retain the same learning
rates for Algorithm 2 and Algorithm 1 as used in Section D.0.1. Figure 8 (left) plots the test loss
for linear regression trained with different cost metrics under the proposed dual formulation (3).
As shown in the figure, the choice of cost metric has a marginal effect on linear regression, as the
test curves across different norms are nearly indistinguishable. However, for logistic regression, we
observe that using the ¢1-norm makes the proposed dual formulation (3) less effective in learning
a robust model compared to the /2 and ¢, norms. This suggests that ¢ and ¢, norms are more
reliable choices for ¢(-, -) in practice.

D.0.3 EFFECTS OF CHOICES OF f*

In this section, we test the effects of conjugate functions f*(-). We select three classical di-
vergence measures, including y?-divergence, KL-divergence and smoothed CVaR divergence (Jin
et al., 2021). To elaborate, we list the primal and conjugate dual expressions in following Table 3.

For the linear regression task, we vary the conjugate functions corresponding to different infor-
mation divergences, while keeping the same learning rates for Algorithm 2 and Algorithm 1 as in
Section D.0.1, and fix the regularization parameter at A = 0.8. Specifically, for conjugate dual of
smoothed-CVaR, we set oo = 0.5. Figure 9 (left) plots the test loss for linear regression trained us-
ing the proposed dual formulation (3). We observe that using the conjugate dual of KL-divergence
hinders fast convergence compared with other f* satisfying M -smoothness property. However, the
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Table 3: Primal and dual expressions for different divergence measures

Divergence (@) ()
2 Lt —1)? —1+1(t+2)%
KL tlogt —t+1 exp(t) — 1
tlogt 4+ =2t log =2t ¢ € (0,1
smoothed CVaR | fS™°(t) = { st + T8 Ta o ' /@) Llog(1— o+ avexp(t))
+00, otherwise

test accuracy evaluated at last epoch reachs same level under the existence of gaussian attack. For
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Figure 9: Effects of conjugate function f*

logistic regression, we observe that the robust performance achieved using the conjugate dual of the
KL-divergence is comparable to that obtained with a conjugate dual f* satisfying the M -smoothness
property. The performance gap across different models may be attributed to the sensitivity of the
KL-divergence to model initialization, as the local M -smooth constant can vary depending on the
starting point. Nevertheless, empirical results on both linear and logistic regression suggest that en-
forcing the M -smoothness assumption does not hinder practical applicability. As long as the model
is not initialized in an ill-conditioned region, choosing f* as the conjugate dual of the KL-divergence
yields similar convergence, supporting the practical validity of the M -smoothness assumption.

Appendix E. Proof of Theorem 1

Theorem 1 (Dual formulation) The DRO problem (2) has the following equivalent dual formula-
tion

Uz;§) — Ac(G,€) — 1
AB

Le ¢ (x,m)

min Ee p[V¢(x)], where Ve (x) = miﬁl B¢ [ MBS (
ne

min )+nl, G

and f* denotes the conjugate function of f.
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Proof Merging the infimum operator inf., cp(p g) with the supremum operator supg in (2), we obtain
the following equivalent form.

min  sup {EgNQ [E(x; f)} - [E(C,ﬁ)m/ [Ac(¢, €] + ABDf (P ® V)} } (18)

z€R? QyeT (P,Q)

Regarding the joint distribution (¢, &), we decompose it as v(¢,&) = v(£|¢)P(¢), where P(()
denotes the marginal distribution and ~(£|¢) corresponds to the conditional distribution given (.
Then, the constraint v € I'(P, Q) is equivalent to E¢p[7(£]¢)] = Q, and hence (18) reduces to

min  sup {ECNP[EM 1olla:6) - Ac<<,s>]—wa(~y<s\<>|u<§>>}}. (19)

zeR4 Qs.t. Ecp [7(§|C)] =Q

We claim that the optimal value of (19) equals that of the following problem, which takes supremum
over all possible conditional distributions v (£[().

mnm{&w@w«[<® M@M—mmmmmmw} (20)

=€R y(¢¢)

To show this, for any fixed x, suppose the supremum of (19) is achieved by a certain conditional
distribution (£|¢) that satisfies E¢.p[v(£]¢)] = Q, and such v(£[¢) is feasible for the supremum
of (20). Thus, the supremum of (19) is lower than the supremum of (20). On the other hand, for any
fixed x, suppose the supremum of (20) is achieved by a certain conditional distribution (£|(). Then,
the distribution Q given by Q = E¢.p[7(£[¢)] is feasible for the supremum of (19). Consequently,
the supremum of (19) is higher than that of (20). In summary, (19) and (20) are equivalent.

Furthermore, by principle of interchangeability (Theorem 7.92, Chapter 7.3.2 from Shapiro et al.
(2021)), (20) can be rewritten as

nm&wkw%%q&<o M&M—WWM%W@%l 1)

zeR? v(€¢)

Next, for every fixed ¢ and x, denote ji|¢ and 41, as the distributions of the scalar random variable
U(z;€) — Ae(¢,€) under y(£[¢) and v(§), respectively. we show that the W (x) defined above is
equivalent to the following auxiliary function

Ve(z) = SUP{ g LL(56) = Ae(C, )] — AﬁDf(wdﬂu)}, (22)
Hy1¢

where SUD,,_ corresponds to the supremum over all possible distributions 1| induced by (& 1€).
To show this, for any fixed x, suppose the supremum in W¢(x) is achieved by a certain v(¢|¢), and
denote the induced distribution of £(z;£) — Ac((, §) as ju,|¢. It is straightforward to show that

Efw’y(.\() [g(xa 5) )‘C(C ‘5)] ,M I [ (.T}; E) - AC(C? g)] .
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Moreover, by the data processing inequality, it holds that Dy (fy¢|,) < Dy (v(€[¢)|v(€)). Since
fsy|c is feasible for the supremum of (22), we conclude that ¥¢(z) < W (x). Conversely, for
any fixed x, suppose the supremum in W (z) is achieved by a certain ¢ then the corresponding
7(¢[€) (which induces ju|¢) is feasible for the supremum in W (z), and hence we have that W (z) <
U (x). Finally, we conclude that W¢(x) = e (x).

Using inverse c.d.f. sampling based on the cumulative distribution function over p,, the f-
divergence between i.,c and p,, can be rewritten as

/!

d
Dy uclin) = | P e = / f((%)dwif([& 1)) = Dy (i | Unif([0,1])),

where Unif([0,1]) represents the uniform distribution over [0, 1], u' = p,' © piyc. Moreover, for
fixed = and ¢, denote the cumulative distribution function of the scalar random variable ¢(x;§) —
Ae(¢,€) as F(t) = P(€(z;€) — Ae(¢, €) < t). We can further transform W¢(z) into

Ue(z) = sup {EF_l(u)Nu, [F~1(w)] — ABDy (1 |Unif([0, 1]))} (23)
= su Ly "(u) — M ni U
= sup [ P 0dn' ) <3 [ 1 (s Sy ) 00, 1) e%
- 1y W) W\ "
= [ (70 it 7~ (s, ) a0 )~ @9
1
—sup [ [ ) = A3 (o)) 26)
reR JO

where r(u) = d%if(u) and R = {r: [0,1] - Ry | fol r(u)du = 1}. Introduce a dual variable 7

for the constraint R, the Lagrange dual formulation of (26) can be written as

Ue(x) = géig L¢(z,m), where (27)
1
Lelan) =swp [ [P @) = n(r() = 1) = ABF (). @9

Since for fixed 7, L¢(z,7) can be denoted as sup, E,, < ynifo,1] [0y (r(u), u)], where ¥y (r(u), u) =
r(w)F~(u) —n(r(w) —1) — ABf (r(u)) is a continuous function, by principle of interchangeability
stated in Theorem 7.92 (Shapiro et al., 2021), the order of sup and integral can be swapped, which
yields that

1
Ue(x) = gréilg/o Tselig [rE~ (w) — n(r — 1) — ABf(r)]du. (29)

Le(z,m)

Define the conjugate function f*(v) = sup,cg, {vr — f(r)}, we further obtain that

0(x;€) —:\\;(C,f) - 77)} .

¥(a) = min | ABf <F_1()\uﬁ)_n)du +1 = min Ee, [\ f"

(30)
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Finally, the dual formulation of (21) is expressed as

: . U(z;8) = Ae(G,§) =
oot (1200 |
T R \ o
Ve(x)
which gives the desired result. |

Appendix F. Proof of Lemma 1

Lemma 1 (Computation of V¥, (x) (Jin et al., 2021)) Let Assumption | hold and consider fixed
x and given (. Then, the function V¢(x) is differentiable and satisfies VV¢(x) = V1L (2, 15(C)),
where 13(¢) € argmin, L¢(z,n).

Proof We refer to Lemma 2.6 in Jin et al. (2021) for the detailed proof. |

Appendix G. Proof of Theorem 2

Theorem 2 (Gradient approximation error bound) Consider a stochastic algorithm minimizing
(5). If the stochastic oracle outputs an 1%(C) converging to VoL (x4, 1%(C)) with scaled small
target error € = ¢ /G, i.e.,

N ,
E i |VaLe(a,ng(Q)]” < &%, ©
then the gradient V1L (z, ﬁi(()) approximates full gradient V'V (x) with error up to ¢, i.e.,

IV 9 (@) — B, gy [ViLe (@, nd ()] < €2, v¢ ~ P. %

Proof First, taking square root and applying Jensen’s inequality on both sides, (6) implies

B, g0 V2Ll mi(C)] < &. (1)

Since at 13;(¢), by optimality condition, VoL (z,75(¢)) = 0, we have

E i) |VaLe(, Q)|
=E 30| V2Le(e, nl(C)) = VaLe(z, mE(Q)]

x; —c,—g 0@ E) — (G, E) —
=k, [Bens [ () (EEZAGOTEON) g [y ()= ACO Z i)y

<E. (32)
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Applying expression (32), for given x and every ¢, the approximation error between VU (x) and
Lo 7 )[Vlﬁ(x, n2(¢))] can be upper bounded as follows
B, i [V1Le(z, n2(0))] = VO (2)]|

—HEd [ViLe(z,ml(Q)) = VI (2)]]|

(@)

_Eng(()HEfNV /(E — Ae( C 5) (C)>V£(x;£) _ (f*)/(g(%f) - )\C)Eg §) — ni(C))vg(x’m H
v 0z €) — Ae( oy (U@ §) — Ae(C€) —m;

b e [ ( < 6 - <<>) o ( (@:) A(g - <<>)] Vo)
(i) y Uz )\c y Uz )\c

iii 0z 8) — Ae( L 0(x36) — Ae(
( )E O §~z/ < C §) - ) ( C §) — (O>H ] HVf(Jf,f)H
(iv) ;&) — Ae(C, &) — s wv (U@ 8) — Ae((, &) —
<GEd§)5~uH ( Uz §) )E/g §—n (C))—(f)< (z;6) )Eg §—n (C))H

v 0z E) — Ae(CL€) — ;Z ws (U ) — Ae(C,€) —mi
68, g [ (1D EO QY _ gy (450 20l 0) -0

GE, 40| VL, nd(Q) = Vol (a,m3(O))]|
(2)G5:€, (33)

where (i) applies Jensen’s inequality to extract out expectation over n%(¢); (ii) applies Jensen’s
inequality to extract out expectation over f (iii) extracts scalar

(f*Y < )‘C(C &)= ) (f*) ( )‘C(C =1z (<)> out; (iv) applies G-Lipschitz assumption
of £(z;€) stated at Assumption 1; (v) applies monotonicity property of (f*)" with regard to 7 given

z and fixed ¢ (the sign of (f*)/(428)= /\C(C O D — (e /\C(C 9=m:(6)) is fixed regardless
of £, which enables to move the expectatlon over £ into the norm Wlthout changing its value); (vi)
applies condition (32). Squaring both sides and re-arranging LHS, we conclude that

ViLe(,nlO)|P< €2, Y¢ ~ P, (34)

V() = E g0

which gives the desired result. n

Appendix H. Proof of Lemma 2

Lemma 2 (/’-smoothness of inner objective (5)) Ler Assumption I hold and denote L ¢(x,n) =
ABE¢ [f*(icg)”)] + 1. Then, for any n and 7/, we have

B ||VaoLeg(z,m) — Valee(z)||* < (K')?
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where K' = M(\3)~.

Proof Notice that the gradient of L ¢(z, ) takes the form

VoLeg(w,m) =1—Eeny [(f*),(é(x;f) —)\CB(C,f) - 77)}

Then, we obtain that

E¢n||VaLee(w,m) — Valeg(a, 77’)H2
,fx; — 6,8~ */gx; —C(G, —n
B |y (A2 Mgc =) _ gy (0 A;c JEATE

2
)

<(MAB)™?[In — 1|

where the inequality is due to the M -smoothness assumption of f* stated in assumption 1. |

Appendix 1. Proof of Lemma 3
Through this work, we utilize the following proposition for variance computing.

Proposition 1 (Variance computing) Given two i.i.d. random variables X1 and Xo, the variance
can be calculated as

2Var(X1) = 2Var(X2) = E|| X1 — Xa*. (35)
Proof The proof simply extends from variance definition,

2Var(X) =2E|| X; — X ||’

=2E[ X1 — X[ + 2E(X; — X)(X2 — X)

=E|| X1 — X|* + 2E(X; — X)(X2 — X) + E[| X5 — X|?

=E[|X; — X|? + 2E(X; — X)(X — Xo) + E[| X — X,?

—E[|X; - X + X — X,

2
=E[[ X1 - Xy,

where X denotes the mean and we use the facts that (i) E|| X; — X||? = E|| X2 — X||> = Var(X);

(i) E(X; — X)(Xs — X) = 0 for i.i.d random variables. [ |

Lemma 3 (Second moment bound for VoL ¢(x,7)) Let Assumption 2 hold. Then, vB (n) is the
unbiased estimator for VoL (x,1), and the second moment of VoL¢ ¢(x,n) satisfies

E¢ww [ VaLeg(z,m)|]> < Ro + || VaLe(z,n)|?, (11)

where Ry = 2M?(\B)~2(a? + \262).
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Proof Utilizing proposition 1, we have

Vare(VaLee(x,n))
_ %Em [y (ax;sl) - i;(c:&) 1) f*),<€(m;£2> - AA;(C,&) - n)r
<M AB) e, 13 1) — () — (el 1) — Ael, @)
Q;M%Aﬁ)—?z (Bey |3 61) = 03 ©)|* + NEgy g, [l€(C, &) — (¢ &2)II)
(g);Mz(w)_ZQ(War(g(x;g)) + 2Vare (¢(¢, £)))

(#44)
<2MP(AB) 2 (0% + N\26?),

where (i) applies the fact that given any vectors a,b, we have |la — b||? < 2||a||? + 2||b||2, (ii) applies
proposition 1 and (iii) applies bounded variance assumptions 2 for £(-,£) and ¢(¢, ). [ |

Appendix J. Proof of Corollary 3

Corollary 1 (Convergence of Algorithm 1) Ler Assumptions I and 2 hold, denote A= supg{ L¢ (wt, n%)
=2

—W¢(z¢)}. Apply Algorithm 1 to solve the inner problem (5) with learning rate o,y = min{%, Syl
and batch size B = 1, then Algorithm 1 outputs an n%(C) satisfying

1 2 ~
E, )| VaLele,ng ()] < & (12)

In particular, it takes D = O(AK'Ryé=*) = O(AK'RyG*«~*) number of iterations to obtain an
&-stationary point, and the stochastic gradient oracle complexity is O(AK'RyGe™4).

Proof Notice that the objective function is K’-smooth, we have

(0) !
Lelwenz Q) < Lelwn 1, Q) = (Vallan, 1z,(0)) 0, () = 5 () + %\niﬁ(o =, (O

(i 5 K'a? g 2

2 Lo (0) — (VaLlarn, () aav® (2, (0)) + L CAONE

where (i) applies descent lemma for K’-smooth function; (ii) applies update rule ngjl (¢) =nl (QO)—

aqvB (nd (¢)). Taking expectation over ¢ on both sides, we further obtain

Egéwy[ﬁg(xu ﬁgjl(g))]

K/Oé2 -
< By [L (2,15, (O)] = @B VoL (2,15, (O) + =L Ee w0 (7, (O)
@ K'Rya?  K'a?
S Efé’\/l/[ﬁg(xta ngt(g))] - adEngV‘v2£<(mt7’r]gt(C))F + QB g + 2 d‘VQ‘CC(xtvn.;lt(C))‘z
K'a K'a%R,
= B¢, [Lc(0,m%, ()] = (L = =5 )Beyy VoL, () + =1
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(41) a
< By Ceon 1 (O)) = S Beym VaLe(on it (O)F +

K’agRg
2

(36)

where (i) utilizes second moment upper bound stated in Lemma 3; (ii) utilizes the fact ag < % and

B = 1. Since L (z,me (€)) does not include randomness from &, re-organizing above inequality
gives

Qd d 2 d d K'aiR,
- IVaLe(e,na, (O < e [Le(@t, 115, (€) = Le(@ean, 1, (O)] + = (37
Summing above equation through d € {0....D — 1}, we have
D-1 A 12
ayq d s A  KajRy
¢ E < =

~ =2 7
To make sure the RHS smaller than or equal to £2, we need oy < 2}(67/1%2’ and D > %. Then,

applying average argument, above inequality implies for any d uniformly sampled from {0, ....D —
1}, we have

D-1
-~ 1 .
Eng(o|v2£C(xtv77g(C))|2 = D dzg) Engt (<)|V2,C<(xt,77gt(o)’2 < 52, (39)
which gives the desired result. |

Appendix K. Proof of Lemma 4

Lemma 4 (Directional Smoothness) Ler Assumption 1 hold. For any x and ', we have
Ecp||VUc(2) = Vile(@, ni(O)|)? < K2||a — 2|, where K = G*(A8) 'M + L. (15)

Proof For any fixed ¢, define the following two quantities.

A=Ec., [(f*),(f(rc; §) — & Q) — n2(6)>w(x;€) N (f*),<€(:c;§) — &9 - n;(C))w(x,; 5)} 7

\B A3
B = Ee., [(f*),<€(:v; §) — c&%o - ni(()>w(x,; £ - (f*),<€(w’;€) - ci&ﬁ Q- ni(C))vg(:E,;é)]

It’s easy to show that A + B = VW, (z) — ViL¢(2',n3(C)). Our proof strategy is to bound A and
B separately and combine the bounds together to give the results.

We first proceed upper bound of A. Note that 7} (¢) € argmin, L¢(z,n), and the first-order opti-
mality condition over 1 gives that

| — B, {(f*),<f(w;£)—c(§;ﬁ6)) —7732(4))} _o 40)
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Moreover, note that the derivative of the conjugate function f* satisfies (f*)'(v) = r*(v) =
argmax,cr, (r,v) — f(r). Thus, we must have (f*)'(v) > 0, and the above equation further
implies that

(f*)/<€(w;€) —c(§¢) - 772‘2(())’ _ ’ng [(f*>,(£(:c;§) —c(§¢) - 7732(0)” _1

Eemy

A8 AB
4D
Consequently, using L-smoothness of ¢(z; &) and the equality (41), we conclude that
o (U §> ( / /

) < LB ( GO o - < Lo -] @

Next, we bound B. By G-Lipschitz continuity of /(x; £) and M-smoothness of (f*)’, we have
1B

(U3 E) — Ae(C,§) — av (U2'58) = Ae((,€) —my /

Uz;€) — Ac(C,8) —mz wy (@5 €) = Ae((,6) — . ’
ey (LD =N O _ gy (A0 =2 Yy
<GE| (1) ( ¥ )= Y )
SGM(AB)™"Ee|(x; €) — 0" 6)
<(AB) MG ||z — 4|, (43)

Combining (42) and (43), we obtain that
[VOe(@) = VL mp (O)] < Al + [|B]] < (G*(A8) "M + L)[|z — 2.
Squaring both sides and taking expectation over ( gives the claimed result. |

Appendix L. Proof of Lemma 5

Lemma 5 (Second moment bound of g; BY The second moment of the mini-batch gradient estima-
tor P with batch size B defined in (13) is upper bounded as follows

ABH2< Ry 4 102 2

d
E ¢ p i), 5mvll9t 5 T IViE p o) (L@ mz, (O], (16)
where Ry = 8G? + 24G? M?(\3) 202 + 24G? M?B~252.
Proof Throughout, given x, 1, we denote L ¢(x,n) = f*(iu)) to simplify notation.

Notice that the outputs from Algorithm 1, d also contains randomness, we use Eng( ¢

expectation over 775’? (¢) through the proof. Then, for E (P () HVlﬁg,g(x, ng )
pose it as follows

) (+) to denote

2
, we decom-

E e el V1 L @2 (O)]
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E 5 a0y [Bemv | V1 L@, mi(C
O, B¢ gy [Vare(ViLe(x.ni(¢C
C~IP>77 )[VC”"& (vlcfc z 771;
DE g i [Vare(Vile (e, nf

[Hleng nd(¢) [L¢(, 771(0)} ‘

where (i) and (ii) apply equatlon Elp(w)?] =
random variable w and p(-) : R¢ — R.

))
O] +Egpiion | V1Le @ O Q)|
Q)

O]

+ Vi, n(0)|]
2
] + [Var(cmi(c)) (VlﬁC(x7n§(C)))]
2
],

Vare(p(w)) + (E[p(w)])?, which holds for any

Next, we bound ECNPJJ,‘{(C) [Vare(ViLec(z,n%(¢)))] and Var ) (ViLe(2,nd(C))) separately.

For Vare (V1 Le ¢ (z,12(¢))), we have

Va,rg (V1ﬁc ¢(, 775(0))

xZ, C - d

(2) E 1@” ( fl) )\/Sévfl) nx(C))Vg(l,,gl)
xX, — AC - d
xZ, — AC - d

/<ffb‘ ;€1) >\CC£1

AT

/(€x£1 )\CC‘SI

AT

/(gx& )\CC§2

)‘C(C’ fl)

BV 40,0

(?E&,@ [ ;&) — e

+ K¢, 6o [HV[(@&)W ) ((f*)/(f(a:,gl)

OV 91as) - Ve )]

— )\C(C, 51)

_d
L %(C))

—ni(o))?}

_ (f*)/(g(x7 52) — )‘C)E/g’ 52)
217 €T: — AC - d
(§)4G2E§1 |:(f*),(€< 761) )‘)Ega él) 779:(())2}

+ GPMP(AB) B, ¢, [0z &1) —

()
<AG?E,

C(~C> 61) -

)\C(Cafl)_ﬁg(@y} 2GR ME(NB) (202 + 2028%),

U(z;62) + )\C(Ca&)]?

(44)

[(f*),(f(:c;&) - N

where (i) applies proposition 1; (ii) applies the fact (a+b)? < 2(a?+b?); (iii) applies the assumption
G-Lipschitz continuity of ¢(z; &) function and M-smoothness of f*; (iv) applies bounded variance
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assumption of ¢(z, ) and ¢((, &). )
Applying inequality a® < 2(a — 1)? + 2, the term in (44), E¢, [(f*)’(e(w;gl)f)‘c)(\%’gl)fng(o)2} can
be further upper bounded as

Ee, [(f*)/(g(l”; &) — (G, &) — 775(0)2}

AB
2 €) — e _d
<2 25 1 (ry (A2 8) — Q) 2
< 2(1+ [VaLe(w, ()" + Varg(VaLee(z ni(0)) ). (45)

Since at nf((), by (6) stated in Theorem 3, we conclude En‘i(C) |VaoLle(x, ni(())|2 <& =¢£2/G2
Moreover, from lemma 3, we have :

Vare (VoL (2, m2(0))) < 2M*(AB)"2(0” + A%62). (46)

Thus, combining inequalities (44) (45) (46), we have

Bepnico) [Vare(ViLee(z,ni(C)))]
S )
<E (. p i [4G% - 2(1 + [VaLe(2,m5(Q))| + 2M2(A8) *(0? + A?%6))
+2G*M?(AB) % (20% + 2X%67)]
<8G? + 8G?&% + 20G* M*(\B) %0” + 20G* M?B~25?
=8G? + 82 + 20G2 M2 (\B) 202 + 20G* M? 57252, (47)

For Var ViLe(z, ng(())), we have

(¢nd, (4))(
Var i (ViLe(@,12(C)))

. o (L) = Mel1,6) — ()
:§E(<1,ni(cl)x(cz,ni(cg))HEs[((f ) ( : ! )

)
_ (f*),(é(m;(f) - )\c(f;,i) - 775((2))) ' Vf(z:;f)} I
%);E(Cl»m‘g(Cl)),(szg(@)),EH s *)/<€(x; 2 AC(ACE e ni(c1)>
gy (M) el - 775((2))} )|
@%E«l,ni(cl»,(cz,ni(ca)),s’(f " (M; e AC% Z ni(C1)>
_ (f*),(e(x;é) - Ac(f;,é) - 77:‘5@2))|2Hv€(x;§)“2
(2);GzE(cl,ni<<1>),<<2,n§<<2>>,g|(f *),<€(w; e AC(/\% e ng(ﬁ)) -1
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2;€) — e o
(A Mf;’f) 1£(G))

< GQE(Clﬂ? d(¢1)),(C2md(C2)) (E§|v2£C17§(x; ng(cl)ﬂz + Ef|v2£§27§(x; ng(CQ))P)
= G2E(Cl,m(41)) (C2.md(C2)) (Varg (VoL ¢(w; nil(Cl))) + [ VoL, (2; 775(41)) K
FVarg(VaLe, e nf(@) + [Vale (z:nl(G))

+ 1

(vi) - .
<G (AMPOB) (07 + M%) + By, o [V2Ly (22 (C)) 2 + By ey V2L (@5 (C2)) )

(viz)
< AGPMA(\B) (02 + N6%) + 2G2&2

=4G?M?*(\B) 2% + 4G M?B726% + 2¢2 (48)

where (i) applies Jensen’s inequality move expectation over § out squared-norm; (ii) extracts scalar
|(f*) (Z(x ) )\C(CI’S) i O) (f*) ( (zi6)— )\C(%@ m(C)), out; (iii) applies G-Lipschitz assump-

tion of £(-, &) ~stated at assumption 1. (3V) applies inequality (a + b)? < 2a? + 2b% to decouple
[VaLe, e(2;m(G1))| and [VaLe, ¢ (x;m(G2))|; (v) applies equality E[p(w)?] = Varg(p(w)) +
(E[p(w)])?, which holds for any random variable @ and p(-) : RY — R; (v) and (vi) apply
Lemma 3 to upper bound Vare(VaLe, ¢(; %(Cl))) Varg(VoLe, ¢(x; nx(Cg))); (vii) applies (6)
stated in Theorem 3 to upper bound Eni(cl) VoL, (z;1m%(¢1))|? and Enﬁ (c2) |V2£<2 (z;n%(¢2))|? by
&2 =¢2/G2

Combining (47) (48), we have

B pg(0) el V1£ce@ O] ~
<E(pndo) [Vare(ViLec(w, Uﬁ(()))] [V‘W(g,ng(g)) (ViLe(a,n3()))]

+ [HlegNP,ng‘(g) [['C z 77x ]H ]
<8G? + 102 + 240G M2 (AB) 202 + 4G MB35 + ||V1E, g o L(x, ()7 @49)

For mini-batch stochastic gradient estimator (13), the RHS of (49) becomes

ECNP:W%(O@BNVHV1£45 €T nx H
<8G2 + 24G2M2(\B) 202 + 24G2 M2 3262 N 1022
a B

+[IV1E o[£, nd (O],

which gives the desired result. |

Appendix M. Proof of Theorem 4

Theorem 4 (Convergence of Algorithm 2) Let Assumptions I and 2 hold. Denote A = E¢.p [\Ifc(.l‘o)] -
inf, Ecop [\Ilg(x)], apply Algorithm 2 to solve the outer objective in (3) using a constant learning
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rate yp =y = min{ﬁ, %} and set the batch size B = 1. At each iteration, query Algorithm
1 to obtain an estimator n%(() for sampled (. Then, the output x7 of Algorithm 2 satisfies
2
Eo; || VEcop [Ye(a2,)]||” < 7€, (17)
after T > max{96AKe=2 8BAKRie~*} = O(AK Ry1e~%) number of iterations.
Proof Regarding the objective function E;p [\Ilc(x)] , we have the following descent lemma

K 2
i [E —J?tHQ- (50)

E(N]P’ [\I/C(Zl,‘tJrl)] < ECNP [\Ilg(xt)] + <VEC~IP’ [\Ilc(l't)] s Lt41 — ZEt> + T

The proof of (50) is provided in Appendix M.1. Replace 211 — z; by —7:¢7, above inequality
implies

Ko
2

2
gt|| -

Eer [Ve(@i41)] < Eenp[Ve(me)] — 9 (VEcr [Ye(zi)], Ge) + (51)

Since during parameters’ update, the inexact mini-batch stochastic gradient, §7 is utilized, where

its randomness comes from x;, ¢, {§ } 5 and ng (¢). Taking expectation over (, ng <), { & }  on both
sides conditioned on x;, we have

EC~P,n§t (€)Ep~v [‘I/C<33t+1) ’xt}

() )
SE¢pnd (©)gnmv V()| _Ecw,nit(o,ssw[WECNP [V ()] 2o

K 2
Vi gtB||2‘xt]

T ECN]PJ?gt (C)7£BNV |: 2

(i) )
SBeepnd, (065~ V()| —E@p,ngt(g),ng[(VEcw [Vc()]. ) b
K~2(Ry +1022)
* 2

R A

K}

T

(id4)
< B p (065 | 2] ~WE 1 () s | (VEeor [¥e()] 67 — o + 0P
+ K7 HVECNIP,nth(() (e (e, mg, ()] = Vngp,ngt(g) (W ()] H2

+ KVEHVE@P,@(Q (W ()] H2

KRi~?

+ + 5Ke?y?

(iv) X
S Eeopnd, 065 [‘I'C () ’xt} =B g, (0) 65 RVECNP [Pelwo]. 57— 9 + gtB>|xt}
+ K77 E¢op [Hleni(C) (Ll n, ()] = V()|

KRl'ytz

5 + 5Ke?4y2

+ K| VE¢op [ ()] ||* +
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(v)
B, (05 | PN ~WE 1 0 s | (VEeor [¥e()] 67 — 0Pl

~ 1B b () p {NEC”P [Ye(z). o) ‘xt]
+ K37 || VE¢op [We (a0)] ||
+ Key? +

=B pnd () £5v {‘PC <mt)’$t} — lp [WECNP [Pe(ar)], Ed ) enmv (97 >‘xt]

~ (e — KA)||VEeop [T ()] |
2
+ @ + 6K e
(m)IEg~P nd, (O)Ep~v {\I’C(wt)’l’t} — Ecp [<VIE4~JP [We(@o)], ViE o) [Le (i, n(0) - vq]g(mt)mxt}

— (% = K7 ||VEcep [Tc ()] ||

n R;% + 6K 22

(vid) ~
S Eepind, 0650 [‘IJC(l't)kUt} +%E<~P[HVEc~P [We@a)] |- V1B, olcten i (O) = V(o) H|~"3t}
— (3 — K92)||VEcr [Oc ()] ||

KRy}

+ + 6K %y}

=E¢ b (O 6nr [\yg(mt)m] + || VEcr [ ()] || .ngpumngt( olLela, n (0))] = V()]

— (3 — K73)|| VEcp [Tc ()] ||

+ + 6K %y}
(viii) ) )
< B po)epmund, [We(@n)lae] + el VEep [ (@] || = (= KR | VEcp [We ()] |
2
BB g2 (52)

where (i) applies descent lemma (50); (ii) applies (16) stated in lemma 5 with B = 1; (iii) applies
(a+b)* < 2a? + 2b? to further upper bound [|VE_p, ni o [Lc(@t, nd (¢))]]|* by
b It

QHV1E<~P,ngt(<) [Le(y, nit (0)] = VE¢p[We(z4)]]]? + 2| VEcp[¥e ()| (the expectation over

n;l:t(g ) can be neglected as W¢(x;) doesn’t contain randomness from ngft(g )); (iv) applies Jensen’s
inequality to extract [ P d (¢) OUt from squared norm; (v) applies condition (7) stated in Theorem
7 ’l)t

2; (vi) moves expectation over {p inside inner product; (vii) applies Cauchy-Schwarz inequality;
(viii) again applies condition (7) stated Theorem 2 as such relationship holds for every (.

Then, for any v; < % by choice, we have (73 — K~2) > . Taking expectation over x;, the above
inequality further transformed to

E,, b0 corw | o@11)]
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~
SE ol (0) enr [‘l’c(xt)] + B, || VEcp [P (@0)] || = 5 B || VEcp [Pe(2)] I
2
n KP;% 4 6K 22
Re-arranging above terms, we have

7; o <HVE<~P [We(@)]||* — 26| VEcp [Wc(a0)] H)

2 2

2R, (|| VEr [Tel@)]]| - ) - 2=
KR ’72

SEercapnd, ()£ [We(ae) = Welween)] + 21 L 6Ke%y?

Re-arranging above inequality, we have

y 2
2t - (HVE<~1P’ (@) ]| - 5) <K, cnBnd, (0) [Pe(@e) — Ue(@er1)]
KR} 2 L
+ 5 + 6Ke?y? + 5
(a+b)

Applying < a® 4 b? and re-arranging above terms, we have

|| VEp [T (@) |

<2, [(IVEcee [Felan)]| - )] + 25

<E ; [We(zy) — Vel )}+KR1%2+6K52 2+
=Fap (~Pd, (). gp~v L GV Sl 2 " b

Summing the above inequality from ¢ = 0 to 7" — 1 leads to

-1
L, | VEcp [¥c()] |
t=0
-1 T-1 KR, &=
< 2 Emt,gwpmgt(g),gBNy [\IJC(%Q - \I/($t+1) + 6K tz% Tt e+ —— B tz% ’Yt2 +e? Z Tt

<Ecop [P (:c)—\I/(x*)]+6K52TZ_1 2+KRlTi P’y
SEep|¥elo ¢ Vi > 2 Vi > V-

Denoting A = E¢p [¥¢(z0) — ¥c(2*)] and choosing constant learning rate y; = v, we have

T 1
xt[HVECNP[‘I’C Ty ]H ZExtHVECNP[ (z )]||2
t 0
4A 24K52 2T 2K RyV2T 48T
< i i 17 i V' (53)
Tv Ty Ty T
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. . 2 . .
Then, choosing y = min{5z, 575}, we immediately have

24Ke*y?T 2K BT
Laney s < % and it Ml < e 4
Ty Ty
To make % = ¢2, we have
4A 96AK S8AKR; 4
T = ? > max{ SR } = O(AKRie™ ). (55)
Combining all inequalities together, we have
2
Eo, [ VEc~p [We(2p)] [ ] < 7€, (56)
which gives the desired result.
|

M.1 Proof of Descent Lemma (50)

Lemma A.6 Denote n;,(¢) € argmin, L¢(x¢,n). Then, for E¢p[¥ ()], we have the following
descent lemma

K
Ece [We(wr)] < Eenp [Ye(n)] + (VEcep[Ye(@n)] w1 — 2) + 5 o — s (57)
where K = G*(\B)™'M + L.

Proof Notice that, applying Jensen’s inequality and taking square-root on both sides, Lemma 4
implies

| VEcp[¥¢(2)] = ViEeap[Le(, 7 (O)]|| < K|z —2/||.
From fundamental theorem of calculus, we have
Eeor [Lc(@ea1,m5,(0))] — Ecnr [We(@i)] — (VEcup [¥e ()], meg1 — 3¢) ‘
1
= / (ViEcp [Le(@y 4 t(gr — 3), 15, ()]s w1 — @) — (VEeup [We ()], w41 — $t>dt’
0

1
= /0 (ViEcmp [Le(2e + t(men — 1), m5,(C)] = ViEenr [Le (2,15, (O)]s Ter1 — l‘t)dt‘

1
< /0 V1B [Le (e + t(ir — 20), 75, ()] = ViEenp [ Lo (e, mi(O)] || 2641 — 24| dt‘

1
< / HE ||2r — a2 dt‘
0

K
S*th+1 —HCtH27
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where (i) applies Cauchy-Schwarz inequality; (ii) applies directional smoothness property stated at
Lemma 4.
Re-arranging above inequality, we have

, K
Ecp [Cc(2tr1,m5,(0)] < Benp [We(an)] + (VEcap[We(@n)] men — 2) + 5 l2ess — ail]*

Since for each ¢, 13, | (¢) € argmin, L¢(2¢41,7), itholds that U¢(z411) = Le(2e41,15,,,(C)) <

Le(we41,15%,(€)). Taking expectation over ¢, we have Ecop [U¢(z441)] < Ecor [Le(zi41, 15, ()]
Combining this fact with above inequality gives us the desired result,

K
Ecor [Ve(@t41)] < Eenr [e(me)] + (VEcr [Pe ()], 2441 — 1) + 5 241 — ze]|

Appendix N. Proof of Corollary 5

Corollary 2 (Complexity Bound for min, Eqp[V¢(x)]) Let Assumptions I and 2 hold. Then, the
Nested-SGD algorithm (Algorithm 2) returns an e-stationary point with a total sample complexity
of O(e~®) for sampling & and (. Furthermore, by setting the batch sizes B, B ~ ©(e~2), the total
iteration complexity becomes T x D ~ O(e~*). At each iteration, Algorithms 1 and 2 incur memory
complexities of O(1) and O(d), respectively.

Proof According to Theorem 3, for Algorithm 1 to output 7%({) satisfying the condition (6) in
Theorem 2, a sample complexity of O(AG4K 'Roe~*) is required. Furthermore, by Theorem 4,
Algorithm 2 requires O(1) mini-batch of ¢ and ¢ per iteration and runs for O(AK Rye~%) iterations.
Combining both results, the total sample complexity is O(AAR; RyK K'G=8) ~ O(e79).

For the total iteration complexity, i.e., 7' X D, it can be improved as follows. By setting B =
©(e72) and applying the conclusion from Lemma 5 along with the descent inequality, we have

Eepnd, ()£~ [‘I'C (@e41) ‘xt]

~B
<E o )60 @] ~ B g 0 e | (VECr [Wela)] 200l 0]
K~2(Rye? 4+ 10e%)
+ 2

K72 -
5 I VE g (o) [Lelant (O]

+

Following the same logic as Proof M, we then have

Ext,cw,ni(c),ssw {‘I’C (””Hl)]

<E,, ¢ ni(e)enr | Y6(@0)] + 1Bz, [ VECor [Uc(@)] | = 5 Ba[|VECp [¥c ()] |

KRy~?e?
+ 712% + K&?Q*yf + 5K*yt?a4.

’ 2
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Let ¢+ = 7, re-arranging above inequality, summing ¢ from O, --- ;7" — 1 and dividing by 7', we
have
T—1
A KRyy?%e?
= D o ||VEr [T ()] P < 7+ = + Ky 4 5Kty + <2y,
t=0

For v = min{ﬁ, 1}, after T = max{8AKR;,16AK}c~? = O(AKR;~?) iterations,
above inequality further implies

Ex, | VEcp [Uc(ep)] |* < 7¢° + 56" = O). (58)
This concludes that by choosing B, B ~ O©(£72) as suggested in Remark 5, we have total iteration
complexity ' x D = O(AAR;RyKK'G*~*) ~ O(¢7*). Based on gradient dimension with

respect to z and 7, we conclude the per-iteration complexity of algorithm 1 and 2 are O(1), O(d)
respectively. |
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