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Abstract

In this paper we study a broad class of structured nonlinear programming (SNLP)
problems. In particular, we first establish the first-order optimality conditions for them.
Then we propose sequential convex programming (SCP) methods for solving them in
which each iteration is obtained by solving a convex programming problem. Under
some suitable assumptions, we establish that any accumulation point of the sequence
generated by the methods is a KKT point of the SNLP problems. In addition, we
propose a variant of the SCP method for SNLP in which nonmonotone scheme and
“local” Lipschitz constants of the associated functions are used. A similar convergence
result as mentioned above is established.

Key words: Sequential convex programming, structured nonlinear programming, first-
order methods

1 Introduction

In this paper we consider a class of structured nonlinear programming problems in the form
of
min  f(z) + p(z) — u(z)
re X,

where X C R” is a nonempty closed convex set, f, g;’s are differentiable in X', and p, u, ¢;’s,
v;’s are convex (but not necessarily smooth) in X'
Throughout this paper we make the following assumption.
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Assumption 1 The gradients of f and g;’s are Lipschitz continuous in X with constants
Ly >0 and Ly, >0 fori=1,...,m, that is,

IVf(z) =V [yl
IVgi(x) — Vagi(y)ll

Some special cases of problem (1) have received considerable attention in the literature
(see, for example, [18, 3, 15, 20, 22, 1, 12, 14]). In particular, Nesterov [15] and Beck and
Teboulle [3] considered a special case of (1) with m = 0, u = 0 and f being smooth convex with
Lipschitz continuous gradient, and they proposed accelerated gradient methods for solving it.
Tseng and Yun [20], Wright et al. [22], and Lu and Zhang [14] proposed efficient first-order
methods for the similar problems as studied in [3, 15] with f being smooth but not necessarily
convex. Recently, Auslender et al. [1] studied another special case of (1), where X = R,
p=0,u=0,q =0, v, =0 for all 7, and f and g¢;’s are smooth with Lipschitz continuous
gradient. They proposed a gradient-based method so called the moving balls approximation
(MBA) method for solving the problem. Very recently, Hong et al. [12] studied a sequential
convex programming (SCP) approach for solving a special case of (1) with m = 1, f = 0,
g1 =0, and p, u, g1, u; being smooth convex functions in X'. In addition, a broad subclass
of (1) with m = 0, f = 0, known as DC (difference of convex functions) programming, was
extensively studied and efficient first-order method was proposed for it (see, for example,
18, 13)).

Recently, a class of nonlinear programming models were widely used for finding a sparse
approximate solution to a system or a function. They can also be viewed as special cases of
(1). In particular, they are in the form of

Lfo_yH? Vl’,y € X7

<
< L,

r—vyl|, Ve,ye X, i=1,...,m.

k3

:ggmw+§jwum, (2)

where [ is a loss function, @ C R" is a nonempty closed convex set, and h : R, — R is
a sparsity-induced penalty function. Some popular h’s used in the literature are listed as
follows:

(i) (I; penalty [19, 6, 5]): h(t) = At Vt > 0;

At if0<t<A
(ii) (SCAD penalty [7)): h(t) = { =522 f A <t < a),
(et1)) if t>a\;

(iii) (I, penalty [8, 11]): h(t) = A(t + €)? Vt > 0;
(iv) (Log penalty [21]): h(t) = Alog(t +¢€) — Alog(e) Vi > 0;

_ At if0<t <,
(v) (Capped-l; penalty [23]): h(t) = { An ift >,
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where A > 0,0 < g < 1,a > 1,7 >0 and ¢ > 0 are parameters. One can observe that
the above h’s are monotonically increasing functions in [0, 00). Moreover, At — h(t) is convex
in [0,00) (see [9]). It implies that u(y) = > (Ay; — h(y;)) is convex in 7. Using the
monotonicity of h, we can see that (2) can be equivalently reformulated as

min{l(z) + Y h(y:) 1y > |2,z € Q}.

i=1
Further, by using the definition of u, we observe that (2) is equivalent to
min{l(z) + Ayl —uly) 1y = [z}, € Q},

which clearly is a special case of (1) with X = {(x,y) : y > |z|,x € Q}.

In this paper we provide a comprehensive study on problem (1). In particular, we first
establish the first-order optimality conditions for (1). Then we propose SCP methods for
solving (1) in which each iteration is obtained by solving a convex programming problem.
Under some suitable assumptions, we establish that any accumulation point of the sequence
generated by the methods is a KKT point of (1). In addition, we propose a variant of the
SCP method for (1) in which nonmonotone scheme and “local” Lipschitz constants of the
associated functions are used. A similar convergence result as mentioned above is established.

The outline of this paper is as follows. In Subsection 1.1 we introduce some notations
that are used in the paper. In Section 2 we establish the first-order optimality conditions
for problem (1). In Section 3 we propose an SCP method and its variant for solving (1) and
establish their convergence.

1.1 Notation

Given a nonempty closed convex 2 C R", cone({2) denotes the cone generated by €. Given
an arbitrary point € Q, Nq(z) and To(z) denote the normal and tangent cones of € at
x, respectively. In addition, dist(y,€2) denotes the distance between y € R" and . For a
function h: Q@ — R, d € R" and x € 2, h'(z;d) is the directional derivative of h at = along d.
For a convex function h, Oh(z) denotes the subdifferential of h at x. Finally, given any ¢ € R,
we denote its nonnegative part by ¢, that is, t* = max(¢,0).

2 First-order optimality conditions

In this section we establish the first-order optimality conditions for problem (1). Given any

x € X, the set of indices corresponding to the active constraints of (1) at z is denoted by
A(x), that is,
Alx) ={1<i<m: gi(x)+ q(x) —vi(x) = 0}.

Theorem 2.1 Suppose that x* is a local minimizer of problem (1). Assume that the cone

Z cone(Vg;(z*) + dg;(z*) — Ovy(z*)) + Nx(x™) (3)
1€A(x*)



is closed, and moreover, there exists d € Tx(x*) such that

gi(x*;d) + ¢i(z*;d) — inf std < 0, Vi e Ar(z"), (4)

€0 (a*)
where
Ar(a®) = {i € A(@") : gl d) + ql(a" d) — vl(a*sd) = O for some 0 #d € Tu(w)}.  (5)
Then, there exists \* € R™ together with x* satisfying the KKT conditions
0 € V(%) + 0p(z°) — Du(z) + 3 X [Vau(a®) + Dgs(a”) — un(a*)] + Na(a"),
AF>0,  ANgi(z*) + qj;*) —vi(x*)] =0, i=1,...,m.

Proof. For convenience, let

A = =Vf(z*) = Op(x*) + du(z*),
B = 'e%*) cone(Vg;(z*) + 0q;(z*) — Ovy(z*)) + Na(x*).

In view of the assumption, one can observe that A and B are closed convex sets. We first
show that AN B # (). Suppose for contradiction that AN B = (). It then follows from the
well-known separation theorem that there exists 0 # d € R" such that

inf d’'s > 1, supd’s < 0. (6)
s€A seB

By the definition of A and the first inequality of (6), one has
% d) +p'(z%d) —u'(z5d) = d'Vf(@*)+ sup dfs— sup d's

s€dp(z*) s€du(x*) (7)

< sup(—dfs) < —1 < 0.
s€A
In addition, it follows from the definition of B and the second inequality of (6) that d €
(N (27))° = Tx(z") and
sup{d’s : s € Vg;(z*) + dq;(z*) — Ovs(z*)} < 0, Vi€ Az,
which implies that
gi(a"; d) + qi(z7;d) —vi(z";d) < 0, Vi€ Az").

Since d € Ty(x*), there exist a positive sequence {#;} | 0 and a sequence {z*} C X such that
rF = x* 4+ txd + o(t),). We next consider two cases to derive a contradiction.
Case 1): Suppose that g.(z*;d) + ¢.(z*;d) — vi(xz*;d) < 0 for all i € A(z*). It then follows
that for every i € A(x*),
gi(x") + q;(=") —vi(@*) = gi(a") — gi(2") + @i(a*) — qi(2") — [vi(a®) — vi(2")],
= tlgi(z*;d) + ¢i(x*; d) —vi(x*;d)] + o(ty) < O
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when k > 1. Hence, z* is a feasible point when k is sufficiently large. Using (7) and a similar
argument as above, we have

F(@) +p(a*) — ula) < f@") + p(a") — ula”)

for all sufficiently large k. In addition, notice that z* — 2* as & — oo. These results imply
that z* is not a local minimizer, which is a contradiction to the assumption.
Case 2): Suppose that there exists some iy € A(z*) such that

gi (@*d) + ¢ (x%;d) — v (z*;d) = 0.

It then together with (5) implies that iy € Ar(2*). By the assumption, there exists 0 #
d € Tx(z*) such that (4) holds. Since d € Tx(x*), there exist a positive sequence {n;} | 0
and a sequence {y'} C X such that ' = z* +nd + o(n,). Let d = (y* — 2*)/n;. Clearly,
|d* — d|| = o(1). Tt follows that for all i,

g d) — gi(x*;d) + ¢i(x*;d") — ¢j(z*;d) — [ inf sTd— inf sTd]=O(|d —d|)=o(1),

s€0v;(z*) s€0v; (x*)
which together with (4) implies that for sufficiently large I,
gi(z*;d) + ¢ (x5 d)— inf sTd < 0, Vie Ar(a¥). (8)

s€0v; (z*)
Let {ay} C (0, 1] be a sequence such that oy | 0, and let
d = (1—a))d+ ad.
Claim that for sufficiently large [,
gi(a*;d') + gi(a*; d) —vj(z*;d') < 0, Vie Alz*). 9)
Indeed, we arbitrarily choose i € A(z*). If gi(z*;d) + ¢i(z*;d) — vi(z*;d) < 0, we then have
lim gi(2";d') + gj(a”; d') = vi(a"s d') = gi(2";d) + gj(a”; ) — vj(a"; d) <0,
which immediately implies that (9) holds for sufficiently large I. We now suppose that
gi(z%; d) + (2" d) — vi(z"; d) = 0. (10)
Hence, i € A7 (2*). Let s* € Argmax{s’d : s € Ov;(2*)}. Using (8), (10), convexity, and the
definition of {d'}, we have )
gilz*;d') + gi(a*; d') — vi(a*™; d')
< (1= an)gi(a*;d) + augi(a*; d') + (1 — a)gi(a;d) + engj(a; d') — (%) (1 — ou)d + oud']
= (1= ay)gi(z*; d) + ¢j(z*; d) — vj(x*; d)] + cu[gj(a™; d') + qj(a*; d') — (s%) "]

= aulgi(a"sd) + g d) = ()70 < algl(aid) +gilanid) — _inf | STd] < 0,



and hence (9) again holds for sufficiently large . Now let the sequence {z*!} be defined as
P = (1 — ap)a® + (2 + . d), Yk, 1> 1. (11)

By the definition of d’, one can observe that x* + t,d' € X for sufficiently large k. It then
follows that for each I, %! € X when k > 1 due to 2% € X and convexity of X. Recall that
2% = 2% + tpd + o(ty), which together with (11) yields

l’k’l =a" + tkdl + O(tk)
Using this relation and (9), one can obtain that, for any i € A(z*) and sufficiently large [,
gi(a™) + qi(z™) —vi(a™) = gi(a™) = gi(x") + (=) — qi(@*) — [vi(a™) — vi(2")],
= Lfgi(z*; d) +qi(2*;d') — vi(z*;d)] +o(ty) <0

whenever k > n; for some sequence {n;}. Hence, 2! is a feasible point for & > n; and

sufficiently large {. Using (7) and the fact d' — d as | — oo, we know that
[t d) +p/ (a5 d) —u'(a%d) < 0.
Using this relation and a similar argument as above, we obtain that for sufficiently large [,
F@) +p(a™) —u(a™) < fa*) + p(z*) — u(a”)

whenever k > 7, for some sequence {;}. Notice that %! — z* as k,l — co. The above results
again contradicts with the assumption that z* is a local minimizer. Therefore, AN B # ().

The conclusion of this theorem then immediately follows from this relation and the definitions
of A and B. [

Remark.
(a) Condition (3) is satisfied if X' is a polyhedron and > cone(Vg;(z*)+0q;(x*)—0v;(x*))

i€A(x*)
is a finitely generated cone or if

— Z cone(Vg;(x*) + 0g;(x*) — dvy(z*)) | N Nx(z*) = {0}.

1€A(x*)

It thus follows that, if X is a polyhedron and ¢; and v; are differentiable or piecewise
convex functions (e.g., ||z||1) for each i € A(x*), condition (3) holds.

(b) When f and g;’s are convex, condition (4) holds if there exists a generalized Slater point
T € X, that is, T satisfies

9:(Z) + ¢;(Z) — v (x™) — gnf )sT(f —z*) < 0, Vie Alz").
s€ov; (x*
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Indeed, let d = 7 — a*. Clearly, d € Tx(2*). Moreover, for each i € A(x*),

gia*yd) + qi(a*d) — inf sTd < gi(a* +d) — gi(a") + @@ +d) — (@) +vi(27)

SEQ; (z*)
—v(z*) — inf sT(z —a*),
( ) s€0v; (x*) ( )
= 0i(%) + q;(Z) — v (x*) — gnf )ST(J_J —z*) < 0,
s€ov;(x*

and hence condition (4) holds.

3 A sequential convex programming method

In this section we propose a sequential convex programming (SCP) method for solving problem
(1) in which each iteration is obtained by solving a convex programming problem. We also
propose a variant of it for solving (1). Before proceeding, we introduce some notations that
will be used subsequently.

For each v € X, sy, 54, Sg,, 5y, € R" for i = 1,...,m, we define

Clo {5, 17 s ) = {ye)(: gi(@) + T (y — 2) + “2 |y — @[> + ¢i(y) } (12)

—[vi(x)+ sl (y—z)] <0
h(ysx, s, 80) = (@) + 57y — 2) + 5y — 2l + ply) = [ule) + 55 (y — 2)].

In addition, we denote by F the feasible region of problem (1).

We are now ready to present an SCP method for solving problem (1).
Exact sequential convex programming method for (1):
Let 2° € F be arbitrarily chosen. Set k = 0.

1) Compute s§ = Vf(z"), sk € ou(a"), si = Vgi(a"), sk € dvi(") for all 4.

2) Solve

2* € Argmin{h(y; 2", s’}, s¥) 1y e C(a”, {s];i " {sfl O} (13)
y
3) Set k < k+ 1 and go to step 1).

end

Remark.

(a) When ¥ =R", p=0,u=0,L; >0,¢ =0, v, =0and L, > 0 for all 4, the above
method becomes the MBA method proposed in [1].
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(b) When m =1, f =0, g =0, and p, u, ¢, u; are smooth convex functions in X, the
above method becomes the method studied in [12].

(¢) When m = 0 and f = 0, the above method becomes the well-known method [18, 13] for
DC programming.

[
In what follows, we will establish that under some assumptions, any accumulation point
of the sequence {2*} generated above is a KKT point of problem (1). Before proceeding, we
state several lemmas that will be used subsequently.
The following lemma is well known (see, for example, [16]), which provides an upper bound
for a smooth function with Lipschitz continuous gradient.

Lemma 3.1 Let QQ C R"™ be a closed convex set, and h a differentiable function in €. Suppose
that there exists some constant Ly, > 0 such that

IVh(z) = VAl < Lnlle —yll,  Va,y € Q.

Then, for any L > Ly,

L
hiy) < h@)+ V@) (y =)+ Flly —«l’, Veye.

The following lemma is due to Robinson [17], which provides an error bound for a class of
convex inequalities.

Lemma 3.2 Let X be a closed convex set in R", and K a nonempty closed convex cone in
R™. Suppose that g : X — R™ is a K-convex function, that is,

Ag(x') + (1= Ng(z?) € gO\a' + (1 — N)2?) + K.

Assume that x° € X is a generalized Slater point for the set Q := {x € X : 0 € g(x)+ K}, that
is, there exists § > 0 such that B(0;0) C g(z°) + K, where B(0;9) is the closed ball centered
at 0 with radius 6. Then,

dist(z,Q) < 6 Yz — 2%||dist(0, g(z) + K), Va € X.

The following lemma states a simple property of the set C that is defined in (12).

Lemma 3.3 For each x € F, let s,, = Vg;(z) and s, € Ov;(x). Then, C(x, {sz }" 1, {sv; }1%1)
1s @ nonempty closed convex set in F.



Proof. Since x € F, one can clearly see that x € C(z, {sg, }1%q, {54, }i~;). Hence, C(z, {sy, }1"1,
{s0,}721) # 0. Due to s,, € dvi(x), we know that v;(y) > v;(x) + s] (y — x),Vy € R". Us-
ing this relation and Lemma 3.1, one can see that for any y € C(x, {sg }™y, {sv; }1%1), ¥
is in X and ¢;(y) + ¢i(y) —vi(y) < 0 for ¢ = 1,...,m. Hence, y € F. It implies that
C(z, {54} 1, {50, }%1) € F. Finally, it is easy to see that C(x, {sg }";, {sv, }1%;) is a closed
convex set. m

We are now ready to establish that under some assumptions, any accumulation point of
the sequence {2*} generated by the above SCP method is a KKT point of problem (1).

Theorem 3.4 Let {(z*, s}, sk, {sy }721, {sh.}i%1)} be the sequence generated by the above SCP
method. The following statements hold:

(i) {z*} € F and {f(a*) + p(z*) — u(z*)} is monotonically nonincreasing.

(ii) Suppose further that (z*, s%, st, {s% Yy, {s}, }ity) s an accumulation point of { (", s’},sﬁ,
{sh 3, {sh }m)}. Assume that Slater’s condition holds for the set C(x*, {s} }iti, {85 }it1),
that 18, there exists y € X such that

gi(@")+(s5,)" (F—a") (7)) =iz +(s7,) (F—2")] < 0,i=1,....m

(14)

9i
2
Then, x* is a KKT point of problem (1).

Proof. (i) We know that 2° € F. Since z' € C(a?, {s) }72y,{s),}i21), it follows from
Lemma 3.3 that 2! € F. By repeating this argument, we can Conclude ‘that {zF} ¢ F. In
addition, notice that «* € C(«*, {sf }i2|, {sh }1*,). Hence, we have

h(2zM L 2k s]},sk) < h(zF;2* sf, B = Fa®) + p(a®) — u(2").

u

Since s¥ € du(x"), we know that u(z*+1) > u(z*) + (s*)T (2% — 2*). Using this relation and
Lemma 3.1, one can see that

f($k+1>+p(xk+1)_u(xk+l) < h(iL‘k+1 :L‘k SI;’ ﬁ)

It then follows that
@) +p(@* ) —w(@®) < h@EM b S sE) < f(EY) 4 p(at) — u(a®). (15)

Thus, {f(2*) + p(z*) — u(z*)} is monotonically nonincreasing
(11) Let w := ( {ng}z 17{8%}1 1) wk = ( F {ng = 17{ ’UZ = ) ('I {8 z 17{8'01 i= )
By the assumption, there exists a subsequence K such that {(s% s sk w )} K — (8}, sy, w*). We

first show that for any 2 € C(w*), there exists 2% € C(w*) such that (2"} — 2, Where C is
defined in (12). Indeed, let

L,
Gi(y, w) := gi(x) + s (y — x) + =&

5 1Y~ 2| + aiy) — [vi(x) + 55,y — 2)] Vi,



and G(y,w) := (Gi(y,w), ..., Gn(y,w)). It follows from (14) that G(y,w*) < 0. Hence, there
exists 6 > 0 such that
B(0;6) C G(7,w) + R (16)

Notice that G(i,w) is continuous in w and {w*}; — w*. Hence, when k € K is sufficiently
large, ||G (7, w*) — G(5,w*)|| < §/2 holds. It immediately implies that, for sufficiently large
ke K,

G(y,w*) = G(y, w") + B(0;6/2) C B(0;9).

This relation together with (16) yields that, for sufficiently large k € K,

Gy, w*) + R = Gy, w") —G(7,w*) + Gy, w*) + R 2 G(y,w*) — G(7,w*) + B(0;0)
2 G(5,wh) —G(7w) + 67 w*) — G(7,w*) + B(0;0/2)] = B(0;6/2).

Hence, 7 is also a generalized Slater point for the set C(w”) when k € K is sufficiently large. In
addition, it is not hard to verify that G(y, w*) is R7-convex. Letting g(-) = G(-, w¥), K = R,
O =C(w"), X = X, and using Lemma 3.2, we obtain that, for sufficiently large k € K,

dist(y,C(w®)) < 267'[|y — glldist(0, G(y, w") + RY), Vye X. (17)

Let 2 € C(w*) be arbitrarily given, and let z* = argmin{||z — y|| : ¥ € C(w*)}. Notice that
y
z € X. It then follows from (17) with y = z that, when k € K is sufficiently large,

|25 — z|| = dist(z, C(w*)) < 267Y|z — g|dist(G(z, w*), —R™).

Since z € C(w*), we can observe that {dist(G(z,w*), —R7")}x — dist(G(z, w*), %m) =
Using this relation and the above inequality, we obtain that {2*}; — 2 and 2* € C(w").

Since {z*}x — z*, by continuity we have {f(z*) + p(z*) — u(z®)}x — f(x*) + p(z*) —
u(z*). Notice that {f(z*) + p(z*) — u(2*)} is monotonically nonincreasing. Hence, we
have f(z%) + p(a*) — u(a®) — f(z*) + p(z*) — u(x*), which together with (15) 1mphes that
h(zFth b, sk sk) — f(2*) + p(a*) — u(z*). Recall that 2¥"' € Arg mm{h(y,x shosk) iy €
C(w*)}. Since 2 € C(w"), we obtain that h(z**'; 2%, sk, sk) < h(z¥; 2%, s, s). Upon taking
limits on both sides of this inequality as kK € K — oo, we have

f(@™) +p(a") —u(z™) < h(z;27, 8}, s,), Vzel(w).

In addition, since {z*} C F and {xk}K — o*, we know that z* € F, which yields z* € C(w").
Also, f(z*) + p(x*) — u(x*) = h(x*; 2%, 5%, s u) Therefore,

z* € Argmin{h(z; 2%, 5%, s;) : 2 € C(w")}. (18)

Since Slater’s condition holds for C(w*), the first-order optimality condition of (18) immedi-
ately implies that z* is a KKT point of (1). ]

Remark. Since s§ = V f(a*), si € du(z*), sk = Vgi(z*), and s}, € dv;(z*) for all i, we
observe that if {z*} has an accumulation point, so is {s%, sk, {sk }72, {s} }:")}. Therefore,
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the first assumption in statement (ii) is mild. We next provide a sufficient condition for the
second assumption to hold. In particular, we show that the assumption (14) holds if the
following generalized Mangasarian-Fromovitz constraint qualification (MFCQ) holds at z*. =

Proposition 3.5 Let x* be a point in F. If the generalized MFCQ) holds at x*, that is,
3d € Tx(z*) such that

gi(x*;d) + ¢i(z*;d) — inf sTd < 0, Vie Alz"). (19)

SEQ; (x*)
Then, (14) holds at x* for s; = Vg;(z*) and every s;, € dv;(z*).

Proof. Let d be given above, s;. = Vg;(z*) and s;, € dv;(z*). Then, there exist a positive
sequence {t;} | 0 and a sequence {z*} C X such that 2% = 2*+t,d+o(t;). For each i € A(z*),
we have that, for sufficiently large k,

gil@") + (s5,)7 (2% — %) + ok — 2|2 + qula®) — [oila) + (s7,)7 (2% = 27)]

* * Lgi * * *
= (sp)7 (2" — %) + Fr|a* — 2?4+ qi(2*) — () — (s5,)7 (2" — 2¥)
= tk(s;)Td + qi(x* + tpd) — qi(z*) — tk(szi)Td + o(ty)

= tel(sy,)"d + gi(z*;d) — (s3,)"d +o(1)] < telgi(a*;d) +qi(a*;d) — inf sTd+o(1)] < 0,

s€Qv; (z*)

*
G

where the last inequality follows from (19). In addition, for each i ¢ A(z*), we know that
gi(x*) + qi(2*) — vi(z*) < 0. Notice that 2* — z* as k — oo. Hence, for sufficiently large k,
we have

g2 (53,7 (2 — %) + 22

5 o — 22 () = [vi(x) + (s5) T (@F =29 <0, i=1,...,m.

i

The above SCP method uses the global Lipschitz constants of V f and Vg;’s, which may be
too conservative. To improve its practical performance, we can use “local” Lipschitz constants
that are updated dynamically. In addition, the above method is a monotone method since
{f(2*)+p(2*)—u(2*)} is nonincreasing. As mentioned in [10, 4, 22, 14], nonmonotone methods
generally outperform monotone counterparts for many nonlinear programming problems. We
next propose a variant of the SCP in which “local” Lipschitz constants and nonmonotone
scheme are used. Before proceeding, we introduce some notations as follows.

For each x € F, Iy, l,, € R, sf, Su, 4, Su; € N for i =1,...,m, we define

e (LM g M g ym ) _ gi(@) +sT(y—2) + Ly — 2]+ a(y)
C( 7{l9i}Z:17{ 91'}2:17{ 'Uz}lzl) {yEX. _[Ui(x)+s£(y_$)] § 0 }7 (20)

Wy dposps) = F(@)+ 55— o)+ Llly— 2l + ply) — [ulz) + 550y — )],
F() = (o) + () —ula)

11



We are now ready to present a variant of the above SCP method.

A variant of SCP method for (1):

Choose parameters ¢ > 0, 0 < Ly < Liyax, 7 > 1, and integer M > 0. Set k = 0 and choose
an arbitrary 2° € F.

1) Compute s§ = Vf(z*), si € du(z¥), sk = Vgi(z¥), sk € dv;(z*) for all .
2) Choose l]; 0 150 € [Lunin, Linax] arbitrarily, and set lfc = ZI;’O and ¥ =150 for all 1.
3) Find

mk—H = argmyin{}_l(yv lk Sf7 u) Yy € C( g {l i:la{sgz z—lv{svl )} (21)

3a) If 2*! € F and

F(E) < F(xt) — Sqigh+t — k)2 929
@< max_ F) - Slatt - o (22

holds, go to step 4).
3b) If 2 ¢ F, set I¥ « 7l for all i and go to step 3).
3c) If (22) does not hold, set I} < 7l} and go to step 3).

4) Set k <k + 1 and go to step 1).

end
Remark.
(i) When M = 0, the above method becomes a monotone method.

(i) In practical computation, lf , 150

2, 4], that is,
k0 i oz Lf
l;7 = max {Lmim min {Lmax’ ﬁZacHQf }} ’
. T . .
115170 = max {Lmim min {Lmax’ Al\xﬁwﬁgl }} BAL

where Ax = 2% — 2871 Af = Vf(a¥) — Vf(2*1), and Ag; = Vgi(2*) — Vg (x*71) for
all 1.

can be updated by the similar strategy as used in

(iii) l;ﬁ and {l’;i}?ll can be updated by some other strategies. For example,

1) we may update {§ and {I} }i*, simultancously, that is, steps 3b) and 3c) can be
replaced by:

12



if ¥t ¢ F or (22) does not hold, set 1§ < 71 and I} « 715 for all i;

2) in step 3b), each l’g“i can be updated individually. In particular, for each ¢, we can
update I} only if the ith constraint of (1) is violated at z**!, that is, g;(z"*') +
qi(wk+l) _ ,Ui(z.k-i-l) > O

We first show that for each outer iteration, its number of inner iterations is finite.

Theorem 3.6 At each kth outer iteration, its associated inner iterations terminate after at

most
log(L¢ + ¢) + log(max Ly,) — 210g(2Lyin)

4 2
log 7 + (23)

loops.

Proof. Let P} and ljgfi denote the final value of l’; and l;fi at the kth outer iteration, respec-

tively. Note that h(-;z*, l;ﬁ, 3’}, sk) is a strongly convex function with modulus lfc > 0. It then
follows from (21) that

_ lk
Flah) = F(4) + p(a") = u(a) = hlasah, 0, s, 58) = Bk 15, o, k) + b a2

u

Since s¥ € du(x"), we know that u(z*+1) > u(z*) + (s*)T (%1 — 2*). Using this relation and
Lemma 3.1, one can see that

- L;— 1%
F<xk+1) _ f(SL’kH) +p(xk+1) . u<xk+1) < h<xk+1;xk,l§’sl;’sﬁ) + f2 f ka+l . kaZ'
The above two inequalities yield

L : L
P < F@h) =@ = et =abls < max  F(f) = (1 = )l = 2"l

Similarly, one can show that

gi(@™h) + qi(a") —vi(a") < gi(@®) + @i(@h) — vi(2®) — (I8 - ﬁ)

D) ‘xk+1 _kag’ VZ,

which together with z*¥ € F implies that

L,
Gi(@™ ) (@) — oy (dHY) < —(1F - 2

Hence, z¥"" € F and (22) holds whenever 1§ > (Ly + ¢)/2 and min [}, > (max Ly, )/2, which,
together with the definitions of I, and %, implies that /7 < (L; + ¢)/2 and minl} /7 <

13



(mlax L,.)/2, that is, [, < 7(Ls + ¢)/2 and miin lZfi < T(mlax Ly,)/2. Let n; and nf denote the
number of inner iterations for updating l’; and l;fi at the kth outer iteration. Then, we have

k

L™ ™0 < L7951 = I < r(Ly+0)/2,
Lipinm"s ™ < (minLSQO)T"Z_l = minl} < 7(maxL,)/2.
3 (2

i

1

Hence, the total number of inner iterations, n’;é + n’g‘“', is bounded above by the quantity given
n (23) and the conclusion holds. ]

We next establish that under some assumptions, any accumulation point of the sequence
{x*} generated by the above variant of the SCP method is a KKT point of problem (1).

Theorem 3.7 Let {(z*, s}, si, {s; Y721, {sh.}721)} be the sequence generated by the above vari-
ant of the SCP method. Assume that F(x) := f( )+p(z)—u(x) is umformly continuous in the
level set L = {x € F: F(z) < F(2°)}. Suppose that (x*, 13, {13, }iZ 1,sf, o 1S s 1so, 1)
is an accumulation point of {(a*, I {IF Y7, 85, sk, {sk Y, {ss }721)}. Then the following
statements hold:

(i) [Ja** = 2®| = 0 and f(2") + p(a*) — u(2") — f(2*) + p(z*) — u(z?).

(ii) Suppose further that Slater’s condition holds for the constraint set C(x*, {I; }i2y, {8}, 172y, {50, Jie

that s, there exists y € X such that

*

gi(iv*)+(8;)T(y—af*)+l;i g—"*+q(y) — [vi(x") +(s7,)" (F—2")] < 0,i=1,...,m. (24)

Then, x* is a KKT point of problem (1).

Proof. (i) By the definition of x*, we observe that {z¥} C L. Let d* := 2**! — 2% and
(k) an integer between [k — M|* and k such that

F(z'™) = max{F(2") : [k — M]* <i <k}, Vk>0.

It follows from (22) that F(z**') < F(2!®) for all k > 0, which together with the definition
of (k) implies that {F(z!®)} is monotonically nonincreasing. Further, by continuity of F
and {2"}x — 2*, we know that {F(2*)}x — F(2*). This together with the fact F(z!®) >
F(2*) implies that {F(2!®)} is bounded below. Using this result and the monotonicity of
{F(2'™)}, we see that {F(2'®))} is bounded below. Hence, there exists some F* € R such
that

lim F(z!®) = F*, (25)

k—o00

We can prove by induction that the following limits hold for all j > 1:

lim d'®~J =0, lim F(z!®=9) = (26)
—00

k—o0
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Indeed, replacing k by I(k) — 1 in (22) and using the definition of [(k), we obtain that

F(z'®) < p(glt®-1)y _ E||dz(k)_1||2
— 2 Y

which together with (25) implies that lim_,o, d"*)~' = 0. Using this relation, (25) and uniform
continuity of F' in £, we have
lim F(z'®71) = lim F(@'® — d®-1) = lim F(2'®) = F*.
k—o00 k—oo k—o00
Therefore, (26) holds for j = 1. Now, we assume that (26) holds for j. We need to show that
)

(
it also holds for j 4+ 1. Replacing k by I(k) — j — 1 in (22) and using the definition of I(k), we
have

F(a!®=0) < p(g®W=i-1) _ Hdl(k —1)12,

which, together with (25) and the induction assumption limy_,. F(z'®)=7) = F** implies that
limy_,oo d'®=7=1 = 0. Using this result, limj_,o, F(2!®~7) = F* and uniform continuity of F
in £, we see that limy_,, F(z/®=7=1) = F*. Hence, (26) holds for j + 1. It then follows from
the induction that (26) holds for all 7 > 1. Further, by the definition of I(k), we see that for
k>M+1,k—M—1=1(k)—j for some 1 <j < M + 1, which together with the first limit
n (26), implies that limy_,o d* = limy_,o d*"~1 = 0. Additionally, we observe that

z!®) = =M= 1+Zdl<k Vk > M+1,

where I, = I(k) — (k — M — 1) < M + 1. Using the above identity, (26), and uniform
continuity of ' in £, we see that limy_,o F(2%) = limy_o F(2*M~1) = F*, which, together
with {F(z*)}x — F(x*), implies that F(z*) — F(z*). Hence, the statement (i) holds.

(i) Let w = (2, {ly iy, {80, i {subit), wh o= (2" {lk o {sg i {st i), w =
(z*, {13 3 i1 {3 1,48y, bit1). By the assumption, there exists a subsequence K such that
{1}, 5%, )}K — (lf,sf,su,w ). We first show that for any 2z € C(w*), there exists
h e C_(w ) such that {z*} ¢ — z, where C is defined in (20). Indeed, let

Gi(y, w) = gi(x) + 55,(y — ) + =5 by — )2 + ly) - [vi(x) + s, (y — 2)] Vi,

2

and G(y,w) := (Gi(y,w),...,Gn(y,w)). Notice that G(i,w) is continuous in w. Using this
fact, (24), Lemma 3.2, and the similar arguments as in the proof of Theorem 3.4 (ii), one can
show that there exists some d > 0 such that for sufficiently large k € K,

dist(y, C(w*)) < 267[ly — glldist(0, Gy, w*) + R]), Wy € X, (27)

Let z € C(w*) be arbitrarily given, and let z¥ = argmin{||z —y|| : y € C(w*)}. Clearly, z € X
v

and dist(G(z,w*), —RT) = 0. Using these facts and letting y = z in (27), one can obtain that
{Z*}k — z and 2* € C(wh).
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Recall from statement (i) that ||2%T! — 2*|| — 0. Since {z*} — z*, it then follows that

{zF*1}x — 2. Let I denote the final value of I¥ at the kth outer iteration. From the proof of

Theorem 3.6, we know that [¥ € [Luin, 7(Ls + ¢)/2]. Using these facts and {F(z*)} — F(z*),
we observe that B

{h(z*T: 2", ZZ‘E, s];, sV — F(ab).
Recall that 2*"" = argmin{h(y; 2%, 1}, % sk) : y € C(w*)}. Since 2 € C(w*), we have
h(zh 1 ok 1%, 3’}, skY < h(2F; b Tk s’}, sF). Upon taking limits on both sides of this inequality
as k € K — 0o, we obtain that

F(x*) < h(z 2,17, 85, 55), Vzel(w).

In addition, we know that z* € F, which implies that z* € C(w*). Also, F(x*) = h(z*; x*, I3, 8%
Hence, we have

o* € Argmin{h(z;2*, 1}, 5}, 5}) : 2 € C(w")}. (28)

Since Slater’s condition holds for C(w*), the first-order optimality condition of (28) immedi-

ately implies that z* is a KKT point of (1). n

Remark. For M = 0, Theorem 3.7 still holds without the uniform continuity of F(z) in

the level set L = {z € F: F(z) < F(2")}. =
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