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Abstract

In this paper we consider [y regularized convex cone programming problems. In par-
ticular, we first propose an iterative hard thresholding (IHT) method and its variant for
solving [y regularized box constrained convex programming. We show that the sequence
generated by these methods converges to a local minimizer. Also, we establish the it-
eration complexity of the IHT method for finding an e-local-optimal solution. We then
propose a method for solving [y regularized convex cone programming by applying the
THT method to its quadratic penalty relaxation and establish its iteration complexity for
finding an e-approximate local minimizer. Finally, we propose a variant of this method
in which the associated penalty parameter is dynamically updated, and show that every
accumulation point is a local minimizer of the problem.

Key words: Sparse approximation, iterative hard thresholding method, Iy regulariza-
tion, box constrained convex programming, convex cone programming

1 Introduction

Sparse approximations have over the last decade gained a great deal of popularity in numerous
areas. For example, in compressed sensing [8, 11], a large sparse signal is decoded by finding a
sparse solution to a system of linear equalities and /or inequalities. The similar ideas have also
been widely used in linear regression. Recently, sparse inverse covariance selection becomes
an important tool in discovering the conditional independence in graphical models. One
popular approach for sparse inverse covariance selection is to find an approximate sparse
inverse covariance while maximizing the log-likelihood (see, for example, [10]). Similarly,
sparse logistic regression has been proposed as a promising method for feature selection in
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classification problems in which a sparse solution is sought to minimize the average logistic
loss (see, for example, [20]). The common point of these applications is to find a sparse
approximation to a specific instance of a generic class of convex cone programming problems:

min f(x)
st. Az —be K", (1)
[ <zx<u

for some | € N7, u € §f€7}r, A e R™™ and b € R™, where K* denotes the dual cone of a closed
convex cone K C R™, ie., K* = {s € R™ : 570 > 0,Vz € K}, and R" = {2 : —c0 < 2; <
0, 1 <i<n}and ?R’i ={reRN":0<z <00, 1 <i<n}. A sparsesolution to (1) can be
sought by solving the following [y regularized convex cone programming problem:

min  f(x) 4+ A||z||o
st. Az —be K", (2)
[ <zx<u

for some A > 0, where ||z||op denotes the cardinality of . One special case of (2) with K = {0},
f(z) =||Cz—d|]? I; = —o0 and u; = oo for all 4, that is, the lp-regularized unconstrained least
squares problem, has been well studied in the literature (e.g., [21, 16]), and some methods
were developed for solving it. For example, the iterative hard thresholding (IHT) methods
[13, 5, 6] were proposed to solve this type of problems and the related ly-constrained problems,
respectively. Moreover, Blumensath and Davies [5] showed that the IHT method converges
to a local minimizer of [y-regularized and -constrained least squares problems. In addition,
matching pursuit algorithms [18, 23] and some variants of THT method [17, 7, 9, 12] were
studied for solving the [y-constrained least squares problems in the context of compressed
sensing. Recently, several approaches have been proposed to solve some sparsity-constrained
recovery problems with nonlinear observations (see, for example, [4, 1]). Also, Lu and Zhang
[16] proposed a penalty decomposition method for solving a more general class of [y-regularized
and -constrained minimization problems.

As shown by the extensive experiments in [5, 6], the IHT method performs very well in
finding a sparse solution to unconstrained least squares problems. In addition, the similar
type of methods [14, 22] were successfully applied to find low rank solutions in the context of
matrix completion. Inspired by these works, in this paper we study IHT methods for solving
lp regularized convex cone programming problem (2). In particular, we first propose an THT
method and its variant for solving [y regularized box constrained convex programming. We
show that the sequence generated by these methods converges to a local minimizer. ! Also, we
establish the iteration complexity of the IHT method for finding an e-local-optimal solution.
We then propose a method for solving [y regularized convex cone programming by applying
the IHT method to its quadratic penalty relaxation and establish its iteration complexity for
finding an e-approximate local minimizer of the problem. We also propose a variant of the

'Such a convergence result of the IHT method when applied to ly-regularized and -constrained least squares
problems was already established by Blumensath and Davies [5].



method in which the associated penalty parameter is dynamically updated, and show that
every accumulation point is a local minimizer of the problem.

The outline of this paper is as follows. In Subsection 1.1 we introduce some notations
that are used in the paper. In Section 2 we present some technical results about a projected
gradient method for convex programming. In Section 3 we propose IHT methods for solving
lp regularized box constrained convex programming and study their convergence. In section 4
we develop IHT methods for solving [y regularized convex cone programming and study their
convergence. Finally, in Section 5 we present some concluding remarks.

1.1 Notation

Given a nonempty closed convex  C R" and an arbitrary point = € Q, Ng(x) denotes the
normal cone of Q at z. In addition, dg(y) denotes the Euclidean distance between y € " and
Q2. All norms used in the paper are Euclidean norm denoted by || - ||. We use U(r) to denote
a ball centered at the origin with a radius r > 0, that is, U(r) := {x € ®" : ||z] < r}.

2 Technical preliminaries

In this section we present some technical results about a projected gradient method for convex
programming that will be subsequently used in this paper.
Consider the convex programming problem

¢* := min ¢(z), (3)

zeX

where X C R" is a closed convex set and ¢ : X — R is a smooth convex function whose
gradient is Lipschitz continuous with constant L, > 0. Assume that the set of optimal
solutions of (3), denoted by X*, is nonempty.

Let L > L, be arbitrarily given. A projected gradient of ¢ at any x € X with respect to
X is defined as

g9(x) = Lz —Tx (z = Vo(z)/L)], (4)

where IIx(-) is the projection map onto X (see, for example, [19]).
The following properties of the projected gradient can be directly obtained from Proposi-
tion 3 and Lemma 4 of [15] by replacing 7 and V¢(-)|% by 1/L and g(-), respectively.

Lemma 2.1 Let z € X be given and define x* := Il x(x — V¢(x)/L). Then, for any given
€ > 0, the follouing statements hold:

a) |lg(z)|| < € if and only if Vo(x) € —Nx(z) + U(e).
b) |lg(z)|| < e implies that Vo(xt) € =Ny (z) +U(2e).
c) (z*) — ¢(z) < —|lg(x)|?/(2L).



d) ¢(z) — ¢(z*) = [|g()|*/(2L), where z* € Argmin{¢(y) : y € X}
We next study a projected gradient method for solving (3).

Projected gradient method for (3):
Choose an arbitrary 2° € X. Set k = 0.

1) Solve the subproblem
L
# = argmin{p(a”) + Vo(2") " (z — 2%) + T e — 28|} (5)
TE

2) Set k < k+ 1 and go to step 1).
end

The convergence properties of the above projected gradient method are established in the
following two theorems, which will be used in the subsequent sections of this paper. The first
theorem shows that the method is sublinearly convergent for a convex function with Lipschitz
gradient. And the second theorem shows that the method is linearly convergent for a smooth
strongly convex function.

Theorem 2.2 Let {z*} be generated by the above projected gradient method. Then the fol-
lowing statements hold:

(i) For every k>0 andl > 1,

L
Bt = 6" < ek — o, )

(i) {z*} converges to some optimal solution x* of (3).

Proof. (i) Since the objective function of (5) is strongly convex with modulus L, it follows
that for every x € X,

L L L
S TSN (w—ak) S o P > M)+ V() (=) S [+ b4 = 2

By the convexity of ¢, Lipschitz continuity of V¢ and L > Ly, we have

Ba) > Bh) + Vo) (x — o),
) < B(ak) + Vo) (@ — k) 4 Kk - o,

which together with the above inequality imply that

o)+ Zle =t > ot +

QHx—kaHQ, Ve € X. (7)
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Letting x = 2% in (7), we obtain that
¢(a*) — p(a**) = L™ — "] /2.
Hence, {¢(z*)} is decreasing. Letting x = z* € X* in (7), we have

* L * *
¢z — 9" < 3 (® = 2™ = [l = 2*|?) vk >0.

Using this inequality and the monotonicity of {¢(z*)}, we obtain that

k-1
o) — o) < D lo@a™) = ¢ < S (I =" = " =2 ), (8)
i=k
which immediately yields (6).
(ii) It follows from (8) that
[ — || < fla® =2, VE>0,0>1. (9)

Hence, ||z* — 2*|| < ||2° — 2*|| for every k. It implies that {z*} is bounded. Then, there exists
a subsequence K such that {z¥}r — 2* € X. It can be seen from (6) that {¢(z*)}x — ¢*.
Hence, ¢(2*) = limper oo #(2%) = ¢*, which implies that 2* € X*. Since (9) holds for any
r* € X*, we also have ||zpy — 2% < |Ja% — 2*| for every k > 0 and [ > 1. This together
with the fact {*}x — #* implies that {z*} — #* and hence statement (ii) holds. ]

Theorem 2.3 Suppose that ¢ is strongly convex with modulus ¢ > 0. 2 Let {x*} be generated

by the above projected gradient method. Then, for any given € > 0, the following statements
hold:

(i) é(a*) — ¢* < e whenever
k>2[L/o] [bg MW .

(i) ¢(z*) — ¢* < € whenever

k>2[L/o] {log + 1.

$(z°) — ¢*
€
Proof. (i) Let M = [L/co]. It follows from Theorem 2.2 that

B — 60 < Sk~ 2 < S (9(at) - 6,

%¢ is strongly convex with modulus o > 0 if ¢(-) — || - || is convex.
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where z* is the optimal solution of (3). Hence, we have

L

k-+2M *
GzN) — 9" < o

(6(z%) — ¢*) < Z(p(a*) — ¢"),

which implies that .
SaM) — 5* < Lofa®) - ).
Let K = [log((¢(x°) — ¢*)/€)]. Hence, when k > 2K M, we have
1
B — " < G N) — gt < L(9a") —6T) <

which immediately implies that statement (i) holds.

(i) Let K and M be defined as above. If ¢(z*M) = ¢*, by monotonicity of {#(z*)} we
have ¢(z*) = ¢* when k > 2K M, and hence the conclusion holds. We now suppose that
d(x*EM) > ¢*. Tt implies that g(z* M) # 0, where g is defined in (4). Using this relation,
Lemma 2.1 (c) and statement (i), we obtain that ¢(x?5M+1) < ¢(225M) < €, which together
with the monotonicity of {¢(z*)} implies that the conclusion holds. ]

Finally, we consider the convex programming problem
fri=min{f(x): Az —be K",z € X}, (10)

for some A € R™*™ and b € R™, where f : X — R is a smooth convex function whose gradient
is Lipschitz continuous gradient with constant Ly > 0, X C R" is a closed convex set, and K*
is the dual cone of a closed convex cone K.

The Lagrangian dual function associated with (10) is given by

d(p) == inf{f(z) + p"(Az —b) :x € X}, Vuec —K.

Assume that there exists a Lagrange multiplier for (10), that is, a vector p* € —K such
that d(p*) = f*. Under this assumption, the following results are established in Corollary 2
and Proposition 10 of [15], respectively.

Lemma 2.4 Let u* be a Lagrange multiplier for (10). There holds:
f(x) = f* > —||pu*||die- (Ax — b), Vz e X.
Lemma 2.5 Let p > 0 be given and L, = Ly + p||A||*>. Consider the problem

" = min{®,(x) == f(z) + g[d,c*(Ax e (11)

zeX

If x € X is a &-approzimate solution of (11), i.e., ®,(x) — ®% < &, then the pair (v, )
defined as
xt = Ilx(x —V®,(x)/L,),

po = plAzxt —b— Tl (Ax™ —b)]
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is in X x (=K) and satisfies u" i« (Azt —b) = 0 and the relations

de-(Aa* =) < Y+ /%,
Vit + AT € —Nx(ah) +U(24/2L,¢),

where p* is an arbitrary Lagrange multiplier for (10).

3 [y regularized box constrained convex programming

In this section we consider a special case of (2) with K = {0}, that is, [y regularized box
constrained convex programming problem in the form of:

F*:=min F(z):= f(z) + Az

st. [ <z<u (12)

for some A > 0,1 € R" and u € R?. Recently, Blumensath and Davies [5, 6] proposed
an iterative hard thresholding (IHT) method for solving a special case of (12) with f(z) =
|Cx — d||?, I; = —oco and u; = oo for all 5. Our aim is to extend their THT method to solve
(12) and study its convergence. In addition, we establish its iteration complexity for finding
an e-local-optimal solution of (12). Finally, we propose a variant of the IHT method in which
only “local” Lipschitz constant of V f is used.

Throughout this section we assume that f is a smooth convex function in B whose gradient
is Lipschitz continuous with constant L; > 0, and also that f is bounded below on the set B,
where

B:={zeR":l<zx<u}. (13)
We now present an IHT method for solving problem (12).
Iterative hard thresholding method for (12):

Choose an arbitrary 2° € B. Set k = 0.

1) Solve the subproblem
L
P e Argmin{f(z") + V() — %) + Sllw =217 + Allzflo}- (14)

2) Set k < k+ 1 and go to step 1).

end
Remark. The subproblem (14) has a closed form solution (see Lemma 3.2). ]

In what follows, we study the convergence of the above IHT method for (12). Before



proceeding, we introduce some notations that will be used subsequently. Define

B, == {weB:a =0}, VIC{L....n} (15)
Hg(z) = argmin{|ly — x| :y € B}, VxeR", (16)
sn(z) = o— %Vf(:c), vz € B, (17)

I2) = {i:ei=0}, Voe® (18)

for some constant L > Ly.
The following lemma establishes some properties of the operators sp(-) and Ig(s.(+)),
which will be used subsequently.

Lemma 3.1 For any z, y € R", there hold:
(1) [[s2(@))f = [se@)E| < 4lllw = yll + [[sc @)Dl = yll;
(2) [[Ma(se(@)) —sp(@)]f = Ms(spy) —se@)F| < Allle —yll+Ms(s2(y)) = s@)liD)lz—yll.
Proof. (1) We observe that

Ise(@) =51l = llo =y~ (V@) = VDI < lle =yl + TIVF@) - VW),

L
< 1+ D=yl < 2 -yl (19)

It follows from (19) that
[se(@)]f = [se@El = lsc(@)]i + [se ()]l - llse(@)]s — [sc )il
sz (@)l = [se@)lal + 2l[s(W)]i]) - [[se(@)]i = [sc(y)lil,
Allz = yll + llse DIz = yll.
(2) It can be shown that
Mp(z) —z+y—1s)] < [lz—yl.
Using this inequality and (19), we then have

[s(sL(x) = se(@)]f — Ms(s(y)) = se®)L]

< (|[Mp(se(x) = se()]i = [Ms(sL(y)) — scy)lil + 2[Ms(sL(y)) — sw(y)lil)
s (s2(2)) = sp(@)li = Ms(s.(y)) = sL(y)il,

Isz.(x) = sl + 2|Ms(s£(y) = sLW)hl) - [se(z) = sc)],

< (Il
< A(l|lx —y| + |Ma(sc(y) — sc(@)]il) 1z — yl|-

The following lemma shows that subproblem (14) has a closed-form solution.
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Lemma 3.2 The solution z**1 of subproblem (14) is given as follows: fori=1,...,n,
Malso@ )i if [su(a™)]2 = [Ma(s0(a*) — s (@] > 2,

z =10, if [s(a")]F — [Ms(sc(a*) — sp(@)f < 2, (20)
[Mg(sp(z*)]; or 0, otherwise.

Proof. Let i € {1,...,n} be arbitrarily chosen. One can observe that the objective function

and the constrained set of (14) are both separable. Using this fact, (17), and dropping some
constant, we see that

L 2
k+1 : k
T A i)

h:)

We divide the proof into several cases below.

k+1

case (1) : [sp(z¥)]; = 0. Since I; < 0 and u; > 0, one can see that 277" = 0 and the conclusion

holds.

case (2) : [sp(x)]; # 0. We can observe that [I15(sz(2*))]; # 0 and moreover

i _L k ’NE
ligxglzli?xi;éo hiz:) = E[HB(SL(w ) = s(@)]; + A,

where the minimal value is achieved at x; = Ilg(sg(z*))]; # 0. Notice that h(0) =
L[s(z%)]2/2. Using these facts, it is not hard to see that the conclusion again holds.

The following lemma shows that for the sequence {z*}, the magnitude of any nonzero
component x¥ cannot be too small for k > 1.
Lemma 3.3 Let {x*} be generated by the above IHT method. Then there hold:
(i) for all k >0,
[ > 6= r%ilnéi > 0, if aft#£0, (21)
i¢Io

where Iy = {i : l; = u; = 0} and
min(u;, /2\/L), if I, =0,
min(—1l;, u;, \/2\/L), otherwise,

(ii) for all k > 1,
[a55 —ab > 5 i I(a) £ I, (23)



Proof. (i) Suppose that j is an index such that :1:?“ # 0. Clearly, j ¢ Iy, where I is
defined above. It follows from (20) that
2\
oyt = Ms(sn(a))]; 70, [su@)]f = [Ma(se(a®) = se(=)]] > = (24)
The second relation of (24) implies that |[s;(2¥)];] > +/2\/L. In addition, by the first relation
of (24) and the definition of Iz, we have

2 = [Mg(s ()], = min(max([s(a*)];, 1), u;) # 0. (25)

Recall that j ¢ I,. We next show that \xf“\ > 0, by considering three separate cases: i)
l; = 0; ii) u; = 0; and iii) lju; # 0. For case i), it follows from (25) that [sz(a*)]; > 0
f“ = min([s.(z")];,u;). This together with the relation |[sf(z*)];] > /2\/L and
the definition of §; implies that |x§+1| > ;. By the similar arguments, we can show that

and z

|xf+1| > §; also holds for the other two cases. It is then easy to see that statement (i) holds.

(ii) Suppose that I(z¥) # I(z*™) for some k > 1. Then there exists some 4 such that
(zF # 0 but 2™ = 0) or (¥ = 0 but 2¥™ # 0), which together with (i) implies that |z¥| > §
or |2¥ > ¢ and moreover

4 — ¥ > [ — 2¥| = max(|2f], |2 T]) > 6.

We next establish that the sequence {z*} converges to a local minimizer of (12), and
moreover, F'(x*) converges to a local minimum value of (12).

Theorem 3.4 Let {z*} be generated by the above IHT method. Then there hold:
(i) I(z*) changes only finitely often, where I(-) is defined in (18).

(i) {z*} converges to a local minimizer x* of problem (12). Moreover, I(z*) — I(z*),
l2*llo = llz*[lo, F(«*) = F(a*), and

z* € Argmin { f(z) : @ € By} - (26)
Proof. (i) Since V f is Lipschitz continuous with constant L, we have

P < P+ VA - )+ a2

Using this inequality, the fact that L > Ly, and (14), we obtain that

a
A

~

§ L
F(z"Y) = fa®*h) + A|z"* o < f(@%) + V@R (@ — 2F) + 7f||96’“+1 — |2+ M|z* o,

L
< S VI =) Gt 2P A

b

J/

< f@b) + At = F(a¥),
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where the last inequality follows from (14). The above inequality implies that {F(z*)} is
nonincreasing and moreover,

L—-L
F@b) = F@*) 2 b—a = S|l =¥ (27)
By the assumption, we know that f is bounded below in B. It then follows that {F(x*)} is
bounded below. Hence, {F(z*)} converges to a finite value as k — oo, which together with

(27) implies that

lim ||z — 2F|| =0,
k—ro0

which together with (23) implies that I(z*) does not change when k is sufficient large.
(ii) It follows from statement (i) that there exist some K > 0 and I C {1,...,n} such that
I(x*) = I for all k > K. Then one can observe from (14) that

L
2FH = arg rreliBn{f(:vk) + V(" (x —2*) + §||x —2"?, Vk> K,

where B is defined in (15). It follows from Theorem 2.2 that 2% — z*, where
r* € Argmin{f(z) : z € B}. (28)

It is not hard to see from (28) that z* is a local minimizer of (12). In addition, we know from
(21) that |2¥| > 6 for k > K and i ¢ I. Tt yields |2f| > § fori ¢ I and 27 = 0 for i € I.
Hence, I(z*) = I(x*) = I for all kK > K, which clearly implies that ||z*||o = ||z*||o for every
k > K. By continuity of f, we have f(2*) — f(z*). It then follows that

F(a*) = f(2*) + Alz"llo = f(=") + All2" o = F(").
Finally, (26) holds due to (28) and the relation I(z*) = I. ]

As shown in Theorem 3.4, % — z* for some local minimizer z* of (12) and F(a*) — F(z*).
Our next aim is to establish the iteration complexity of the IHT method for finding an e-local-
optimal solution xz. € B of (12) satisfying F(z.) < F(z*) + € and I(z.) = I(z*). Before
proceeding, we define

. . - . e 2\ . ‘
= Ig?ll,l..r.l,n} {mim [sp(x)]; — Mg(sp(z")) — sp(x")]; — 7| € Argmin{f(z): x € 81}%9)
B = Ig{qﬁffn}{miaxl[&(x*)]ﬂ+|HB(5L(:C*))—sL(x*)]iy; o* € Argmin{f(z) : xeBI}}. (30)

Theorem 3.5 Assume that f is a smooth strongly convezr function with modulus o > 0.
Suppose that L > Ly is chosen such that a > 0. 3 Let {z*} be generated by the above IHT
method, I, = I(x*) for all k, 2* = limy_,o 2%, and F* = F(x*). Then, for any given ¢ > 0,
the following statements hold:

3The existence of such L is proven in the appendix.
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2(F($°)—F*)J

(i) The number changes of Iy is at most L -1,

(ii) The total number of iterations by the IHT method for finding an e-local-optimal solution
. € B satisfying I(z.) = I(z*) and F(z.) < F* + ¢ is at most 2[L/o log ¢, where

— *) o @3 _ . 2(F(z0)—F*
0 = (F(2°) — F*)2°5°, w_mgx{(d—zc)t—cﬁ.ogtgHLTMJ}, (31)

_ 2
¢ = FrGmary v=o0(\2a+ 3 = B)?/32, (32)
d=2log(F(z°) — F*) +4 — 2logy +c.

Proof. (i) By Theorem 3.4 (i), we know that I} only changes for a finite number of times.
Assume that [ only changes at k =n; +1,...,n;+ 1, that is,

Ly i ==Ly # Ly ==Ly, G=1,...,J =1, (33)

where ng = 0.
We next bound J, i.e., the total number of changes of I. In view of (23) and (33), one
can observe that
[zt — g >0, j=1,...,J,

which together with (27) implies that

F(a") = F(a"*) > S(L= Lo, j=1,..., ) (34)

N —

Summing up these inequalities and using the monotonicity of {F(2*)}, we have

%(L—Lf)azj < F(a™) — F(z™*h) < F(2°) — F7, (35)
and hence 2(F 0) )
v < Bt )

(ii) Let n; be defined as above for j =1,...,J. We first show that

nj—mnj_1 < 2+2[L/o] [log (F(2°) — (j — 1)(L — Ly)6*/2 — F*) —logvy|, j=1,....J,

(37)
where F* and «y are defined in (12) and (32), respectively. Indeed, one can observe from (14)
that

_ L
P = argmind f (") + V()" (v = 2") + e = 28| 2, = 0}

Therefore, for j =1,...,J and k =n;_1,...,n; — 1,
"

L
2"t = arg mlg{f(xk) + V(") (2 —2%) + EHJ; —2"|? : xp, =0}
BAS
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We arbitrarily choose 1 < j < J. Let * (depending on j) denote the optimal solution of

min{f(z) : zr, = 0}. (38)

zeB

One can observe that
1250 < Jlz"=Fo.

Also, it follows from (34) and the monotonicity of { F(x*)} that

@) € F@)-20-1)8% j=1....7 (39)

Using these relations and the fact that F(z*) > F*, we have
Pty = f@E) = ) = Al - FE) + M o

< F@) - L L - L) - F (40)

Suppose for a contradiction that (37) does not hold for some 1 < j < .J. Hence, we have
nj—nj_1 >2+2[L/o] [log (F(z°) — (j — 1)(L — Ly)é*/2 — F*) —log 7] .

This inequality and (40) yields

n; —nj_1 > 2+2[L/o] [log f<xnj_l+17> - f(f*)w .

Using the strong convexity of f and applying Theorem 2.3 (ii) to (38) with € = v, we obtain

that
Zlla™ = &2 < fla™) - £(7) < 25 (V2a+ B - B)2

\/2a+52—5. (41)

4
Using (41), Lemma 3.1 and the definition of 8, we have

It implies that

la" = 2% <

[sz.(@™)]F = [s2.(3)]} — Ms(sp(@™)) — sp(@™)]F + [Mp(s2(3) — sp.(27)]F]
< lse (@) = [se (@)1 + [[Mp(sp(2™)) — sp (™))} — [s(sL(z*)) — sc(@)]}]
< AQ2[le" =z + Bl =TT < o (42)

where the last inequality is due to (41). Let
* : —*\12 — % —%\12 2\
I'=qis (@) = [Ms(s0(27)) — s (@) < -
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and let I* = {1,...,n}\ I*. Since a > 0, we know that
—%\12 —* —%\12 2\ . Tx
(52 (@))F = Ms(s0(z") = s0(@)]; > 7, Viel"

It then follows from (42) and the definition of « that
[sp(x")]7 — [Mp(sp(a")) = sp(a™)]f < 3, Vie I,
[sp(2)]F — Mp(sp(2™)) — sp (@) > 3, Viel"
Observe that [[Iz(sy(2™))]; # 0 for all i € I*. This fact together with (20) implies that

Pt =0, iel* and 2T 40, ie "

)

By a similar argument, one can show that
5 . * 5 . T%
z,”=0,7€l" and z;7 #0, i € I".

Hence, I,,; = I,,,11 = I*, which is a contradiction to (33). We thus conclude that (37) holds.

Let N, denote the total number of iterations for finding an e-local-optimal solution z, € B
by the IHT method satisfying I(z.) = I(z*) and F(z.) < F* 4+ e. We next establish an upper
bound for N.. Summing up the inequality (37) for j =1,...,J, we obtain that

7 < é {2 +2[L/o] [log(F(mO) - ‘%(L — L)% — F*) — log'y—‘ } :

Using this inequality, (35), and the facts that L > o and log(1 —t) < —¢ for all ¢ € (0, 1), we
have

ny < ; {2 +2[L/o] (log(F(xO) _ ‘%(L L) — F) —logy + 1)} ,
< 4‘] {2+2m/gw (1og<F<x°> - F)- Q(ﬁ;f i)(;*)u— 1) —10gv+1)],

Jj=1

< T2/l | (210p(F ) - )4 4= 2togy 4 gm0 Y g oI ey

d c

By the definition of n;, we observe that after n; + 1 iterations, the IHT method becomes the
projected gradient method applied to the problem

" = argmin{f(z) : 2, ,, = 0}.

14



In addition, combining Theorem 3.4 (i) and (ii) and using the definition of n;, one can see
that I(z%) = I(2*) for all k > ny. Hence, f(2*) — f(2*) = F(2*) — F* when k > n;. Using
these facts and Theorem 2.3 (ii), we have

F ny+1 _ F*
N <n;+1+2[L/o] [log (@) -‘

€
Using this inequality, (39), (43) and the facts that F* > F* L > o and log(1 —t) < —t for
all t € (0,1), we obtain that

Ne < nyj+1+2[L/o] (log(F(mO)—Z(L—Lf)52—F*)—I—1—loge),

2

ny+ [L/o] (QIOg(F(xO) — F*) — % +3—210ge)

< [L/o][(d—2¢)J — cJ? + 2log(F(2°) — F*) + 3 — 2loge],

IN

which together with (36) and (31) implies that

N. < 2[L/o]log Q
€
n

The iteration complexity given in Theorem 3.5 is based on the assumption that f is strongly
convex in B. We next consider a case where B is bounded and f is convex but not strongly
convex. We will establish the iteration complexity of finding an e-local-optimal solution of
(12) by the IHT method applied to a perturbation of (12) obtained from adding a “small”
strongly convex regularization term to f.

Consider a perturbation of (12) in the form of

Ey = min{F,(2) == f,(2) + Ao}, (44)
where v > 0 and y
) = (@) + )l

One can easily see that f, is strongly convex in B with modulus » and moreover Vf, is
Lipschitz continuous with constant L, , where

L,=L;+v. (45)

We next establish the iteration complexity of finding an e-local-optimal solution of (12)
by the IHT method applied to (44). Given any L > 0, let sy, a and  be defined according
o (17), (29) and (30), respectively, by replacing f by f,, and let § be defined in (21).

15



Theorem 3.6 Suppose that B is bounded and f is convex but not strongly convex. Let € > 0
be arbitrarily given, D = max{||z|| : z € B}, v = ¢/D?, and L > L, be chosen such that o > 0.
Let {2*} be generated by the IHT method applied to (44), and let x* = limy,_,oo 2%, F* = F,(2*)
and F* = min{F(x) : x € By}, where I* = {i : xf = 0}. Then, the total number of iterations
by the IHT method for finding an e-local-optimal solution x. € B satisfying F(x.) < F* + € is

at most 2 {@ + 1} log %, where

w+3

0= (F, (") - F})2%, w=max {(d —2)t—ct?:0<t< L_Q(Fu(xo)—F:)J } ’

(L—Ly,)é2
_ 2
c=qEt oy =u(y/2a+ B2 - B)*/32,
d=2log(F,(z°) — F%) +4 — 2logvy + c.

Proof. By Theorem 3.5 (ii), we see that the IHT method applied to (44) finds an €/2-
local-optimal solution z. € B of (44) satistying I(z.) = I(z*) and F,(z.) < F} 4 ¢/2 within
2[L,/v]log % iterations. Also, we know from Theorem 3.4 (ii) that

F,(z") = min{F,(x) : x € B+ }.

Hence, we have
2

D
F' = F,(z%) < Zléllglf(l‘)+y7 < F*+§.

In addition, we observe that F'(z.) < F,(z.). Hence, it follows that

F(z.) < Fy(z) < F:+§ < F*te

Note that F* is a local optimal value of (12). Hence, z. is an e-local-optimal solution of (12).
The conclusion of this theorem then follows from (45) and v = ¢/ D?. ]

For the above THT method, a fixed L is used through all iterations, which may be too
conservative. To improve its practical performance, we can use a “local” L that is updated
dynamically. The resulting variant of the method is presented as follows. Several approaches
have been proposed to address this issue for solving the [y-constrained least squares problems
in the context of compressed sensing (see, for example, [17, 7, 9, 12, 3]).

A variant of IHT method for (12):
Let 0 < Lin < Lmax, 7 > 1 and 1 > 0 be given. Choose an arbitrary 2° € B and set k = 0.

1) Choose LY € [Luin, Lmay| arbitrarily. Set L = LY.

la) Solve the subproblem

L
€ Argmin{f(2") + VF (@) (@ = a8 + o — 2" P+ Alallo}. (46)
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1b) If

F(a*) = F(at™) = Jfla* — | (47)
is satisfied, then go to step 2).
lc) Set Ly < 7Ly and go to step la).

2) Set k < k+ 1 and go to step 1).

end

Remark. In the above variant of IHT method, the Armijo-type backtracking procedure
is used to find a suitable L* starting with L2 which can be chosen as the one proposed by
Barzilai and Borwein [2], that is,

AfTA
LY :max{Lmin,min{L g}},

max» ||AZE||2

where Az = 2% — 2*1 and Af = Vf(aF) — Vf(2*1). .

At each iteration, the ITHT method solves a single subproblem in step 1). Nevertheless, its
variant needs to solve a sequence of subproblems. We next show that for each outer iteration,
its number of inner iterations is finite.

Theorem 3.7 For each k > 0, the inner termination criterion (47) is satisfied after at most

log(L ¢+n)—log(Lmin)
’7 ! log T + 2

—‘ mmner iterations.

Proof. Let Ly, denote the final value of L, at the kth outer iteration. By (46) and the
similar arguments as for deriving (27), one can show that

Ly — Ly

F(l’k) . F(karl) Z 5

ka+1 - kaQ

Hence, (47) holds whenever Ly, > Ly +n, which together with the definition of L;, implies that
Ly/T < Ly+mn, that is, Ly, < 7(Ls + ). Let n; denote the number of inner iterations for the
kth outer iteration. Then, we have

Lpin ™ P < L7V = L, < 7(Ly + 7).

Hence, n;, < Fog(Lf +717C));Og(Lmi“) + 2} and the conclusion holds. n

We next establish that the sequence {z*} generated by the above variant of IHT method
converges to a local minimizer of (12) and moreover, F'(z*) converges to a local minimum
value of (12).
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Theorem 3.8 Let {x*} be generated by the above variant of IHT method. Then, x* converges
to a local minimizer x* of problem (12). Moreover, I(z*) — I(z*), ||z*|o — ||z*]l0, F(2*) —
F(z*), and

r* € Argmin { f(z) : € By } -

Proof. Let L; denote the_ final value of L at the kth outer iteration. From the proof of
Theorem 3.7, we know that Ly € [Lyin, 7(Ly+1n)). Using this fact and a similar argument as
used to prove (21), one can obtain that

25 > 5= I%iln 6 > 0, if 2 #£0,
i¢lo
where Iy = {i : [; = u; = 0} and §; is defined according to (22) by replacing L by 7(L; + 1)
for all 7 € Iy. It implies that for £ > 1,

2"t — 2% > 8 if I(a*) # I(z").

The conclusion then follows from this inequality and the similar arguments as used in the
proof of Theorem 3.4. [

4 |y-regularized convex cone programming

In this section we consider [y-regularized convex cone programming problem (2) and propose
IHT methods for solving it. In particular, we apply the IHT method proposed in Section
3 to a quadratic penalty relaxation of (2) and establish the iteration complexity for finding
an e-approximate local minimizer of (2). We also propose a variant of the method in which
the associated penalty parameter is dynamically updated, and show that every accumulation
point is a local minimizer of (2).

Let B be defined in (13). We assume that f is a smooth convex function in B, Vf is
Lipschitz continuous with constant L; and that f is bounded below on B. In addition, we
make the following assumption throughout this section.

Assumption 1 For each I C{1,...,n}, there exists a Lagrange multiplier for
fi =min{f(z): Az —be K",z € By}, (48)
provided that (48) is feasible, that is, there exists p* € —IC such that f; = dy(u*), where
di(p) = inf{f(z) + pu" (Ax —b) : 2 € B;}, Yu € —K.

Remark. Problem (48) may be infeasible for some I C {1,...,n}. For example, if —b ¢ K*,
then (48) is infeasible for I = {1,...,n} since B; = {0}. As mentioned below, any local
minimizer of (2) is a minimizer of (48) for some /. Since our aim is to solve (2), we are thus
only interested in those I C {1,...,n} for which (48) is feasible. As we will later see, the IHT
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methods proposed for solving (2) become at their late stage some first-order methods applied
to (48) for some I. In addition, it is common to assume the strong duality holds when solving
a convex cone programming (see, for example, [15]). Assumption 1 is thus very reasonable. m

Let z* be a point in B, and let [* = {i : 7 = 0}. One can observe that z* is a local
minimizer of (2) if and only if #* is a minimizer of (48) with / = I*. Then, in view of
Assumption 1, we see that z* is a local minimizer of (2) if and only if * € B and there exists
w* € —K such that

Ar* —be K, (u)T(Axz* —b) =0,
Vf(z*)+ AT € —Np,. (z*).

Based on the above observation, we can define an approximate local minimizer of (2) to
be the one that nearly satisfies (49).

(49)

Definition 1 Let x* be a point in B, and let I* = {i : xf = 0}. z* is an e-approzimate local
minimizer of (2) if there exists p* € —K such that

dic- (Az* —b) < ¢, (") i+ (Ax* — b) = 0,
Vf(x*) + ATpr € —Ng,. (z%) + Ule).
In what follows, we propose an IHT method for finding an approximate local minimizer of

(2). In particular, we apply the IHT method or its variant to a quadratic penalty relaxation
of (2) which is in the form of

= min{ ¥, (@) = @,(x) + Mo}, (50)
where
Dy(x) = f(x) + Eldi-(Ax = B)]* (51)

It is not hard to show that the function ®, is convex differentiable and moreover V&, is
Lipschitz continuous with constant

L,=Ls+pll Al (52)

(see, for example, Proposition 8 and Corollary 9 of [15]). Therefore, problem (50) can be
suitably solved by the IHT method or its variant proposed in Section 3.

Under the assumption that f is strongly convex in B, we next establish the iteration
complexity of the IHT method applied to (50) for finding an approximate local minimizer of
(2). Given any L > 0, let s, a and 8 be defined according to (17), (29) and (30), respectively,
by replacing f by ®,, and let § be defined in (21).

Theorem 4.1 Assume that f is a smooth strongly convex function with modulus o > 0. Given

any € > 0, let
t 1

=t Al (53)
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S : : .
for any t > IQI{I}?.).(,n} min |\pll, where Ay is the set of Lagrange multipliers of (48). Let L > L,

be chosen such that o > 0. Let {z*} be generated by the IHT method applied to (50), and
let z* = limg_,o 2* and \If’; = U, (z*). Then the IHT method finds an e-approzimate local

minimizer of (2) in at most
L L,
N :=2 [—p—‘ log8 7
o €

iterations, where

0= (0,0 =2, {020ttt < | SR}

—-L, 52
€= 2(%(5%—)—2;)’ v=0(y2a+ 5 - B)?/32,
d = 21log(W,(2°) — W) + 4 — 2logy +c.

Proof. We know from Theorem 3.4 (ii) that z* — z* for some local minimizer x* of (50),
I(x%) = I(z*), V,(zF) — U, (z*) = *, and

" = arg xrélérll D, (z), (54)
where I* = I(z*). By Theorem 3.5, after at most N iterations, the IHT method generates
I € Bsuch at I(Z) = I(x*) and U, (%) — U,(2*) < & := €*/(8L,). It then follows that ®,(z) —
P, (z*) < & Hence, 7 is a £-approximate solution of (54). Let p* € Argmin{||p|| : p € Ap+},
where A+ is the set of Lagrange multipliers of (48) with I = I*. In view of Lemma 2.5, we see
that the pair (27, p) defined as 2% := Ilg,. (2—V®,(2)/L,) and p := p[AZTT —b—Ix~(AZT —b)]
satisfies

ViET) + AT € =N, (3%) + U2\/2L,E) = Ng, (i) + U(e),

de- (A7t 1) < Ll + /8 < LIl + ) < e

where the last inequality is due to (53) and the assumption ¢ > ¢ > ||¢*|. Hence, % is an
e-approximate local minimizer of (2). ]

We next consider finding an e-approximate local minimizer of (2) for the case where B is
bounded and f is convex but not strongly convex. In particular, we apply the IHT method
or its variant to a quadratic penalty relaxation of a perturbation of (2) obtained from adding
a “small’ ” strongly convex regularization term to f.

Consider a perturbation of (2) in the form of

min{f(z) + 3| + Aallo : A —be K7}, (55)

The associated quadratic penalty problem for (55) is given by

Wy, = min{V, ,(z) := ®,,(2) + Allzlo}, (56)

z€eB
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where

Do) = f(x) + Flal” + Slde- (Az = D).

One can easily see that ®,, is strongly convex in B with modulus v and moreover V&, , is
Lipschitz continuous with constant

Ly, = Ly + pl|Al* +v.

Clearly, the THT method or its variant can be suitably applied to (56). We next establish
the iteration complexity of the IHT method applied to (56) for finding an approximate local
minimizer of (2). Given any L > 0, let sy, a and 8 be defined according to (17), (29) and
(30), respectively, by replacing f by ®,,, and let § be defined in (21).

Theorem 4.2 Suppose that B is bounded and f is convex but not strongly convex. Let € > 0
be arbitrarily given, D = max{||z| : x € B},

(\/_+ \/D + 16t + 2{”)

p= 16¢ ’

€

" 2D

(57)

for anyt > Cr{qaxﬂ} iré\n |||, where Ap is the set of Lagrange multipliers of (48). Let L > L, ,

be chosen such that o > 0. Let {2*} be generated by the IHT method applied to (56), and
let x* = limy_ 00 2% and vr, =V, (x*). Then the IHT method finds an e-approzimate local
minimizer of (2) in at most

2DL,, 32L,,0
N:zQ{ p’—‘log P

2
iterations, where

x \ouis 2(Ppp(z9)-; )

_ (L—L,,.)6?
€= Q(WPVV(xg)_g;V)’ V 20410 v + Bp v B,O v /32

d=2log(¥,,(2°) =¥ ) +4 —2logy +c.

Proof. From Theorem 3.4 (ii), we know that ¥ — x* for some local minimizer z* of (56),

[(@%) — I(z%), U, (z%) = U, (z%) = %, and

pu)

" = arg min ®,,(z), (58)

rEB*

where I* = I(z*). By Theorem 3.5, after at most N iterations, the IHT method applied to
(56) generates € B such at I(Z) = I(z*) and ¥, ,(Z) — ¥, (2*) < & := €/(32L,,). Tt
then follows that ®,,(Z) — ®,,(z*) < £ Hence, 7 is a {-approximate solution of (58). In
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view of Lemma 2.5, we see that the pair (7, ) defined as = Ip, (2 — V®,,(Z)/L,,) and
p= p[ATT — b — e+ (AZT — b)| satisfies

VET) +vit+ AT € —Np,. (7)) +U2\/2L,,8) = =N, (ZF) +U(e/2),
which together with the fact that v||z7| < vD < ¢/2 implies that
ViEt) + ATy € —vit — Np,. (37) +U(e/2) € —Np,. (1) +U(e).
In addition, it follows from Lemma 2.1 (c) that ®,,(z7) < ®,,(Z), and hence
Cp(T7) = Py (27) < Dpy(F) = Dpy(a”) < &
Let ®% = min{®,(z) : € By}, where ®, is defined in (51). Notice that ®,,(z*) < @ +
vD?/2. Tt then follows that
V_D2 eD € eD

O, ()~ < D, (7)) — D, (" <+ <& &
p(T7) =@ < @ (F7) = Rpu(a7) + = < L+ = 34 T

Let p* € Argmin{||p|| : u € A}, where Aj- is the set of Lagrange multipliers of (48) with
I = I*. In view of Lemma 2.5 and the assumption ¢ > £ > ||;z*||, we obtain that

1 €2 eD 1 € eD
de- (A7 = b) < Sl + 4/ e+ L2 < —(t+—)+ £ _
p 32p%[|All> - 4p T p V32| Al 4p

where the last inequality is due to (57). Hence, 1 is an e-approximate local minimizer of (2).
]

For the above method, the fixed penalty parameter p is used through all iterations, which
may be too conservative. To improve its practical performance, we can update p dynamically.
The resulting variant of the method is presented as follows. Before proceeding, we define the
projected gradient of ®, at x € B; with respect to By as

1
L,
where I C{1,...,n}, and ®, and L, are defined in (51) and (52), respectively.

9(w;p, 1) = L[z — g, (x — =V &,(2))], (59)

A variant of IHT method for (2):

Let {e,} be a positive decreasing sequence. Let pg >0, 7 > 1,¢ > ICI{I}aX }miAn || ell, where Ay
Cil,..., ny HEAT

is the set of Lagrange multipliers of (48). Choose an arbitrary z° € B. Set k = 0.

1) Start from 2*~! and apply the IHT method or its variant to problem (50) with p = py
until finding some z* € B such that

t )
d,c*(Axk —b) < p—, ||g(xk;pk, I)|| < min{1, L, }e, (60)
k
where I, = I(z%).
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2) Set pri1 = Tpy.
3) Set k < k+ 1 and go to step 1).

end

The following theorem shows that x* satisfying (60) can be found within a finite number
of iterations by the IHT method or its variant applied to problem (50) with p = p,. Without
loss of generality, we consider the IHT method or its variant applied to problem (50) with any
given p > 0.

Theorem 4.3 Let xy € B be an arbitrary point and the sequence {x;} be generated by the
IHT method or its variant applied to problem (50). Then, the following statements hold:

(i) llim g(x; p, 1) =0, where Iy = I(x;) for all .
—00

(ii) llim dic+ (Axz; — b) < %, where t :== max min ||p|| and A; is the set of Lagrange multi-
—00

Ig{l ~~~~~ TL} ,U«GA[
pliers of (48).

Proof. (i) It follows from Theorems 3.4 and 3.8 that x; — z* for some local minimizer x*
of (50), ®,(x;) = ®,(x*) I, = I*, and

z* € Arg min ®,(x),

TEB*

where I; = I(x;) and I* = I(z*). It then follows from Lemma 2.1 (d) that

* 1 *
Cp() = Bpl2”) 2 5r-llglzisp. )% 1= N.
P

Using this inequality and ®,(x;) — ®,(z*), we thus have g(x;; p, [*) — 0. Since I; = I* for
[ > N, we also have g(z;; p, ;) — 0.
(i) Let f7 be defined in (48). Applying Lemma 2.4 to problem (48), we know that

f(xl) - fI*(l) > _tAd/C* (Axl - b)7 vz? (61>

where # is defined above. Let * and I* be defined in the proof of statement (i). We observe
that fj. > ®,(2*). Using this relation and (61), we have that for sufficiently large ,

Cp(m) — Qp(a*) = flar) + §lde-(Azy = b)* = y(z*) = f(z) — fi- + §ldx- (A — D)]?
= fl@) = fig + Sldi- (Azy = D)) > —tdie- (A — b) + §[die- (Azy — )],

which implies that

.
d-(Az; — b) < £+\/ p(@1) - o)
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This inequality together with the fact limy;_,o ®,(2;) = ®,(z*) yields statement (ii). ]

Remark. From Theorem 4.3, we can see that the inner iterations of the above method
terminates finitely. n

We next establish convergence of the outer iterations of the above variant of the ITHT
method for (2). In particular, we show that every accumulation point of {2*} is a local
minimizer of (2).

Theorem 4.4 Let {2*} be the sequence generated by the above variant of the IHT method for
solving (2). Then any accumulation point of {x*} is a local minimizer of (2).

Proof. Let

1
— Vo, ().
kaV (7))

Since {z*} satisfies (60), it follows from Lemma 2.1 (a) that
Vo, (z%) € —Ng, (%) +U(e), (62)

JNZk = HBlk (l’k -

where I, = I(z"). Let 2* be any accumulation point of {*}. Then there exists a subsequence
K such that {2F}x — x*. By passing to a subsequence if necessary, we can assume that
I, =1 for all k € K. Let

pF = pp[Ax* — b — Tl (Az* —b)].

We clearly see that

(1) - (Az* — b) = 0. (63)
Using (62) and the definitions of ®, and u*, we have
V() + ATpb € =N, (3%) + U(er), Vk € K. (64)
By (59), (60) and the definition of #*, one can observe that
. 1
|17 — 2" = L—Hg(xk; prs )l < e (65)

Pk

In addition, notice that ||u*|| = prdic+ (Az* —b), which together with (60) implies that ||*| <t
for all k. Hence, {z*} is bounded. By passing to a subsequence if necessary, we can assume
that {u*}x — p*. Using (65) and upon taking limits on both sides of (63) and (64) as
k € K — oo, we have

(1) M- (Aa* = b) = 0, Vf(a") + A" € —Nig, (")

In addition, since 2§ = 0 for k € K, we know that x7 = 0. Also, it follows from (60) that
dic+ (Az* — b) = 0, which implies that Az* — b € K*. These relations yield

" € Arg m}gn{f(x) Az —be K'Y},
xeby
and hence, z* is a local minimizer of (2). ]
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5 Concluding remarks

In this paper we studied iterative hard thresholding (IHT) methods for solving [y regularized
convex cone programming problems. In particular, we first proposed an THT method and its
variant for solving ly regularized box constrained convex programming. We showed that the
sequence generated by these methods converges to a local minimizer. Also, we established
the iteration complexity of the IHT method for finding an e-local-optimal solution. We then
proposed a method for solving [y regularized convex cone programming by applying the IHT
method to its quadratic penalty relaxation and established its iteration complexity for finding
an e-approximate local minimizer. Finally, we proposed a variant of this method in which the
associated penalty parameter is dynamically updated, and showed that every accumulation
point is a local minimizer of the problem.

Some of the methods studied in this paper can be extended to solve some [y regularized
nonconvex optimization problems. For example, the IHT method and its variant can be
applied to problem (12) in which f is nonconvex and V f is Lipschitz continuous. In addition, it
would be interesting to extend the methods of this paper to solve rank minimization problems
and compare them with the methods studied in [14]. This is left as a future research.
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Appendix

In this appendix we show that if f is smooth strongly convex, there exists L > Ly such that
a > 0, which is required in Theorem 3.5. In particular, we will show that there exist at most
3n2"~! number of L such that o = 0; in other words, a > 0 for almost all L > 0 except at
most 3n2" ! number of points. Therefore, a > 0 is almost sure for a randomly chosen L and
an arbitrary L > L; may be sufficient for practical implementation of the IHT method for
solving problem (12).

To this aim, assume that f is smooth strongly convex, which is imposed in Theorem 3.5 |
and let o be defined in (29). We now show that a > 0 for almost all L > 0 except at most
3n2"~! values. For simplicity, we only consider the case where —oco < [; < 0 and 0 < u; < 00
for all 7. The proof is similar for the other cases. Let By, IIz(-) and si(-) be defined in
(15)-(17), respectively. Given any I C {1,...,n} and 1 <i < n, let

hi( Ly 1) = [sp ()] — [p(sp(2%) — s ()]? — %

where z* € Argmin{f(x) : € B;}. Clearly, h;(L;I) is well-defined since z* is unique for
each I due to the strongly convexity of f. Notice that « as defined in (29) can be rewritten
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as
a= min min|h;(L; )| (66)

IC{l,n} i

As we will later show, for each I C {1,...,n}, h;(L;I) = 0 has at most two positive roots L
for every i € I and at most one positive root L for any ¢ ¢ I. This together with (66) implies
that for each I C {1,...,n} there exist at most

ny = 2||+n—|I| = n+|I

number of L such that a = 0, where |I| denotes the size of I. Therefore, the total number of
L such that a = 0 is at most

Z ny = in;( |7;’ ) = 3n2" L

IC{1,...n} [7]=0

It remains to show that for each I C {1,...,n}, h;(L;I) = 0 has at most two positive
roots L for every i € I and at most one positive root L for any i ¢ I. We prove this result by
considering all possible cases below. Let i € {1,...,n} and * = argmin{ f(x) : © € B;}.

(1) [Vf(z*)]; = 0: one can see that [sp(z*)]; = xf. Hence, [lIg(sp(x*))]; = «f and h;(L; 1) =
(z7)* — 2. It follows that h;(L;I) = 0 has at most one positive root L.

)

(2) [Vf(x*)]; # 0: by the first-order optimality condition for * = argmin{f(z) : x € Br},
one can observe that if i ¢ I and [V f(2*)]; <0, then xf = u;; ifi ¢ I and [V f(z*)]; > 0,
then x7 = [;. Hence, this case can be divided into three subcases:

(2a) i € I: it follows that =7 = 0 and [s(z*)]; = =7V, f(z*). Let

0 — mex (_Vz-f(fv*) _Vz-f(l‘*)) .

li ’ Uy

One can observe that
(1, ] if L >0,
[sp(z")]; € ¢ (—o0,l;] if0< L <6 and V,f(z*) >0,
[uj,00) i 0< L <6and V,;f(z*) <0.
It follows that
[sp(x®)]; if L >0,
if0 <L <0 and V,;f(z*) >0,
Uu; if0 <L <0 and V,f(z*) <0.

[Ms(sz(z))]i

o~
<.
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Using this relation and [sy,(z*)]; = —+ V., f(z*), we have

L
H[Vif (@) — %, if L >0,
hi(L;T) = =12 = ZVIE) A0 if ) < [ < @ and V, f(z*) > 0,
—u? - 2eVIE) A0 < L <0 and V,f(2*) < 0.

Therefore, one can see that h;(L; I) = 0 has at most two positive roots L.

(2b) i ¢ I and [V f(z*)]; < 0: as mentioned above, x} = u; holds for this subcase. One
can observe that for all L > 0,

1
[sp(z")]; = ] — szf@*) > Uiy
and hence [IIz(sg(z*))]; = u;. Using this relation and =} = u;, we have

2u;V,; f(x*
2 ulvlf<'r)_i VL > 0.

(L; 1) = u;
hl( 9 ) ul L 2L7

Thus, h;(L; 1) = 0 has at most one positive root L.

(2¢) 7 ¢ I and [V f(z*)]; > 0: as mentioned above, x; = [; holds for this subcase. By a
similar argument as subcase (2b), one can have

AWVif(z*) A
(- Ty =]?_Z*"vw\>/
hi(L; 1) = I3 - . VL0,
Hence, h;(L;I) = 0 has at most one positive root L.

Combining all cases above, we obtain the result as desired.
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